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PREFACE TO SECOND EDITION 

A CONSIDERABLE number of minor corrections and im- 
provements have been made in this reprint of the first 
edition. I have to thank a large number of colleagues who have 
helped me in the revision. The only major change is that I 
have inserted in Chapter VIII a short introduction to the theory 
of meromorphic functions. This has been made possible by 
compressing some comparatively unimportant sections, and 
transferring the theory of the gamma-function to Chapter IV, 
where it now includes a more complete discussion of Stirling’s 
formula. 

E. C. T. 


PREFACE TO FIRST EDITION 

T HIS volume is a development of the notes from which 
I ha ve lectured in recent years to students at University 
( ollege, London, and Liverpool University. It consists of some 
rather disconnected introductions to various branches of the 
theory of functions, both real and complex. I think the average 
student finds the existing literature on these subjects rather 
formidable, and I hope that these chapters will do something 
to bridge the gap between the elementary text-books and the 
systematic treatises on the theory of functions. 

A knowledge of elementary analysis is assumed. By ele- 
mentary analysis we mean, roughly, what is contained in 
Hardy’s Course of Pure Mathematics. Apart from this the work 
is self-contained. The order in which the chapters occur is to 
a certain extent arbitrary. The last four chapters might well 
come after Chapter I. Apart from occasional references forward, 
the earlier part of the book is independent of these chapters ; 
but what they contain is part of the necessary equipment of the 
analyst of to-day, just as much as the older theory of analytic 
functions. 

A number of miscellaneous examples are given at the ends of 
the chapters. Some of them are more or less immediate applica- 
tions of the book-work. Others are more difficult theorems 
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which have not found a place in the text ; these are accompanied 
by indications of the solution, and references to the sources. 

When I first proposed to put my notes into the form of a book, 
Professor Hardy very generously offered to work through them 
in connexion with his lectures at Oxford, and they have been 
revised with the help of the notes which he made during this 
process. I have adopted a very large number of improvements 
from Professor Hardy’s notes, and I wish to express my very 
deep gratitude for the assistance which he has given. 

I have also to thank Mr. U. S. Haslam-Jones and Dr. B. M. 
Wilson, who have read the proofs and made a large number of 
useful suggestions. 

E. C. T. 
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CHAPTER I 

INFINITE SERIES, PRODUCTS, AND INTEGRALS 

1. Introduction. In this opening chapter we supplement 
the knowledge of elementary analysis which the reader is sup- 
posed to have at his disposal. We deal particularly with series, 
each term of which is a function of a variable; with integrals 
involving variable parameters; and with a variety of those 
double-limit problems which are so common in all branches of 
analysis. As we have explained in the preface, we take Hardy’s 
Pure Mathematics (to which we refer as P.M.) as a starting- 
point, and refer to it whenever possible. 

We shall use the following notation. In any argument, a 
number independent of the main variables is called a constant. 
A number not depending on any variable is called an absolute 
constant. We use A to denote an absolute positive constant, 
not necessarily the same one each time it occurs. The reader 
may find statements such as ‘f(x) < A, hence 2f(z) < A’ a little 
disconcerting at first, but he will soon get used to them. A con- 
stant depending on one or more parameters is usually denoted 
by A'. 

By /( x) = 0{</>(x)} we mean generally that ( f(x) | < A<f>(x) if x 
is sufficiently near to some given limit. In particular, 0(1) 
means a bounded function. Thus 

sinx = 0(|ar] ), (x+1) 2 = 0(1) 

as x -> 0; and 

sinx=0(l), (x-fl ) 2 = 0(x 2 ) 

as x -» oo. 

Sometimes, however, f(x) = 0{<f>(x)} is used to mean 

' l/WK^W. 

but it is usually sufficiently obvious what parameters are 
involved. 

By f(x) = o{<f>(x)} we mean that f(x)j<f>(x) -+ 0 as x tends to 
a given limit. Thus 

sin a:— o(x 2 ), (x-fl) 2 = o(x s ) 

as x -* oo. In particular, o(l) means a function which tends to 
zero. 
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By /(or) — we mean that f{x)l<f>(x) -> I as x tends to a 
given limit. 

We use e to denote a variable which is to be given arbitrarily 
small values, and so may be thought of as small. 

By max(a,6,...) we mean the greatest of a, 6 ,..., and by 
min(a,6,...) the least. 

1.1. Uniform convergence. The reader should be familiar 
with the idea of a convergent series * Our standard notation for 
an infinite series is 

00 

u 1 +u 2 +u 3 +... 2 u n = I *», 

71 = 1 

the limits of summation being (l,oo), unless other limits are 
definitely assigned. The nth partial sum of the series is 


S n — U l + W 2+---+ W n- 

We begin by recalling the definition of convergence. The series 
is said to be convergent to the sum s if, given any positive 
number e, however small, we can find a number n 0 , depending 
on c, such that , a .. aJ<e (w>J g. 

In other words, s n tends to the limit s as n tends to infinity. 

Suppose now that each term of the series is a function of a 
real variable x . This variable is usually supposed to range over 
a closed interval, a^x^ib, say; but the range of variation 
may equally well be an open interval, a < x < b\ or indeed any 
set of points. We now write the series 


u 1 (x)+u 2 (x)+... = 2 u n( x )> 

and its nth partial sum is s /? (:r). The series may, of course, be 
convergent for some values of x and divergent for others. If it 
is convergent for all the values of x considered, its sum is a 
function of x, defined for these values of x. We denote it by s(x). 

Definition. The series 2 u f ,{ x ) 1° be uniformly con- 

vergent over the interval (a,b) if, given any 'positive number e, 
however small , we can find a number n 0 , depending on € but not 

on x, such that . , , , x . 

K*)-Sn(*)|<C 

far n > n 0 , and for every value of x in the interval (a, 6). 

It is clear that uniform convergence implies convergence for 
every value of x in the interval; but a series may (as we shall 

* P.M. § 76. 
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show by examples) be convergent for every value of x in an 
interval without being uniformly convergent. It may be true 
that to every pair of values of x and € corresponds a number n 0 
such that |$(£)— s„(:r)) < e for n>n 0 ; but at the same time it 
may happen that, as x approaches some point of the interval, 
the number may become indefinitely large. The series would 
then not be uniformly convergent. 

Notice that uniform convergence is a property associated with 
an interval (or set of points), not with a single point. 

1.11. Tests for uniform convergence. Just as there are 
tests for the convergence of a series of constants, so there 
are tests for the uniform convergence of a series of functions. 
The simplest and most useful test, due to Weierstrass, is as 
follows: 

The series ^u n (x) is uniformly convergent over the interval ( a , 6) 
if there is a convergent series of positive constant terms , a n say , 
such that I ««(*)!<«» 

for all values of n and x. 

In the first place, the series J u u {x) is convergent for every 
value of x , by the ordinary comparison theorem ( P.M . §§ 167, 
184). It therefore has a sum s(:r) for every value of x. Also 

W*)— *»(*)! = l^«4i(^)+tt w+2 (a?)+...| <a n +i+a n +2+-> 
which can be made less than any given e by taking n greater 
than a certain number n Q . Since the a n series is independent of 
x , the number n 0 is independent of x. This proves the theorem. 

Notice that the result still holds if \u n (x) | < a n , not necessarily 
for all values of n , but for all sufficiently large values of n. 

A more general test of the same type, which is sometimes 
useful, is that 2 u n( x ) ls uniformly convergent if \u n (x) \ ^ v n ( x ), 
and ^ v n (x) is uniformly convergent. We leave the proof of this 
to the reader. 

QO 

Examples, (i) The power serios 2 x * i® uniformly convergent for 

n=o 

if — 1 < a < 6 < 1. [Take a n — |a|" or |6|V whichever is the 

greater.] 

(ii) The trigonometrical series 

cos nx 

2* n* 

n=i n 

is uniformly convergent over any interval. 
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(iii) The Dirichlet series 2 n~ a is uniformly convergent for a < 8 < b, 

n = 1 

if 1 < a < 6. 

[Take a n — n~ •; see P.M. § 175. The sum v of this important series 
is denoted by £(*).] 

(iv) The series » 

{l-(l-^)}!= 2 a n (\-x 2 ) H 
n -0 

is uniformly convergent for — 1 < x < 1- 

(v) A similar definition of uniform convergence may be framed for 

series such as oo 

2 r" cos nSy 

n = o 

where the general term is a function of two (or more) variables, here 
r and 6. This series is uniformly convergent for 0 < r <; 6 < 1 and any 
range of values of 6. 

1.12. Other tests. In a general way, any test for con- 
vergence becomes a test for uniform convergence if its condi- 
tions are satisfied independently of x. For example (P.M. § 168), 
is convergent for a particular value of x if there is a 
number r , less than 1, such that 

v i(*) ? r 
U„{x) 

for all values of n. In general, the value of r for which this is 
true will depend on x . Suppose, however, that we can find a 
number r such that the condition is satisfied for all values of 
x with this same value of r. Then the series is uniformly con- 
vergent, provided that u x (x) is bounded. For repeated applica- 
tion of the above inequality gives 

\u n (x) \ ^ r 11 - 1 \u x (x)\ < Mr 71 * 1 , 

if \u x (x)\ < M y and the result follows from the comparison test. 

Other tests for convergence may be extended in the same 
way. Take, for example, Dirichlet’s test (P.M. § 189). The 
analogous test for uniform convergence is as follows: 

If <f> u is a 'positive function of n which tends steadily to zero as 
n -> oo, and if there is a constant A such that 

N 

2 «„(*) < a 

n 

for all values of N and x f then the series 

2 &»*»(*) 


is uniformly convergent. 
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The reader should have no difficulty in formulating the 
rigorous proof.* 

Examples, (i) If the numbers a n are positive and decrease steadily 
to zero, the series 

2, sm nx 

is uniformly convergent in any closed interval not including a multiple 

of 2i t. [Compare P.M. ox. LXXIX, 2. Use the identity 

cos \x — cos(n + J)x 1 

sin x + sin 2x -f ... -f sin nx = — — , — . 

2 sm \x J 

(ii) Under the same conditions, the series 

2 a H x sin nx 

is uniformly convergent in an interval including x = 0. 

1.13. A necessary and sufficient condition for uniform 
convergence. The series J u n (x) is uniformly convergent if and 
only if the following condition is satisfied. Given any positive 
number e, we can find n Qi depending on e but not on x, such that 

l*m(*)— ' »„(*)! < « 

far all values of m and n greater than n 0 . 

This corresponds to the ‘general principle of convergence’ for 
ordinary series {P.M. §§ 83, 84). 

As in the case of ordinary series, the condition is easily seen 
to be necessary; for 

l*m(*)-*n(*)l < WaO-*m(s)l+ l*(*)-*it(*)l> 
so that, if the series is uniformly convergent, the condition is 
satisfied. In the case of ordinary series, the proof of sufficiency 
is more difficult. But, once the difficulty has been overcome in 
the ‘ordinary’ case, there is no further difficulty in the ‘variable’ 
case. For suppose that the condition is satisfied. Then, by the 
theorem for ordinary series, the series 2 u n( x ) i s convergent for 
every x. Let its sum be s(x). Given c, choose h 0 so that 

\s m ( x )-*n( x )\< € (™>n 0 , n> n 0 ). 

Keeping m fixed, make n -> oo. Then, since s n {x) -> s(x), 

provided only that m> n Q . Hence the convergence is uniform. 

1.131. The following theoremf on a class of trigonometrical 
series is an excellent example of the above principle. 

* See Bromwich’s Infinite Series , ed. 2, § 44. 

■f Chaundy and Jollifte (1). 
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If the numbers b n are positive and steadily decreasing, a neces- 
sary and sufficient condition that the series 

2 b n sin nx 

should be uniformly convergent throughout any interval is that 
nb v -> 0. 

To show that the condition is necessary, observe that, if 
x = 7 r/(2^), and* n = [4^+1], 

b ri sinnx + 6 n+1 sin(w+ \)x +...+ b p $mpx 

> b p ( sin nx+...+ sin px) > b p (\p— l)sin fa, 

since there are at least \p— 1 terms in the bracket, in each of 
which mx > fa. Since the given series is uniformly convergent 
in an interval including the origin, the left-hand side of the 
above inequality tends to zero as p -> oo. Hence pb p 0. 

In proving the sufficiency of the condition, we require the 
following result, known as Abel’s lemma: 

If b x ^ b 2 ^> ... y> b n 0, 

and if m ^ a x -\-a 2 -\- ...+a n < M 

for all values of n, then 

b x m ^ a 1 l> 1 +a 2 b 2 +...-\-a n b„ ^ b Y M 
for all values of n. 

Let s n — «!+... +a n . Then-f 

“A+-+“A = 6 1 Si+6 2 (s 2 -«i)+...+6„(« n -s n .,) 

Since each bracket is positive or zero, the sum is not decreased 
if each s m be replaced by M ; and this gives 

M(b 1 -b 2 )+M(b 2 -b 3 )+...+Mb n --=Mb 1 , 

the required upper bound. Similarly we obtain the required 
lower bound. This proves the lemma. 

In the series in question, it is sufficient to consider the interval 
0 < x ^ 7r, since each term is odd and has the period 277. Con- 
sider the sum , . _ 

s n, v “ h n Sin nx+...+ b p sinpx, 

where now n and p are unconnected. Let p n — max (mb m ), so 

min 

* [z] moans the integral part of x . 
t Compare P.M. § 189. 
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that fji n -> 0. If x ^ tt/u, we apply Abel’s lemma. We have 


|sinna; +...+ sinr;r| = 


cos (n — l )x — cos(r -f- J )# 
2sinja; I 




sin lx 


for all values of n and r , and, since sin 6/6 is steadily decreasing 
for 0 < 8 < Itt, 1 ^ 


sin \x x 

^ b„ TT 




and we deduce that 


x 


nl>n < /V 


I! a; < 7 t/p, we have, since sin 8 < 0, 

K„l < 6„wa;+...+6 J) 23X <2>/a„a: < 

If 7 rjp <x< 7r/n, we combine the two arguments. We have 

&H“ I'^A; 1 1, p!> 

and, applying Abel’s lemma to the second part, and the other 
method to the first part, obtain 

Taking & = [tt/#], we have 

K.pl </ x «( 7r + 1 )- 

Hence in any case < Afi tn 

and, since /x„ -> 0, the result follows. 

1.14. Uniform convergence and continuity. So far, of 
course, we have not suggested any reason for considering uni- 
formly convergent series at all. They are important for many 
reasons, not all of which can be explained in this chapter. The 
first reason is the following theorem : 

The sum of a uniformly convergent series of continuous func- 
tions is a continuous function . 

We use the same notation as before, and write 
s(a-)^s„(,r)+r H (x), 


so that r„(x) is the remainder after n terms of the series. Then, 
if x and x-\- h are any two points of the interval considered, 
|a(a:+A)-«(a-)| - K, (r -(- h )—s„ (x ) + r „ (:r +/i) — r„ (r ) | 

•t M-r+ZOI+kMI- 

Having given «, we can choose « 0 so that 

\r u (x+h) | < e, \r„(x) | < e (n > »>„), 
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for all values of h. We now fix on a definite value of n which 
satisfies this condition. Having fixed n , $„(#) is a continuous 
function of x, since it is the sum of n continuous functions. We 
can therefore choose 8 so small that 

K(*+*)-«i.(*)l<« (1*1 < 8). 

Hence, combining the above inequalities, 

\s(x+h)-s(x) |<3e (\h\<8) t 

which proves that s(x) is continuous. 

Notice that the result is true if the functions are merely 
continuous at the single point x considered; for all we have used 
is that s n [x+h) s n [x) ns h-> 0,x being fixed. We can therefore 
state the result as follows: 

The limit of the sum of a uniformly convergent series of func- 
tions, each of which tends to a limit , is the sum of the limits of the 
separate functions. 

1.2. Series of complex terms.* The theory of uniform 
convergence may be extended to series of the form 

%( r )+ tt 2( z ) - K"> 

in which the general term u H (z) is a function of the complex 
variable z. Instead of uniform convergence in an interval, we 
shall now have uniform convergence throughout some region of 
the 2 -plane, such as the interior of a circle or a square. The 
reader should have no difficulty in extending the definitions and 
tests to this case. It should also be noticed that the theorem 
on the continuity of the sum of a uniformly convergent series 
can be extended at once to series of complex functions. 

00 

Example. The series J n >, where s is a complex variable, is uni- 

71 = 1 

formly convergent throughout any finite region in which R (e) :■ a > 1 

The function {(a), defined as the sum of the series, is continuous at 
all points of the region R (s) > 1. 

LCompare ex. (iii), § 1.11.] 

1.21. Power series. One of the simplest cases of uniform 
convergence of a series of complex terms is that of a power 
senes. We know (P.M. § 193) that a power series 

00 

1 

71 0 

♦ 1\M. § 190. 
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has a radius of convergence R (which may be zero or infinite), 
such that the series is convergent for 1*1 < R , and divergent 
for \z\> R. 

The series is uniformly convergent for \z\ ^ R', where R' is any 
positive number less than R. 

For let p be a number between R' and R. Since the series is 
convergent for z — p, there is a number K , independent of n, 
such that | a n p n \< K for all values of n. Hence, for \z\ < R f , 



and the last term is independent of z, and is the general term 
of a convergent geometrical progression. Hence (by the ana- 
logue for complex functions of the test of § 1.11) the series is 
uniformly convergent. 

We have thus shown that any circle interior to the circle of 
convergence is a region of uniform convergence. The circle 
of convergence itself is not necessarily a region of uniform con- 
vergence; in fact on the circle the series does not necessarily 
converge at all. 

Example. For the series 2 z n /n‘ 2 , the circle of convergence is a region 
of uniform convergence. 

1.22. Abel’s theorem. There is one interesting possibility 
which the above discussion so far leaves open. Suppose, to take 
the simplest case, that we have a real power series 

2 ( 1 ) 

71-0 

with radius of convergence 1. Suppose further that the series 

i (2) 

71-0 

is convergent. Does the interval of uniform convergence, in this 
case, extend right up to the point x — 1 ? The answer is in the 
affirmative. 

If the series « 

2 a » 

71-0 

is convergent , and has the sum s, then the series 

2 «»** 

n = 0 
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is uniformly convergent for 0 x < 1, and 

oo 

lim ^ a n x1i = 8 - 

X— ->1 0 

The proof is an immediate consequence of Abel’s lemma (sec 
§1.131). Let s n v = a ll +a n+1 -\-...-\-a p . 

Then, given <r, we can choose n 0 so large that 

(n 0 < n < p). Since the numbers .r" are non-increasing if x< 1, 

Abel's lemma gives, for n 0 < n<p, 

|a,,x" + ...+a„x"| < ex" < e (0 < x < 1), 

and this is the condition for uniform convergence. 

The second part of the theorem now follows from the con- 
tinuity theorem of § 1.14. 

Example. From the. expansion (P.M. § 213) 

]of?(l+.r) - .r — J.i'M J.r s — ... (|j-|< 1), 

deduce that- log 2 — 1 

1.23. Tauber’s theorem. The direct converse of the k con- 
tinuity’ part of Abel’s theorem would be that if 


fix) ■■= 2 a n x n -> s 

n - o 

oo 

as x -> 1, then 2 a n converges to the sum s . That this is false 
o 

is shown by the simple example 


CO 


f{x) 2 ( l)"x rt — 

n -o 


1 

1-fV 


00 

in which f(x) -> but 2 * s not convergent. 

0 

If, however, we impose on the coefficients a n a restriction as 
to their order of magnitude, it is possible to prove a converse 
theorem. 


If Un — o(l/n), and f(x) - > s a s x-+], then J a n converges to the 

0 

sum s. 

We first prove the following simple lemma:* 

Lemma. If b n 0 as v -> oo, then 

VfM- .. ^ () 


* P.M. Oh. IV, Mi«c. Ex. 27, 
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For, if | fcj < K for all values of n , and \b n \ < c for n > 
then 

+ + - -- +&U < • - + ^« 0 i ^//«tl+"' + ^/< 

n+1 ^ w+1 w-fl 

(^o+lJA" (n— n 0 )e 


if n > (n 0 -fl)A7€. This proves the lemma. 

To prove Tauber’s theorem, it is sufficient to prove that 

1 «»*"- 2 “/, "> 0 
o o 

as x -> 1, where iV — [1/(1— x)]. That is, we have to show that 

1 2 «„(i -•*•") ->-o. 

Atl 0 

Call these two sums S x and S 2 . Given t, choose N so large that 
\no n | < e (n > jV). Then 


l^' 1 1 “ 1 |.N^, Wa " ‘ n | A r + 1 £'f" (A r + 1)(1 - x) 
Also 1 - x n — (1— x)(l+x+... + x M_1 ) < ??(1— x), 

A i A 

1 i f » i ^ v X - " 1 i - 1 X.'" i I 


and so 


(i— *)£»!«« Kv2>l a «N 

u xV o 


which tends to zero, by the lemma. Hence |aS t 2 |< e if N is large 
enough, and so | -J- #S T 2 j < 2e. This proves the theorem. 

1.3. Series which are not uniformly convergent. Up to 
this point, the reader may still suspect that convergence 
throughout an interval is the same thing as uniform conver- 
gence. We shall show by means of examples that this is not so. 

Examples, (i) We can construct a series for which 


(lh; x U 


by taking u^x) - 1 /(!+*), and 


(n> 1). 


" N ' 1 \ nx 14 (n 1 ).r ( 1 + nx)[l 4 (n - i)x} 

This function s n (x) is a continuous Junction which tends to a discontinuous 
limit. For, if x > 0, «„(.r) obviously tends to zero as n—> oo. But if 
x 0, s n {x) — 1 for all values of n, and so its limit is 1. The sum of 
the senes is therefore discontinuous. Hence the series cannot be uni- 
formly convergent. 

(ii) Consider the series oo 

y xc nj . 
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Here s n ( 0) = 0, so that s(0) = <>• When x > 0, 


■S.U') " •*' 


l-< 

1 -C’ 




As ar ->0, *(#) -> 1. Hence s(;r) is discontinuous, and, as before, the series 
is not uniformly convergent in any interval ending at x — 0. 

In fact, if x =- 1 jn, 

/P 


-*.Q) 


0. 


so that |«(x) — is not ‘uniformly small’ near x 

(iii) Consider similarly 

Z X n (l-x). 

n = 0 

(iv) As in example (i), wc can construct a series for which 

s„(:r) =r nx(\ — x) n 

Obviously s(0) = 0. Also, if :r > 0, ?<( 1 - r) n -> 0 as n oo (P.M. § 206). 
Hence s(x) = 0 for all values of x. In this case, therefore, the sum of 
the series is continuous. Hut the series is not uniformly convergent. It 
is a simple exercise in differential calculus to find the maximum of 
8 n (x) ; it is 

/ n y *» 

ll + J ’ 


and thus tends to the limit e 1 as n—> oo (P.M. §§ 73, 208). Hence, 
however large n may be, the function s n (x) — s(x) taxes values nearly as 
large as e _1 . Thus the convergence is not uniform. 

The reader should draw the graph of $ n (x). It has a wave which 
approaches the origin, and diminishes indefinitely in breadth, but not 
in height. 

Notice that uniformity of convergence may be altered by 
multiplying by a factor independent of n. For example, if 


*„(*)= 


x 

\-\-nx* 


then |s n (x) | ^ l/n (0 ^ x ^ 1), so that the series converges uni- 
formly to zero. But the series obtained by multiplying by ljx 
is not uniformly convergent (ex. (i) ). 

On the other hand, if we multiply a uniformly convergent 
series by a bounded factor independent of 7 i, the resulting series 
is also uniformly convergent. This is easily seen from the 
definition. 


1.31. Uniform convergence of series of positive terms. 

It is clear from the above examples that uniform convergence 
is not a necessary condition for continuity, though it is a suffi- 
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cient condition. There is, however, one interesting case in which 
uniform convergence and continuity are equivalent.* 

If 2 u rX x ) = s ( x ) a ser ^ es of continuous positive terms in 
a given closed interval , a necessary and sufficient condition that 
s(x) should be continuous is that the series should be uniformly 
convergent over the interval. 

We have to prove that the condition is necessary, i.e. that, 
if s(x) is continuous, the series is uniformly convergent. 

Employing our usual notation, the function s(x)—s n (x) is 
continuous, and so (P.M. § 102, Th. 2) has an upper bound, e n 
say, which is attained at some point x n of the interval. It is 
sufficient to prove that €„-*(); for, since the terms are positive, 

l«(*)— »„(*)! < |*(*)— *.v(*)l 

for n^N and all x\ and this implies uniform convergence if 
e v ->0 as N — > oo. 

Suppose on the contrary that € n does not tend to zero. Then, 
since it is steadily decreasing (because the terms are positive), 
it has a positive lower bound, 8 say. Also the numbers x n have 
a limit-point, £ say, in the interval [P.M. § 19). Choose N so 
large that $(£)— s A (£) < 8. Then, if £ is an interior point of the 
interval, there is an interval (£— h,£-\-h) throughout which 
s(a;)— s A *(:r) < 8 {P.M. § 101, Th. 1). If £ is an end-point, the 
same is true of -h) or (£— 7?,£). Hence e /t < 8 for those 
values of n for which j.r M — £| <h. This gives a contradiction, 
and the theorem is proved. 


1.4. Infinite products. An infinite product is an expression 

<5f the form /f , W1 . W1 . . 

(l+«i)(l + u 2 )(l-fa 3 )... (1) 

containing an infinity of factors. We denote it by 


TT ( l + r 7 /i)- 

n l 

We suppose that no a u is equal to -1. 
Writing p n for the partial product 

ii 

Pn ~ IT (l+ fl m)> 

m 1 


we say that the infinite product, is convergent if , as n -> oo, p n 
tends to a limit other than zero. We might, of course, admit the 


* See Hardy (11) for a detailed discussion. 
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limit zero as well; but we shall see later that this would often 
be inconvenient. 

If the product is not convergent, it is said to be divergent. 
If p n -> 0, it is said to diverge to zero. 

Examples, (i) The product 

(1 — i)(l + })(l-l)(l + D— 

is convergent. 

(ii) If the product (I) is convergent, a n -> 0. 


1 . 41 . We begin by considering two simple cases. 

If a v 5? 0 for all values of u, the product I7(l+aJ an ^ 
series J a n converge or diverge together. 

Since, in this case, p n is a non-decreasing function of w, it 
either converges or tends to positive infinity. Now 

^ (l-f'a 1 )...(l+flj < e a ‘-» 

The left-hand inequality is obvious on multiplying out the pro- 
duct; and the right-hand inequality follows from the fact that 
1 +a <: e a for every positive a. The two inequalities show that 
p n and are bounded or unbounded together, and this 

gives the result. 

If a n < 0 for all values of n y write a n =- — b n , and consider 
the product 

IT (i— *«). 

n 1 


If b n ^ b,i 1> for all values of n , and J b l( is convergent , 
then (1— b t( ) is convergent. 

Since £ b n is convergent, we can choose N so large that 

^.V + ^.V+1‘1 ••• <- 

and, in particular, 6„ <1 (n N). Then 

(! — )(] — f»A u) > 1 -i.v-A.vn, 

(l-b v)(l -6 v+1 )( 1-6 v - 6^-6 v ,0(1— 6 v f2 ) 


and so generally 


^ 1 6 V i ~b 




(l-6 v )(l-6 v+1 )...(l-6J > I 

Hence p,Jp\.. , is steadily decreasing for n -> N , and has a 
positive lower bound. Hence it tends to a positive limit. Since 
Pn-\ is not zero, the result follows. 

U 0 < K < 1 for every n, but £ b n diverge. s, then 1~T (1 6 ) 

diverges to zero. 1 n 
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For 1—6 < e~ h if 0 < b < 1 , so that 

(1— 6 1 )(1— 6o)...(l— 6„) < 

The right-hand side tends to zero, and the result follows. 

In particular, if 0<6 yi < 1, the product JJ (1 — b fl ) and the 
aeries 2 b n converge or diverge together . 

1.42. The general case. Now let the numbers a n be any 
numbers, real or complex, other than —1. 

Definition. The product (l-fa ;i ) is said to be absolutely 
convergent if the product JJ (1+ \a n \) is convergent. 

It is clear from the first result of § 1.41 that a necessary and 
sufficient condition that the product should be absolutely convergent 
is that 2 |a J should be convergent. 

We next show that an absolutely convergent product is con- 
vergent. 

To prove this, let p n denote the same partial product as 
before, and let n 

Pfi — IT (* + l a ml)- 

m - l 

Vn—Pn-l = 0 + a i)---( 1 + a *-l) a /r 

and it is plain that 

I Pn~ Pn-l \ Pfi Pn- 1- 

Now, if n ( j + |aj) is convergent, P n tends to a limit, and so 
2 (P n — P„-i) I s convergent. Hence, by the comparison theorem, 
— ^„-i) is convergent, i.e. p n tends to a limit. 

This limit cannot be zero. For, since 2 l a J is convergent 
and l-\-a , ->1, the series 



is also convergent, 
product 


Hence, by what we have just proved, the 



tends to a limit. But this product is equal to 1 jp n . Hfence the 
limit of p n is not zero. 

Example. The factors of an absolutely convergent product may be 
taken in any order, without altering the value of the product. (Compare 
P.M. § 185.) 
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1.43. The logarithm of an infinite product. If 

TT < 1 K,)-**'. 

ii = l 


is it necessarily true that 

f log(l log p ? 

11 = 1 

Here log z denotes the principal value of the logarithm of z, 
i.e. the value whose imaginary part lies between — tt and tt 
(P.M. § 224). 

The result is obviously true if all the numbers a n are real and 
positive, for then all the logarithms have their ordinary arith- 
metical value. But, in the general case, the formula requires 
modification. 

Let p lt denote the nth partial product, and let p n — 
so that p n and p n tend to limits, and so does </>„ if its \ alues are 
suitably chosen. Let l+tf„ ~ "here — tt i0 /t ' tt\ 

then, since a )t 0. 6 n 0 as n -* j: . 


Let i, t - Ih»g(l KJ. 

//i = 1 

Then s„ -= log p„ - f- '2k Jn, ( 1 ) 

where k n is an integer. Now 
2k n Tr — 

so that 2 t T(k tH1 -k n ) -= 

and the right-hand side tends to zero, Hence, if n is sufficiently 

large ’ \MK < 277 . 

and so k ll+1 = k n , since k a is always an integer. Thus k n has 

a constant value, k say, if n is sufficiently large; i.e. 

s n ^logp„+2kiTT (n>n 0 ), 
and, making n-> oo, 

log(l+<r„) — log/) -1- 2kiir. 


The sum of the series is therefore a value, but not necessarily 
the principal value, of the logarithm of the product. 

Notice also that it follows from the proof that 

co 

I log(l+a„) = log/> - logp, v 

N -t 1 

for all sufficiently large values of N. 
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If wc start with the series of logarithms, and assume that 


I log(l+a„)^s, 

n= l 

we have, on taking the exponential of (1), 


e 8 n — p n , 

and so Pn~> V ~ eS > 

i.e. the product converges to the exponential of the sum. 


Examples, (i) If 2 a n ft nd 2 l a «l 2 are convergent, then ( 1 +a„) is 

convergent. [Use the equation log( 1 -f «„) = a n -f- 0( |a n | 2 ).] 

(ii) If Z <*£»•••» Z are convergent, then fj (1 + aJ 

is convergent. 

(iii) If a n is real, and 2 a n is convergent, the product (1-j-o,,) con- 
verges, or diverges to zero, according as J a l converges or diverges. 

(iv) The product 

- 

is divergent. 

(v) Show that, if 


rt 2i*-i “ — 


. . J_ . _L . 1 

V(n+l) T n+l T (n+l) V '(n+l)’ 


V( n + 1), 

the product n (l+<0 converges, though both 2 a n and 2, a l diverge. 


(vi) The product ^1 -f- is divergent, but n 


1 -f — I is convergent. 
n\ 


(vii) If \ul\ is convergent, so is (1 — u H )e u n ; and if 2 |iz m | 3 is con- 
vergent, so is (1 — iM «. [As a -> 0, (1— u)e u — 1-f 0(w~ 2 ) and 

(1— n)e u +l ul = 1 -\-0(u ~ 3 ) ; or we may consider the series of logarithms, 
as in (i). Products of this type are of great importance in Chapter VIII, 
and are discussed fully there.] 


1.44. Uniform convergence of infinite products. The 
infinite product K 

II I 1 +«»(*)}» 

n^l 

where the factors are functions of a variable z , real or complex, 
is said to be uniformly convergent if the partial product 

P«(*) = If 0 +««(*)} 

7/J = 1 

converges uniformly in a certain region of values of z to a limit 
which is never zero. 

The simplest test for the uniform convergence of a product 
is as follows: 
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The product JJ { 1 + u„(z)} is uniformly convergent in any region 
where the series 2 |w„(z)| converges uniformly to a bounded sum. 

The proof consists of a rc-examination of the convergence- 
argument of § 1.42 from the point of view of uniformity. Let 
M be the upper bound of the sum 2 l«»( z )l in the region con- 
sidered. Then 

1 1 -r |*,(*) |}...{1 + \ u n ( z ) |} < e |Ml<s)l ♦- ^ e ". 

Let ^(2) = fl! I + K(2)l)- 

III — 1 

Then 

P„(z)-P„_ 1 (2) = {l + K(s)|}...{l+K l - 1 (2)|}K( z )|<e M K(2)|. 
Hence 2 {P n (z)— is uniformly convergent, and the result 
follows as in § 1.42. 

Examples, (i) The product 

where m runs tlirougli the prime numbers 2, 3, 5,..., is uniformly con- 
vergent in any finite region throughout which R(s) > a > 1 ; for the 
same thing is true of the series J which consists of some of the 

terms of the series J |w"*| (§ 1-2, example). 

The value of the product is 1 /£(«). For 

(1-2 -)£(*)= 1 + 3 '+5--'-!-..., 

all terms containing the factor 2 being omitted on the right. Next 
(1 — 2 — )( 1 — 3— )£(*) =■■ 1 + 5-+7- -+11- 1-..., 
all terms containing the factors 2 or 3 being omitted. So generally, if 
m n is the nth prime, 

( 1 — 1 — w‘- a )£(u) “ 14 Z '4- ••• 

where all numbers containing the factors 2, 3,..., m n are omitted. Since 
all the numbers up to xir n are of this form, 

1(1-2-) ..(l-m-)f(*)-l| < |(w.4 I)-'|+|(nr„ + 2)-|-|-..., 
which tends to 0 as vr n —> go . Hence 

lim(l-2-)...(l— wr)£(s)= h 

71 — ►QO 

the result stated. 

(ii)If R(«)>2 

log{(«)= - 21og(l — m '), 

VJ 

all the logarithms having their principal values. 

|We deduce from the above example and § 1.43 that 

lo g £(*) = — 2 log(l — xzr-*)4-2A;i7r, 

where k is an integer, which depends prima facie on a. If a is real, k is 
obviously 0. Also, as long as R(a) > 1, the real part of l — m -* remains 
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positive, and so its amplitude remains between — and \tt. Each term 
log(l — nr - ') is therefore continuous for R(s) > 1. Hence the sum of the 
series is continuous. 

Similarly log £(*) is continuous, provided that R{£(*)} > 0. This is 
certainly true if R(s) > 2, since, if R (s) - a > 2, 

R {£(«)}> 1 — 2 _<r — 3"* — ... 1 — 2~ 2 — 3~ 2 — ... 


It follows that- k is continuous for R(.s) > 2, and so zero throughout 
this region.] 

(iii) The convergence of the product- JI ( 1 a n ) does not imply that 
of IT (1 1 r/ (l :r), except for x - 0 and x - - 1.* 

(iv) The convergence of IT (1 -f « n ) does not imply that 

lim n(H V) = n (! + ".)• 

X-rl 

[In fact, Hardy (5) gives an example in which 

lim n (1-f ««*") = 2 n (I--} u n ). 

The result is, of course, in striking contrast to Abel’s theorem on the 
continuity of power series. J 

( v) The product IT ( 1 + f"jr „) 

is not convergent for any rational value of 8, tt> but is convergent if 81 tt 
is an algebraic number (l\M. Ch. I, ex. 32) which is not rational. 

[The problem of the behaviour of this product, suggested by Hardy 
(5), was solved by Littlewood (2).] 

1.5. Convergence of infinite integrals. We assume that 
the reader is familiar with the elementary properties of the 
Riemann integral of a continuous function ( P.M . §§ 15t>-64). If 
f(x) is continuous over a finite closed interval (a, 6), the Riemann 
integral b 

j /CO dx 

a 

exists. Similarly the indefinite integral 

r 

no=J7c t)dt 

a 

exists for a < .r *; 6; and F(x) is continuous, and has a dif- 
ferential coefficient equal to f(x). We assume a knowledge of 
the usual rules of integration by parts, integration by substitu- 
tion, etc., and of the mean-value theorems (P.M. §§ 1()0-1). 

We next extend the definition to a class of discontinuous 


Hardy (5). 



20 INFINITE SERIES, PRODUCTS, AND INTEGRALS 
functions. Suppose that the interval (a, 6) can be divided up 
into a finite number of parts (x v x 2 ),... f (x n ,b), such that 

f(x) is continuous except at x n> and such that the limits 
f(x t — 0), /(a^+0), ..., etc., exist ( P.M . § 99). Then the integral 
of f(x) over each partial interval exists, and the integral over 
the whole interval is defined as being the sum of the integrals 
over the partial intervals; i.e. 

b Xx x t b 

J f(x) dx = j f(x) dx + | f(x) dx +...+ | f(x) dx. 

a a Xy x m 

An infinite integral is defined in P.M. § 177. If f(t) is in- 
tegrate over (< a , x) for all values of x f and 

lim f f(t) dt = l 

X-*X> J 

a 

then we say that the infinite integral 

00 

I fit) dt 

a 

is convergent, and has the value l. 

Similarly, if /(/) tends to infinity, or oscillates, as x -> c, but 

lim f f(t) dt = l, 

X~*C Z 

then we define the integral of f(t) over (a, c) to be equal to l 
(P.M. § 180). 

There is no difficulty in extending the rules for integration 
by parts and substitution to these cases. 

A number of tests for convergence, such as the comparison 
test, for the case where f(x) is positive, are given in P.M. § 178. 

Suppose now that /(a;) is not necessarily positive. If f(x) and 
\f( x ) I are both integrable in one of the senses already explained, 
and if the integral w 

/ 1/(01 dt 

a 

is convergent, then the integral 

GO 

J ' f it) dt 

a 

is said to be absolutely convergent (cf. P.M. § 184). 

An absolutely convergent integral is convergent. For, if the 
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integral of |/(£)| is convergent, so are the integrals of 

by the comparison test, </> and tfj both being positive. Hence 
the integral of — f(t) is convergent 

The result may be extended to the case where f(t) is a con- 
tinuous complex function, by considering separately its real and 
imaginary parts. 

An integral which is convergent, but not absolutely con- 
vergent, is said to be conditionally convergent. 

The most important tests for conditionally convergent in- 
tegrals are the analogues of Dirichlet’s and Abel's tests for 
series (P.M. § 189). 

Analogue of Dirichlet’s test. If <f>(x) has a continuous 

derivative , and decreases steadily to zero as x -> oo, and 

m=jm dt 

a 

is bounded , then the integral 

oo 

J 4>(x)f{x) dx 

a 

is convergent. 

We integrate by parts, this being the process for integrals 
analogous to the ‘partial summation’ by which Dirichlet’s test 
is proved. We have 

J #*)/(*) dx - <j>(X)F(X)+ f {-+'(z))F(x) dx. 

a a 

The integrated term tends to zero as X -> oo; and the last 
integral is absolutely convergent by the comparison test; for 
|/' 7 (:r)| is bounded and — <f>'(x ) is positive, and 

/ {— <£»} dx r <f>(a)—<f>(X) -> <f>(a). 

a 

This proves the theorem. 

Examples, (i) The. integrals 


OO 00 



are conditionally convergent. 

(ii) State and prove the analogue for integrals of Abel’s test. 
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We note finally a necessary and sufficient condition for the 
convergence of the integral 

0O 

/ /(-») dx; 

a 

it is that, given e, we can find X 0 such that 

x ' 

J f{x) dx <e 

X 

for X' > X > X a . This may be proved in the same way as (or 
deduced from) the corresponding theorem for series ( P.M . 
§§83-4). 

Examples, (i) Use this principle to prove that an absolutely eon- 
vergent integral is convergent. 

(ii) Provo Dirichlet’s test for convergence by moans of this principle 
arul the second mean -value theorem (H.M. §161, exs. 11-12). 

1.51 Uniform convergence of infinite integrals. We can 

now extend the idea of uniform convergence to infinite integrals. 
Let f{x,y) be an integrable function of x over the interval 
a<^Lx^b, for oc^y < and for all values of b. Suppose that 
the integral « 

4>(y) = \f{?,y)dx 

a 

is convergent for all values of ?/ in the interval {oc.fi). The n the 
integral is said to be uniformly convergent if , given e, we can find 
a number X 0 , depending on e but not on y , such that 

\4>(y)- f f(x,y) dx < e , (X-X 0 ). 

1 a 

A similar definition may be framed for integrals which are 
infinite by reason of the integrand becoming infinite in the range 
of integration. 

The simplest test for uniform convergence is the analogue of 
the series-test of § 1.11. The above integral is uniformly con - 
vergent if there is a positive function g(x), independent of y, such 
that \f(x,y)\ ^g{x) for all values of x and y, and such that the 
integral 

J g{x) dx 


is convergent. 
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This may be proved in the same way as the corresponding 
result for series. 

Other tests may be extended in a similar way. For example, 
in Dirichlet’s test, if / and <f> are functions of x and ?/, we assume 
that d<f)/dx is continuous, and <f)(x) tends to zero steadily and 
uniformly with respect to y, and that |F| is less than a constant 
independent of x and y. The integral of <f)f is then uniformly 
convergent. 

Examples, (i) Consider the convergence of the integral 

GO 

T(; r) =- I* t x ] c- l (lt. 

6 

| Suppose first that x is real. The integral is convergent at the upper 
limit for all values of x, since is hounded for all x, and wo can 

compare the integral with that of 1 jt 2 ; but for convergence at the lower 
limit we must have x ;* 0 ( P.M . § 180). 

The integral is uniformly convergent over any finite a*-interval 
where a > 0. To prove this, we divide it into integral* over fO. 1) and 
(l,co), and compare the two parts with 

1 CO 

C 1 'It, J t b -'c ‘tit, 

o l 

'wliieli are convergent and independent of x. 

Similarly, if x is complex, the integral is uniformly convergent over 
any limte region throughout which R(.r) ' - a 0; for if x - £- : -ir) y then 
l^- 1 ! - t* l , and the result can now he proved before.] 

(ii) The integral 

0 

is absolutely convergent for 1 - s * 2, and any //. For a iixed ,s- in tins 
range, it is uniformly convergent for 0 < a - . // • for any 

It is conditionally convergent if () -:,<? < 1 , ?/ - 0, and uniformly con- 
vergent for s in this range and 0 < y c 

For fixed y > 0, it is absolutely and uniformly convergent in 
1 s 1 - a ■ ,s 2 „ 2, and uniformly, but not absolutely, convergent in 
1 . 

1.52. The continuity theorem. In this section we shall 
prove the analogue for integrals of the theorem that the sum 
of a uniformly convergent series of continuous functions is 
continuous. 

Wc first require the following theorem on continuous functions 
c 
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of two variables, similar to the theorem for one variable proved 
in PM. § 106. 

Let f(x, y) be a continuous function of x and y throughout the 
rectangle a <x <: b y oc^ y < jS. Then , given e, we can divide 
up the given rectangle into a finite number of sub-rectangles 
Xp < x < y v <y < y v in such a way that 

\f(x>y)—f(£’V)\< € 

provided that (x,y) and (£, rj) belong to the same sub -rectangle. 

We prove this by the method of subdivision. Suppose that 
the given rectangle has not the required property. Then, if we 
divide it into quarters by the lines x 1 (a-\-b), y — A(a+j8), 

least one of the four quarter-rectangles has not the required 
property. Choose that one which has not; or, if more than one 
have not, choose one of them — to give a definite rule, choose 
one on the left-hand side if possible, and then, having fixed the 
side, choose the lower of two on the same side. 

We next subdivide the chosen rectangle into quarters; and 
so the process of subdivision proceeds indefinitely, there being 
always at least one quartei w hich has not the required property. 
The left-hand sides of the chosen rectangles form an increasing 
sequence, and the right-hand sides form a decreasing sequence, 
and so each sequence has a limit; and the limits are the same, 
since the length of the side tends to zero. Call the limit X. 
Similarly the upper and low er sides tend to a limit 1\ 

We now use the fact that the function is continuous at (A r , Y). 
Given we can find 3 so that 


| f(z 9 y)-f(X, Y ) |< U (|*~JC|<8, \y-Y\< 8), 
and so \f(x, y)—f{£> rj)\ < e 


if (x,y) and (£, rj) both lie in the square with centre ( X , 7) and 
side 28. Thus the rectangles chosen in the construction have 
the required property when they lie in this square, as they 
ultimately do. We have thus obtained a contradiction, and the 
theorem is proved. 

We also deduce the following result: Given e, we can find 8 


such that , 

\f(^y)-f(Lv)\ <€ 

provided that j.r--- £ | <, 8 and \y rj J - 8, 8 depending on 

and not on x , y , or rj. 


only , 
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For divide up the rectangle so that \f(x , y) — /(f , *7) | < if (x, y) 
and (f , rj) belong to the same sub -rectangle. Let 8 be the minimum 
of the sides of sub-rectangles. Then 8 is the required number. For 
if \x— £| <8 and \y — rj\ <8, (x,y) and (£, 17) belong to the same 
or to adjacent rectangles, and in either case the theorem follows. 

The result may be expressed by saying that a function of two 
variables which is continuous in a rectangle ( boundary included) 
is uniformly continuous in the rectangle. 

We can now proceed with the properties of integrals. 

If f(x y y) is continuous in the rectangle a^x^.b, oc^y < /?, 
then b 

<f>(y) d * 

a 

is a continuous function of y in (rc,/J). 

For ,, 

| [f(*,y-rk)-f(x,y)}d£, 


and, given e, we can choose k 0 so that 

\f(x,y-\ k-) -f(.r,i/)\ e (|C< A- 0 ), 
for all values of x and ?/. Hence 

\tte-\-k )- -<£(//)! m<k a ), 

the required result. 

If f(x,y) is continuous in the rectangle a ^ x b , 
for all values of b, and the integral 


y<P, 


<f>{y ) f /( x > y) dx 


converges uniformly with respect to y in the interval ((\,/ 3 ), then 
(f>(y) is a continuous f unction of y in this interval. 

We have 

00 1 

\<f>{y \-k)-- 4 >(y)\ ----- J {f(x,y+k) -f(.r.y)} rfj-! 


; j j {/(•»•■'/ M) -/(■*• //)} j t- 1 | f{x,y-\-k) rf-rj+j j /(. v.y) d.v . 

' a X 1 i V 1 

Given e, we can choose A r 0 so that each of the last two terms 
is less than t for X . - A" 0 , for all values of k. (I u ing fixed A, 
the first term tends to zero with k, by the previous theorem. 
The result now follows. 
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In the above theorems, the continuity of at the end- 
points a and /? is one-sided, e.g. </>(y) -> <f>( a) as y -> a by values 
greater than a. 

Examples, (i) If the integral 

X! 

I ./(■'■) 

<1 

is convergent, then co 

I* c *"f(x) dx 

() 

is uniformly convergent in 0 - y < /?, and so continuous at // (). 

[This is the analogue for integrals of Abel's theorem on power series. 
It may be proved as follows. Lot 

GO 

!%'■) = [ m dt, 

X 

so that F(.r)-± 0 as ,r->oc. Suppose that. |F(.r)| t for j- - A' 0 . Then 
j x ' i A" 

! j # /’(A')c ■ Jt »— F(X')e- x, ~-y [ F(.r)f-» dx' 

'* A- ^ 

c it i/c j c " ** dx « 3e 
A' 

f° r 7 ‘ A 0 and all j ' 0 ; and the result follows.] 

QC 

(ii) The integral f dx 

o’ 

is convergent for every y; but it is not uniformly convergent in the 
neighbourhood of y (), since it is discontinuous ut this point. 

| Io prove this, observe that it is (a) constant for y > 0 (put x — n/y), 
(ft) positive for y — 1 (express it as 

n-n 

2 f T"- 

(n -i)tt 

i.e. as a senes of decreasing terms of alternate signs), and (c) an odd 
function of y. 

\\o ina^ piove directly that it is not uniformly convergent by con- 
sidering tlie ‘remainder’ 


, • 1 -V' 

and jiutting, e.g.. A" - 

'Tho value of the integral will he obtained later 


(§ 1 - 70 ).] 
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1.6. Double series. A double series consists of a double 
array of terms Y V 

2* 2* n » 

where each of the suffixes m and n runs from 1 to infinity. There 
is no single method of summing the series, such as the ‘lims,,’ 
method for single series, which obviously claims our attention. 
We can form partial sums of the series in a great variety of 
different ways, and each way gives rise to a method of summing 
the series. We may. for example, consider ‘rectangular’ sums 

M X 

2 2 «»..»> 

rn-l 7i-l 

and then make M and N tend to infinity in various ways. Or 
we may consider sums such as 

® in, n ' 

m + n X 

taken over triangular regions. Or, finally, we may convert the 
double series into a repeated' series, first evaluating the sums 


1' 
n - 1 

and then finding the sum of their sums. We write this repeated 
series as w 

7i 7 

m - l 7t l 

the inner sum being found first. We call this the ‘sum by 

rows’. If we proceed in the opposite order, we obtain another 

repeated series „ ^ 

2 2 «m.»- 

w - 1 m — 1 

We call this the ‘sum by columns’. 

1.61. Double series of positive terms. If all the terms 
a m,n °J are positive , all methods of summation are 

equivalent. Either we obtain a finite limit , the same in all cases ; 
or, however we sum , the series diverges to positive infinity. 

To prove this we consider in turn the various possibilities. 
We call a set of pairs of numbers (m,n) a region. Let A ; , 
(p ~ 1,2,...) denote a sequence of finite regions, each of which 
includes the one before, and such that, however large N is, 
includes the square m A 7 , n < N , if p is large enough. 

There are now two possible cases. Suppose first that the 
finite sums 


^nii, t n, "* d h*,' 
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selected in any manner from the series, liavc an up|>er bound 
(r. Then plainly y ,, . i< 

u '»i. It u 


for all values of p. On the other hand, given e, we can find 
one of these finite sums greater than G— e. But A p includes 
every term of this finite sum, if p is large enough, and then 


2 a m,n> G ~^ 

A P 


Hence, since 2 * s non-decreasing, 
a p 

1 

TJ— *30 Ap 

that is to say, the series is convergent when summed in this 
particular way, and its sum is G. In this case the series is said 
to be convergent, it being unnecessary to specify the particular 
sequence of regions taken. 

Suppose secondly that there is no such upper bound G. Then, 
having given any positive number H , there is a finite sum 


a m lt »*> // ’ 

Since we can find a number p such that A ; , includes this sum, 

2 a m.n>H 


we have 


for this value of p. Hence 


2 a m.n~ > °°. 

Ap 

In this case the series is said to be divergent. 

These two cases are the only possibilities; and, since the 
results are independent of the particular regions A /; considered, 
we have proved the theorem, so far as finite partial sums are 
concerned. 

Repeated series do not, so far, come under our analysis. To 
include them we have to replace our finite regions A p by infinite 
regions. 

Suppose first that the double series is convergent. Let 1 ) be 
any region, finite or infinite. Let b m n — a m n if (m, n) is a point 
of D, and otherwise b m n - - 0. Then clearly J b m n converges if 
2 a m t n does. We write 




m, 7i* 
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this being the definition of the left-hand side. It is clear that 

2 Cl m, n < 

1) 

Now let I) p (p = 1,2,...) be a sequence of regions, finite or 
infinite, having the property characteristic of A^. Then we have 

2 n ^ 

J> P 

and we can prove precisely as before that 

2 ^ in, n ^ e (j* i»o)- 


Hence 


Up 

lim 2> m> „-=G\ 


In particular, if we take to be the infinite region defined by 
m < p, we find that the sum by rows is equal to G. Similarly 
the sum by columns is G. 

Secondly, suppose that the double series is divergent. Then 
it may happen that the series 

Vp 

is divergent for a definite value of p. In this case the process 
comes to an end at this point. On the other hand, if V j s con- 

D P 

vergent for every p, we can, as before, show that 

r>p 

for every H and p >^ n (//). Hence 

Up 

In particular, if the double series is divergent, either some 
column is divergent, or every column is convergent, but their 
sums form a divergent series. The same thing is true of rows. 

1 . 62 . As the case of repeated series is particularly interesting, 
we give an alternative proof for this case. 

If a m , n >>• 0. then 

00 00 CO Of) 

2 ^ in, n 2 2 r ^I#I,7I’ (®) 

m 1 nl n — l m - 1 

in the sense that , if either side converges , then so does the other, 
and to the same sum. 

Suppose, for example, that the left-hand side is convergent. 
This means that all the series 
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are convergent, to sums A m , say, and that 


y a, 


is convergent, to sum S, say. 

Since a m h A m for all values of m and w, it follows from the 
comparison test that all the series 

rfj 

i it 
111 1 

are convergent. Let their sums be Then 


N X or. 

2-4 (w) -- I 5* 

71 - 1 


_ V V a y A S. 

in, n j— m, u ' m 

7i -l in l in 1 ii -- 1 7ii 1 


Hence the series ^ A (n) is convergent, and, if its sum is S', then 
S' < S. But we can now reverse the whole argument, and, 
starting with the convergence of the right-hand side, prove that 
S^: S', Hence S -- S', 

1 - 621 . Still another method of proof is as follows. Suppose 
that the left-hand side of 1.62 (1) is convergent. Then 


-Y x 

v Vf/ 


nr X 

V V , 


x- jL "111,11 ' ~ 

n = 1 711 1 711 1 71 1 


( 1 ) 


this being merely the addition of a finite number of convergent 
scries, whose convergence follows from that of ^ A rn . It is now 
sufficient to prove that, as X oc, 


<X> CO 


V 


V 


0; 


( 2 ) 


711 1 71 X ■ 1 

for this expression, together with the right-hand side of (1), is 
S; and it will then follow that the left-hand side of (1) tends 
to S , which is what is required. 

This, however, follows from the uniform convergence theorem 
of § 1.14; for the series (2) is of the form 


1 ujN). 

in 1 

It converges uniformly with respect to A\ since 

\uJN)\<- A tt „ 

and ^A )tl is convergent; and, for each value of m y u m (N) -> 0. 
This proves the theorem. 

This method is of interest for the following reason. In less 
simple cases, where the numbers a m n are not all positive, we 
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can still start from (I), and so reduce the problem to the proof 
of (2). This can then be proved by some special method — see, 
for example, § 1 .0(5, ex. (xvii). 

1.63. The comparison test. Series of positive and 
negative terms. We first note the comparison test for the 
convergence of a double series of positive terms : if a tn w < b w 
and ^ b,,,' „ is convergent , then 2 a nl , u is convergent. We leave the 
proof of this to the reader. 

Suppose now that some of the numbers u /;/ u are positive, and 
some are negative. Then the series a m n is said to be absolutely 
convergent if the series V j a m n \ is convergent. 

Let 0 L m n -- a m l( if a ni n ;> 0, and otherwise let n — 0; let 
ft„, „ = if and otherwise ft,,. » =- Then 

0 ^ • - ft,,, „ • „ i • Hence, by the comparison 

test, the series r y o 

are convergent if ^ ju,,^ J is convergent. Let the sums of these 
series be a and /?. Then, with our previous notation, 

2 ^ in, n ]!L ^tn, n 2 ^//i, n a 

Ap A,, Ap 

The same thing is true if the finite region is replaced by an 
infinite region l) jr but now the above equation is taken as the 
definition of the left-hand side. 

The ‘sum’ a— j3 is independent of the region or D jr We 
state the result simply by saying that the series ^ a m> „ is con- 
vergent ; that is , an absolutely convergent double series is convergent. 

The comparison test can now be extended to series of this 
type. 

1.64. Series of complex terms. Suppose now that a m n is 

a complex number, say - b m ir \-ic /ll ir Then the series 
2 „ is said to be absolutely convergent if 2|tf„ IfW | con- 

vergent. Since 

ii I kbii. #i!» ii I Ki.nl. 


this involves the absolute convergence, and so the convergence, 
of y b,„ „ and V c u If b and c are the sums of these series, 

1 «*, « 1 b ,». » H 1 C ,n. i, - v ^ + ic > 

Ap lor Dj,) Ap Ap 

and the series is said to be convergent; that is, an absolutely 
convergent series of complex terms is convergent. 
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All our conclusions about series of positive terms can now 
be extended to absolutely convergent scries. 

1.65. Multiplication of series. Let 

a 0+ a i + a 2+-"> &0 + &1 + &2+ — 

be two absolutely convergent series. The scries obtained by 
multiplying these series by Cauchy’s rule is 

c 0+ C l"t' C 2't'-" 

where c„ = a 0 b n +a 1 b n ^ 1 + ...+a n b 0 . 

The rule has its origin in the case of power series, where 
a n — <x n x n , b n = (i n x n , and where, in the multiplied series, we 

collect together terms involving the same power of x. 

00 00 

If the series J a n , 2 b n , ore absolutely convergent , and their 
0 0 

oo 

sums are a and b } then 2 c n absolutely convergent , and its sum 
0 

is ah. 

This follows at onc^ from the above theorems on double 
series. For the double seiies 2 a m b v is absolute]} 7 convergent. 
Its sum by rows or columns is ab , and 
N 

2 = 2 

n--0 77i+n<JV 

which also tends to the limit ab t 

CO 00 00 

// tte series ^ a n , 2 2 r n> are convergent , to sums o, 6, 

0 0 0 

and c, J/&e?i c = aft. 

00 00 

We apply the above theorem to the series ^a n x v , ^b n x n y 

o o 

00 

2 which are absolutely convergent if 0 < x < 1, and then 
o 

make and use Abel’s theorem (§ 1.22). 

1.66. Miscellaneous examples on double and repeated series. 

(i) If |a OT( „|< Am<xnP, where A, a, are constants, and |x|< 1, \y\< 1, 
then 2 a m,n xm y n is absolutely convergent. 

(ii) If 2 a min x%y* is absolutely convergent, then 2 a mn x m y n is absolutely 
convergent for |x| < \x 0 \, \y\ - \y 0 \. 

(iii) The series 2 ni~ 0L n~P is convergent if a > 1, jS > 1. 

(iv) The series 2 (m 2 +w 2 ) -a is convergent if a > 1. 

_ oo n 

[Compare the terms for which m ^ n with 2 2 n“ 2a .] 

n- 1 l 
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Tho same insult holds for the corresponding doubly infinite series, in 
which each variable rangos from — oo to oc>, omitting m -- n — 0. 

(v) The series J (am 2 -f 2677m -fen 2 ) - * is convergent if a > 0, b 2 < ac, 
and a > 1. [For 

-|- 2bmn -f cn~ 
rn 2 -\-n 2 

lias a positive minimum value.] 

(vi) If tho ratio z/z' is complex, and a is not equal to any of the 
numbers — mz — nz then 2 \a-\-mz-\-nz'\- 0L is convergent if a > 2. 

(vii) By expanding the function 

log( 1 — 2x cos 9 + x 2 ) — log( 1 — xe&) + log( 1 — xe ~ M) 
in two different ways, show that 

cosn# = 2 n ~ 1 cos n 0 — “2 n ~ 3 cos n_2 0 + 2 n_6 cos " _4 0— 

and also obtain a series of asconding powers of cos 6. 

[The rearrangement may be justified by the double series theorem; 
we also use the theorem on tho uniqueness of a power series, P.M. § 194.] 
(viii) If |a| < 1 and |a;| < 1, 


00 

y± 

Z* n! 


n! 1 -j- x 2 a 2n 


= c fl -rc a1 -| x*e a& — ... . 


(ix) If x is not a negative integer, 


oo 

2 


1 

•r(x-h l)...(j- + n) 


, f 1 _ 1 1 i 1 _ \ 

U 1! (x+1) ' 2! (x + 2) •"/* 


(x) If <l(n) denotes the number of divisors of n, and |x|< 1, 


QO 



n~l 


00 


2 d(n)x H . 
n - 1 


(xi) Dirichlet multiplication. If 2<V*~% 2 V 1- ' are absolutely 

convergent, and c n = 2 a p\> then 
pq-=n 

2 u.n- . 2 &„»-• = 2 c H n-. 

In particular {£(s)} 2 “ 2^( n ) n ~** 

(xii) If a m n - 1 (m=n+ 1, n = 1,2,...), o m n = — 1 (m = n— 1, 
n -= 2, 3,...), and otherwise a m< „ ■= 0, then 

QO QO QO QO 

2 2 2 2 a w.«* 

7)1 — 1 n=l 1 771-1 

(xiii) Prove a similar result if 


— n 2 


(m n), 


o m , n = 0 (m = n). 
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Consider the former sum. If m —N— 1, we have 


I 




_ 1 _ 


\n=N+l 

This part of the sum is therefore loss in absolute value than 


1 ... y 1 ... + 


I 


CO ^ 

^ 2 * Zlr A)"' 

A r i i 


which plainly tends to zero. In the ro«*t of the sum, we write 

N 


V 


n- V r ; 


( : l) n 

rP -f- n f- J- 


f - 1) 


V t - J_)" 

»*+» f i' 


2 


The sum formed from the terms involving tt plainly tends to zero, and 
the last term is similar to the one already considered, and so also gives 
a sum which tends to zero. 

Finally, the other sum can be dealt with in the same way, and the 
result follows.] 


1.7. Integration of series. Having completed our discus- 
sion of repeated summations, we now turn to a similar set of 
problems, in which one of the summations is replaced by an 
integration. Since a finite integral is itself a limit, whereas a 
finite sum is not, this makes everything one degree more com- 
plicated. 

We first consider the term-by-term integration of a series over 
a finite range. 


1.71. A uniformly convergent series of continuous functions 
may be integrated term by term ; that is, if u^x), u 2 (x ),... are con - 
tinubus , and u x (x)-\ -u 2 (x)-{-... == s(x) 


converges uniformly over (a,b), then 

b b 

J u^x) dx + J w 2 (x) dx +... — 

a a 


b 


J s(x) dx. 


a 


Since s(.r) is continuous (§ 1.14), it has a Riemann integral. 
Also the sum of the first n terms of the integrated series is (with 
our usual notation) ,, 

j s„(x) dx. 
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Wc have therefore to prove that 

f# r/ 

J «„(•*'•) dx -> J s(x) dx, 

a a 

b 

or that J {s(x) — ,$„(#)} dx 0. 

But, given e, we can find n 0 such that 

for n > n 0 and all values of x. Hence, by P.M . § 160, (7), 


{s(x)—s n (x)} dx < e(b— a), 

and the result follows. 

Examples, (i) If 0 < .r < 1, 

JC 'J 

log J ^ — J ^ t ------ J"(l -| I H 2 + — ) ~ .t+ J a: s -1- . 

•Jr*® ^J’5 

(ii) Similarly, arc tan x - .r - -f- - 

* 3 r> 


(iii) Prove that 




7T- 

7 


[Use Abel’s continuity theorem. ] 

(iv) Show that, if r < 1, and n is a positive integer. 


7 T 



1 — r 2 

2r cos 8 |-r 2 


cos n9 d9 -- 7 Tr n . 


1.72. A series way be differentiated term by term if the dif- 
ferentiated series is a uniformly convergent series of continuous 
functions ; that is , if 

u l (x)+u 2 (x)+...=rs(x) y 

and the functions u^x), u 2 (x),... have continuous derivatives 
u\(x),... such that the series 

u’ 1 (x)+u: 2 (x) + ... 

converges uniformly tof(x) in (a, b) f thenf(x) — s' (x) for a <x <b. 

By the previous theorem, the second series may be integrated 
term by term over (a, x), so that 

X 

{M 1 (a:)-M 1 (a)} + {M 2 (^)-«o(a)} + ... = J /(<) dt. 

a 
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But the left-hand side is also equal to s(x)—s(a). Hence 

.r 

s{x)-s{a) = J f(t) dt, 

and, differentiating, the result follows, since f(x) is continuous. 
Examples, (i) If \x\ < 1, 

Jn(n- !)...(»- t+IX— = (izSjr.i- 

(ii) If 8 > 1, oo 

£'(a) — — 2 w-'logn. 

1.73. ^4 reaZ power series may be integrated or differentiated, 
any number of times within the interval of convergence That is 
to say, the result of any number of formal term-by-term integra- 
tions or differentiations is true, provided that we are inside the 
interval of convergence. 

Let the power series be 


/(*)=- 2 °-. a " 

We can integrate once, by uniform convergence (§ 1.21), and 
obtain 

Sf (t ) dt -ZnU Xnn 

0 n-o ‘ 

The interval of convergence, and so of uniform convergence, is 
plainly at least as wide for this series as for the previous one, 
and so the process may be repeated. 

Term-by-term differentiation gives 

00 

/'(*) = 2 na ll x v -' i . 


This series also is convergent for [x| < R. For, if 0 < p <R, 
\a n p v \<K. Hence 

nil I n i K /Ixiy - 1 

'I = n \a n p n \ .• , 

and hence the differentiated series is convergent for \x \ <p, by 
comparison with the convergent series 

4* \p) (i-l*l Ip? 

Hence the differentiated series is uniformly convergent over 
any interval included in (—R,R), and so term-by-term dif- 
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ferentiation is justified. The process can, of course, now be 
repeated. 

It follows in particular that a function represented by a power 
series has derivatives of all orders . 

It is also clear, since neither integration nor differentiation 
can decrease the interval of convergence, and the two processes 
are reciprocal, that neither can increase the interval. 


Example. Tho Maclaurin expansion of f(x) 
x is the original series. 


oo 

2 u n x n in powers of 
n - o 


1.74. I / x is real , and 

f(x) 2 a n x n (1*1 < .ft), 

n o 

then f(x-\-h) may be expanded, by Taylor's theorem in powers of 
h , provided that \x\< R and |^|< R—\x\. 

The formal expansion is 

no . 

f(x+k)= y — / <m »(*), 

x—4 m\ 

7U -0 

where, by the previous theorem, 

f(m)( x ) — ^ n(n— l)...(?i— ?n-\-l)a n x ,l ~ m . 

n -m 


To prove that this actually holds, we write 


f(x+h) = fa n (x-\-h) n ■= ^ a " 2 


n - 0 m 0 


n(n— m+1) u 

“ m!" ' 


2 2 °* ir " t ! * *— *“ = 2 S '“"<*>• 


to - 0 n - to 


We have to justify the inversion; and it is justified by absolute 
convergence if 


2>„l 2 !»|— 14|» 

»-0 mo 


= 2 l«« 

n- 0 


1 * 1 + 1 * I)' 1 


is convergent. This is true if |r|+|fe| < R, which proves the 
theorem. 

Notice that the interval of convergence obtained for the new 
series extends just up to one end of the interval of convergence 
of the original series. The actual interval of convergence may 

D 
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be no larger, e.g. in the case of 


f(x) = 


1 

l—x z 


l+x 2 +x*+.... 


But it may in some cases extend further; e.g. if 


^) = r+x =1 -* + * 2 - 


we have 


and 


/<" 'K«) 


(— l) w m! 




which is convergent for \h\ <?. 

It is impossible to give a satisfactory account of this pheno- 
menon so long as we consider real power series only, and we 
must postpone further discussion until we have considered func- 
tions of a complex variable. 

1.75. Series which cannot be integrated term by term. 

A simple example of such a series is obtained by putting 
s h (.r) — n 2 x( 1 — x) u (0 < x -C 1 ). 

Then s(x) — 0 for all values of .r, so that 

i 

I* s(x) dx — 0. 


But 


j 

J*.w 


(n+l)(«-4-2) 


-> 1 , 


so that term-by-term integration gives an incorrect result. r rbe 
series is, of course, not uniformly convergent. 

On the other hand, uniform convergence is not a necessary 
condition for term-by-term integration. Some of the non-uni - 
formly convergent series of § 1.3, e.g. those for which 

*«(*) = 1 + nx * *«<■*) = n:r ( 1 -•*•)"> 


can be integrated term by term. 

This leads us to consider more general classes of series which 
can be integrated term by term. 

1.76. Boundedly convergent series. A .scries 
u 1 (x)+u 2 {x)+... 

is said to be boundedly convergent in an interval (a, 6), if it con - 
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verges for every value of x in the interval , and if there is a constant 
M such that |s n (#) | < M for all values of n and x (a < x < 6). 

It is clear that the sum of a boundedly convergent series is 
bounded. So far we have no method of integrating bounded 
functions in general, so boundedness by itself does not enable 
us (at this stage) to integrate term by term. We have to com- 
bine it with another condition. 

We say that a series is uniformly convergent over (< a , h), except 
in the neighbourhood of the point c, if it is uniformly convergent 
over the intervals (a,c— 8), (c+8,6), however small 8 may be. 
We can then justify term-by-term integration under the fol- 
lowing conditions: 

If the series is uniformly convergent over (a,b), except in the 
neighbourhood of a finite number of points , and also boundedly 
convergent over the whole interval , then it may be, integrated term 
by term over (a, 6). 

To prove this, it is sufficient to suppose that there is one 
exceptional point, c. Suppose that |«s n (a;)| ^ M. Then |s(,c) | ^ M 
also. The integral of s(x) exists in the sense of § 1.5, and 



We can choose 8 so small that the last term is less than a given 
e, for all n. Then, having fixed 8, the other terms tend to zero, 
by uniform convergence. This proves the theorem. 

Various extensions of the theorem arc possible. It is not 
necessary that the series should be uniformly convergent over 
(a,c— 8) and (c+8,? ), if term-by-term integration over these 
intervals can be justified in some other way. A more important 
observation is that the theorem remains true if we insert in the 
integral a factor </>(.r), which is integrable, but not necessarily 
bounded. Suppose, for example, that </>(#) is continuous over 
(a, b) except at x=^a } in the neighbourhood of which it is 
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unbounded; and that b 

J | <f>(x)\dx 

a 


exists as an infinite integral. Then we may multiply the series 
by <f>(x) and integrate term by term. For 


a+8 

J {«(*)— s n (x)}<j>(x) dx 


a 


< 2 M J \<f>(x)\ dx, 

a 


which can be made less than any given e, by choice of 8, for all 
values of n ; and the integral over (a+8, 6) may be dealt with 
as before. 

We observe finally that later, when we have developed the 
theory of the Lebesgue integral, we can put all these theorems 
into a much more satisfactory form. All the restrictions involv- 
ing continuity and uniform convergence are only necessary 
because of the limitations of the Riemann integral, and dis- 
appear in the final form of the theorem. 


Examples, (i) The series for which 

S»( X ) = — t *> n (x) = 71^(1-^)" (0 c 1). 

are boundedly convergent. 

(ii) Consider the series 


sin a; sin 2a: sin 3a: 

i * o > ~o r ••• * 


It follows from one of the general tests (see § 1.12, ex. (i)) that this 
series is uniformly convergent except in the neighbourhood of the points 
x = 0, ± 27 t, +47T,... . To show that it is boundedly convergent, and 
to sum it, we use a more special method. 

Since each term has the period 277, it is sufficient to consider the 
interval 0 < x < 2n. Here we write 


x 

/■ 


s H (x ) = J (cos t -f cos 2t -f ... + cos nt) dt = 
o o 


X 

J" 


sin(n + \)t — sin£/ 
2 sin \t 


dt 


“ + J (2 sin _ ) sin(n '^ i)t dt — 

0 0 

(n + \)x x 

- J ™ ” du + J (+ ht - ’j sin (n + J x dt - j*. 
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is always positive, and has an absolute maximum at h - i t {P.M. § 181, 
exs. LXXVT, 9-10). Hence 


j ( 2 .,,!^ +in 


for 0 < x < 7r, i.e. the series is bouncledly convergent in this interval. 
Since each term is odd, it is boundedly convergent in ( — 7 r, 0), and so, 
by periodicity, in any interval. 

To sum the series, let x be fixed, 0 < x < 27 r, and make n — > 00 . Then 


n 11// 00 

l sin?/ , I sin?/ . 

I du I du 

J u J u 


exists (§ 1.5). Let us denote the value of this integral by 1. Also 
a • 

J (2«!,jr^ sl,,(,l! i)l,H 

0 , 

--( 1 - ] V' os(niJ)r 4 1 U 1 -h «*<* + * ytdt. 

^ 2 Kill i X Hii It 1- J J () v 1 

0 

which tends to zero cm account of the fuctor n -j- J in the denominator 
(the other factors being bounded). Hence, if s{x) is the sum, 
s(j') - l — \x (0 < x < 27T). 

But plainly s{tt) — 0, so that I -- ^tt. This gives at the same time the 
sum of the series and the value of the infinite integral. 

The reader should draw the graph of the sum of the scries, noticing 
its discontinuities at the points x — 0, -j- 27 t, 1 4rr, — [See also Ch. XIII , 
ex. 11.] 

(iii) Prove, without using integrals, that the abovo series is boundedly 
convergent, using a method similar to that used in § 1.131. 

(iv) Sum the series 2 2 1 

P T 3 i+ iv-' 1 ■" 

by integrating the above series over (0, 7r). 

(v) Provo that 


V cos r 

2L, n* 


nx __ 7T“ 7TX X- 

* ¥“T + 4 


(0 < X < 7T). 


1 .77. Term-by-term integration when the integrals are 
infinite. We now pass to the general case of term-by-term 
integration over an infinite range, or of functions which become 



44 INFINITE SERIES, FRODUOTS, AND INTEGRALS 

infinite in the range of integration. Tn each case the results are 
similar to those already obtained for repeated series. For con- 
venience wc state them as a single theorem. 

Suppose that ufx) > 0 for all values of n and x, and that 

J { 2 «»(*)} dx = 2 J u n (x) dx ( 1 ) 

a u 

for all values of c less than b {or for all finite values of c). Then 


b b 



J (2 «„(*)} dx 

a 

2 J «»(*) dx 

a 

(2) 

(or 

00 

/ {2«»(- r )} </ - r== 

oo 

2 J u n (x)dx 

(2 a) 


a a 


in the second case), provided that either side of the resulting equation 
is convergent. 

The proof is the same in the two cases. Let us take the case 
of a finite interval (a,b). 

Suppose that the series on the right of (2) is convergent, say 

2 J «„(»’) dx = s - 

a 

Then, since ujx) ^ 0, 

| l2 U a( X )} dx 2 j U n( X ) dx <■ lS 

a a 

for all values of c less than b. Hence (see I\M 7th edition, 
§185) the integral on the left of (2) exists, as an infinite 
integral at b; and, if its value is /, then / * S. On the other 
hand, 

f J ujx) dx -- J [2 «„(.»•)} dx < J [2 «„(•*)) dx ----- !> 

a a a 

and, making N go, we see that S < /. Hence in fact S -- /. 

A similar method may be used if the left-hand side of (2) or 
(2a) is assumed to exist. The reader should write it out in detail. 

As in the case of series, we can omit our ‘positive’ condition 
if we assume instead that one of the sides of (2) or (2 a) is 
‘absolutely convergent’, i.e. remains convergent if u n (x) is re- 
placed by its modulus. 
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1 r> 


The above results remain true for functions which may 

have either sign , or be complex, provided that either of 

b b 

J {2 K(*)l } (Ix ’ 2 { K(*)l dx > 


(or 


ou WJ 

J {2 \ U A X )\) dx > 2 J 


in the second case), is convergent. 

It follows from the theorem already proved that the two con- 
ditions are equivalent. We then obtain the result precisely as 
in the case of double series. If u n (x) is real, we consider the 
functions \u n (x)\±u tt (x), each of which is positive. If u n (x) is 
complex, say u n (x) — ot n (x) -\-if} n (x), we consider the four func- 
tions \u n (x)\±_oi n (x), \u rl (x)\±_fi n (x), each of which is positive. 


1.78. Miscellaneous examples on term-by-term integration. 


(i) Prove that 


j k ' s iL dx - 1 
0 


by expanding in powers of x and integrating term by term. [Notice, 
that the series is not uniformly nr even boundodly convergent in tlio 
neighbourhood of x = 1 - J 
(ii) We have 



cri 


- Z n ~' | V*~ ic v dy = £ a‘ a P(.s) -- r(fi)f(#). 
i) 

Justify this process (a) for s > 1, (b) for s complex, R(s) > 1. 

00 

(iii) Prove that J e _aj: eos bx dx -- a .^^ z 

o 

by expanding cos bx in powers of x. [Tlio process is justified by absolute 
convergence if R(«) > |fc|, though the result- holds in a wider range 
than this.] 

(iv) Prove that, if p 0, 

l 

f .?■* 1 l l 1 

J i-* log ;- ,/j ' -V^+ir 1 -” 

o 
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(v) Prove that, if p > 0, 


/ 


X '- 1 ; 1 1 , 

v - dx = +... . 

1 + * V P+ 1 


[Here the absolute convergence test fails. Integrate over (0, £), where 
0 < £ < 1, and use Abel’s theorem.] 


(vi) Prove that 


oo 

/' 


sinh«.r n an 

6x dr= -26 tan 26 ((,<a<6) - 


[On expanding in powers of e~ bx , we obtain the series 

2 2 a 

(2 n— 1) 2 6 2 — a 2 * 

For the summation of this wo must refer to Chapter III.] 

oo 

(vii) Prove that f dx - —-sec— (0 < a < 6). 

J cosh bx 2b 26 

o 

[The general test fails, but the integral can bo evaluated by means of 
(v) above.] 

(viii) If u n (x) =~ ere-""— be~ nbx (0 < a < 6), show that 

on oo 

2 1 "„(•*•) dx =f- | dx. 

0 0 

J (i 

0 

OO OO 

J (I «.(*» dx J ( c /_ , - dx > 0, 

0 0 

since the integrand is positive for all values of x> uj{e u — 1) being a 
steadily decreasing function of u. 

It is easy to prove directly that 


[We have 


but 


2 J" KMl 


dx 


is divergent.] 

(ix) Consider the integral 


|* e _I * sin x * cos ax dx. 


Here we shall anticipate for a moment some of the results of Chapter III. 
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If we expand cos ax in powers of x and integrate term by term, we obtain 




I 

n 0 


( - i )»«-* 
(2n)l ' 


00 

J.~w^ 

0 


every term of which is zero ($3.12.~>). lhit the given integral is not 
identically zero (see § 3.13). 

The test of § 1.77 fails; for the integral obtained by replacing u n (x) 

by K(a*)| is 00 

J e _I *|sinx^|cosho^: dx t 

o 

which is divergent. 


1.79. As a linal example of term-by-term integration under 

special conditions, we prove the following theorem: 

00 

The 'power series 2 a n xll > supposed convergent for x > 0, may 
no 

be multiplied by e~ s and integrated term by term over (0, oo), pro- 
vided only that the resulting series is convergent * 

The formula is 


00 00 CC 

e-- r 2 a „ x " \ (ix = 1 a „ e ~ Tx " (lx ~ 1 a n n '-> 

1 n 0 f n 0 J no 

and we have to justify the inversion on the assumption that 
2 a l( n\ is convergent. 

Put a n n\ — b in so that 2 h n is convergent. Then b n is bounded, 
\b n | < B , say, and 


/ 


b„x n 

n\ 


<B 


X n 


n\ 


( 0 ; 


X). 


Hence '^b ll x n /v\ is uniformly convergent over (0, X), and we 
may multiply by e 1 and integrate term by term over this 
range. Thus 



We are given that 


V 




r ,M dx — 


IK 

ii 0 


* Haitly, (1), (0). 
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is convergent. Hence (1) may be written 

f e ~ x {2^r } dx =X bn ~$p. j*- x * nd *> < 2 ) 

and it remains to be proved that the last term tends to zero 
as X -» oo. Now 

oo 

J e~ T x n dx = e~ x {X n + ...+«!}, 
x 

so that the series in question is 


<*> 

n — 0 in 0 

OO 

Let r n — ^ b v) so that r v -> 0 as n - > oo. Then b n ~ r n — r OT+1 , and 


N n -xr^ A r v 


X” 


7J - 0 7// ~ 0 


n-o 

A T 


Tn™! 


l/l ~ o 


2’'-fr-’-''«( I+x+ -+^)- 


The last term tends to zero as N -> oo, for any X, so that, making 
N -> o o, (3) takes the form 

QO __ 

_ A - XT X 71 

® ‘ ^/ n ~nJ‘ 

n= o 

The result now easily follows. Given any positive €, we can find 
N so that |r n |<e for n>N . Then, since \r n \<A for all 
values of n , 

y X n A x y X n y V -X* 

e 2 r »„! <Ar 2,..+“ 2 „> 


N-+ 1 


N 


<Ae~^ X 


2, «r + 




and, having fixed N, we can choose X so large that the first 
term also is less than e. Hence the result. 

1.8. Repeated integrals. A repeated integral is one degree 
more complicated than a series of integrals. Even if the limits 
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of each integration are finite, a repeated limit is involved, and 
its inversion requires justification. If the limits of each integral 
are infinite, four successive limiting operations are involved. 

1 .81 . We consider first continuous functions and finite limits. 
If f(x,y) is a continuous function of x and y in the rectangle 
a^x^b, a < y then 

b p P b 

j dx j /(x, y) dy = j dy J f{x, y) dx. 

a a a a 

Since /(x, y) is continuous, the integral 

P 

F{*) = \f(?,y)dy 

a 

is a continuous function of x (§ 1 .52). We can therefore integrate 
it over (a, 6). The result is the left-hand side of the equation. 
Similarly the right-hand side has a meaning. 

To prove that the two sides are equal, divide up the ranges 
of integration by points and y v (a = x Q) b = x m , a = y Qy 
p = y n ) t such that x^—Xp <8, y v+ i~-y v <8, for all values of 
ft and v . Let be the lower and upper bounds of 

f(x y y) in the rectangle (x^ x >+1 \y y9 y v+i ). Then for y y ^y^ y y+l 

and hence, integrating with respect to y , 

1/v+l 

yr)< / dy J /(*> y) dx 

Vv Rjj. 

^ ^ fi p vi. X fi+l X fi)(Vv+l Vv)' 

Summing with respect to y and v, we have 

P b 

1 I m vL,A x n+i- x h ){y v+ i-y v ) c / d y J /(*■ y) dx 

a a 

c II - X ^y^i-y v )- 

The same inequalities are also satisfied by the other repeated 
integral. Also, when 8 -h* 0, the difference between the extreme 
terms of the inequality tends to zero; for we can choose 8 so 
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small that the maximum value of v is less than any 

given c; and then 

2 2 (^.r — »*M,r)(*#t+l — Xjtey + l — llv) 

^ e 22 1 — -*>)(yr+i — = «(&—«)(/&-<*)■ 

Hence the two repeated integrals are equal. 


1.82. Extension to discontinuous functions. Suppose 
next that the rectangle is crossed by a continuous monotonic 
curve y = <f>(x), or x = 0(y), from x — atox — c\ and let f(x y y) 
be bounded, and continuous except on this curve. Then the 
repeated integrals still exist and are equal. 

In the first place, the function F(x) is still continuous. For 
if a<x<c , 

P 

F(x) = f f(x, y) dy + f f(x, y) dy = F 1 (x)+F i (x) y 


say; and 

<t>U) 

F 1 (x+h)-F 1 (x)= j {f(x+h,y)-f(x,y)} dy + 


a. 


h ) 

J f(x J r h,y)dy, 




which plainly tends to zero with h. Hence F^x) is continuous, 
and similarly F 2 (x) is continuous. Hence the first repeated 
integral exists, and, similarly, so does the second one. 

To prove that they are equal, consider the strip 

— <V <</>(*) + V 3 


and suppose for simplicity that <f>(x) is steadily increasing. Con- 
struct rectangles (Xp 9 x fi + 1 m 9 y v ,y u+1 ) with sides less than 8, as 
before. Then the area of those rectangles between x ^ and x^^ 
which contain any point of the strip is less than 

(^+i _ "^)[{ < ^(- r /i+i)+ 7 7}~{^(^) — i?} + 2 S] 

the total area of such rectangles is therefore less than 


HP — a ) + (^~ a ) +28). 

Hence, if ^ denotes a summation over these rectangles, and 
\f{x,y)\ <: M, 

2 i »- m n, r)(* M +i-* M )(^F+i-y.) 

< 2M{8(p-cc)+(2r]+28)(b-a)}, 

which can be made arbitrarily small by choice of 77 and 8 . 
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Finally, since f(x,y) is continuous in each of the remaining 
regions, we can choose 8 so small that 


max(J^ ilf — m /4>v )<€ 


in the remaining rectangles. The result now follows as before. 

We can, of course, now extend the result to functions which 
have any finite number of discontinuities of the above type. In 
particular, the result holds for an integral taken over a non- 
rectangular region bounded by curves of the above type; for 
this can be considered as an integral over a rectangle, the func- 
tion being continuous in a limited part of it and zero elsewhere. 

Notice finally the following inequality. Suppose that f(x,y) 
is continuous, and \f(x,y) \ ^ M , in a region of the above type, 
and that f(x,y ) = 0 elsewhere. Let F(x,y) == M in the region, 
and F(x , y) — 0 elsewhere. Then 


H n fj (p 

j dy J f{x, y)dx < J dy J F(x, y) dx. 


The reader should have no difficulty in deducing this from the 
above analysis. 


1.83. Change of variables in a repeated integral. The 

formula by which the variables in a repeated integral are 
changed may be obtained as follows. Consider the integral 

| dy J f(x, y ) dx 


over a given region, and let 

x = 4>{u,v), y = <P(u,v). 


Suppose that these functions are such that, if y is constant, x is 
a monotonic differentiable function of u. If we transform the 
integral with respect to x into one with respect to w, we obtain 

jf(x,y)dx= \ffcdu. 


But* 
so thatf 


dx _ d<f> d<f) dv q _ d</r dijj dv 
du du dv du du dv du 

dx __ / d<f> dift dcf) difj\ Idi/j __ d((f> , 0) / dip 
du \dudv dv du) j dv d(u, v)j dv 


* See 7\M. § 153. 

| For the Jacobian notation see V.M. ch. VII, ex. 20. 
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Hence the repeated integral becomes 

J y J J d(u ) v)/dv J J J d(u i v)/dv 

if the order of integration may be inverted. Finally, expressing 
y as a function of v (for a fixed u), and assuming that it is 
monotonic, we have 

dy __ di p 
dv dv 1 

and the integral becomes 

f du f F(u,v)^ dv, 

where F(u , v) —f{<f>(u y ?;), ?;)}■ 

The process is valid if, for example, the integrand at every 
stage is a continuous function, and the region is bounded by 
monotonic curves as in § 1.82. Some care is needed in verifying 
this in particular cases. Consider, for example, the integral 

r VC'i 2 -!/*) 

I = jdy j* j\x,y)dx, 
o b 

where f(x y y) is continuous, and transform to polar coordinates 
(r, 0) given by x — r cos 0 y y = r sin 0. Transforming first to (r, y), 
we have x -■= ^ ! (r 2 —y 2 ), and 

dx r 

dr *J(r 2 —y*) 9 

which becomes infinite at r — y. To avoid this difficulty, con- 
sider instead the integral 

V(a*~ 8 ! ) V(a*— ]/*) 

h= [ dy J f(x,y)dx, 
b 8 

where 0<S<a. Transforming first to (r, y), then to (r, 0), in 
the above manner, we obtain 

a arc cos (8/r) 

/j = J r dr j f(r cos 6, r sin 6) dd. 

8 v 

Now 7 let S -> 0. Then I 8 -> /, and the last integral tends to 

a $7T 

j r dr j f(r cos 6, r sin 6) dd. 
o v 



REPEATED INTEGRALS 53 

Each of these statements is readily proved by means of the 
inequality noticed at the end of § 1.X2. 

For the general theory of these transformations see Goursat’s 
Cours d’ Analyse, t. 1, ch. 6. 

1.84. Repeated integrals, one range being infinite. The 
most important theorem here is the analogue of the theorem on 
term-by-term integration of a uniformly convergent series. 

Suppose that 

b ft fib 

J dx j f(x, y)dy = J dy J f{x, y) dx 

a a a. a 

for all values of h greater than a, and that 

ao 

J f(*> V) dx 

a 

is uniformly convergent in the range 3. Then 

<x> ft ft ao 

j dx j f(x, y) dy = J* dy J /( x, y) dx. 

a a a a 

M 

For J f(x, y) dx = s n (y) -> s(y) 

a 

uniformly in (a,jS). Hence, using the result for sequences, 
n P P n 

f dx J f(x, y) dy | dy J f(x, y) dx 

a a ix a 

p p p «• 

= f s„(y) dy -> J s(y) dy = J dy J f(x, y) dx, 

a. a a a 

the required result. 

A similar theorem holds for infinite integrals of the second 
kind. 

The same results also hold if the integral is not uniformly 
convergent in the neighbourhood of certain points, but is 
boundedly convergent. In fact the same j)roof holds under these 
conditions. 

1.85. Repeated infinite integrals. The following theorem 
is the analogue for repeated integrals of the theorems of § 1.(12 
and § 1.77 for double series and series of integrals. 
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Suppose l}uitf(x,y) is positive, and that 
r P P 

j dx y) dy --- I dy J f(x, y) dx 

a a a a 

for all values of c less than b, and that 

uy v b 

j dx j f(x;y) dy -= J dy J f(x, y) dx 


for all values of y less than /?. Then 

b P P b 

\ dx j f(x, y) dy = j dy J f(x, y) dx, 

a a an 


(1) 

( 2 ) 

( 3 ) 


provided that either side of this equation is convergent . 

The theorem is still true if one or both of b and is replaced 
by infinity. 

Take, for example, the case of two finite intervals, and suppose 
that the left-hand side of (3) exists. Since f(x,y) ^ 0 
y P 

J /(a - , y ) dy < ) /(-r, ?/) dy (a < y < p), 

a nc 

and hence 

y b b y h P 

J dy f f(x, y) dx --- | dx | /(.r, y) dy < J dx J f(x, y) dy. 

a a a a a a 

Making y \ 8, we see that the right-hand side of (3) exists, 
and that p b bp 

f dy f f{x, y) dx < J dx J f(x, y) dy. 

a a a a 

The same process may now be reversed, and it yields the 
reversed inequality. Hence the two sides are equal. 

The same proof holds if b, or )S, or both of them, arc infinite. 
Though the actual proof is simple, we have, of course, made 
rather far-reaching assumptions; and, in applying the theorem, 
we have to justify (1) and (2) on other grounds, for example, by 
uniform convergence. This is made necessary by the limitations 
of the Riemann integral; for from the mere fact that 

P r 

J dy ( J'(x, y) dx 

a a 
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is bounded as c-*6, we cannot deduce that 

b 

| /(*, y) dx 

a 

is integrablc in Riemann’s sense. When we come to the 
Lebesgue integral, we shall, see that difficulties of this kind 
disappear. 

The theorem remains true for functions /(.r, y) which may have 
either sign , or be complex , provided that either of the integrals 

hft Pi 1 

J dxj \f{x,y)\(h/, j <bj J \f(x,y) \ fix 

a ol ct a 

is convergent. 

The extension is made as in the case of series. If f(x,y) is 
real, we consider the functions j/(.r, y)\±_f(x, y), and if f(x } y) 
is complex, wo consider \f(x,?/)\± Rf(x,y), \f{x,y)\±lf{r.y). 

1.86. The Gamma-function. The function 

co 

I» J dt (1) 

0 

is, as we have already observed (§§ 1.51, 1.52), continuous for 
R(.r) > 0. We are now in a position to investigate its properties 
more fully. We shall suppose throughout this section and the 
following one that x and y are real, leaving it to the reader to 
consider how far the results are true for complex values of the 
variables. 

If x > 1, we may integrate by parts, and obtain 

1» - [ hit. 

0 

The integrated terms vanish, and we have 

r(*)==(*-i)r(*-i) (x > i). (2) 

co 

Since r(l) -- | 1, repeated application of (2) gives 

roo-tn-])! (3) 

if n is a positive integer. Thus F(.r) may be regarded as a 
generalization of a factorial. 

E 
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Now consider the product 

00 oo 

r(*)r(y) = J t x ~ l e/ 1 dt j' u y - x er u du (x>0,y> 0). 

o o 

We may regard this as a repeated integral. Putting u = tv, and 
inverting the order of integration, we have, formally, 

00 00 

r(a;)r( 2 /) — J dt J t li v v ~ 1 c~ tv dv 

o o 

oo oo 

— J V lt ~ l dv J tx+y-l£-UX+v) dt 

0 o 

oo oo 

r r v~^-p~w du? 

J J (l+l-r" 

0 0 

— r(^+7/) f 1 — - dr. 

J (I+»0 X+ " 


Hence 

where 

4>{x,y) 




= y) (x > 0, y > 0), 

* 7 T 


DO 

J ( 1 J.jxTi r/y = 2 J ( cos e) 2v 


1 do 


r. = |’A*- 1 (l-A)J'- 1 dA. 


( 4 ) 


The difficulty of the proof lies in the inversion of the repeated 
integral „ . 

j dt j t x + v-i v v-i e -ta+v) dv. 

0 0 

Since each integral is infinite at each limit if the indices of t and 
v are negative, this requires several applications of the theorem 
of § 1.85. It is easily seen that the t- and v-integrals are both 
uniformly convergent over any finite range which excludes the 
origin. Hence the integrals over (0, T;v 0 , V) and (t 0 , T;0, V) 
may be inverted if t 0 > 0, v 0 > 0. Hence, the integrand being 
positive, the integral over (0, T;0, V) may be inverted. Since 
also the integral over (t 0 , T\ 0, oo) may be inverted by uniform 
convergence, it follows that the integral over (0, T\ 0, co) may 
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be inverted. Similarly the integral over (0, oo;0, V) may be 
inverted. Hence, finally the whole integral may be inverted. 
Again, putting x = y = \ in (4), we have 

(r(i)} 2 =2r(i) J^=7r, 

o 

or, since T( J) is plainly positive, 

r(J) = Vir. (5) 

Next, putting y = x in (4), 

= j A x - 1 (l— A)^ 1 dX = 2 | A x_1 (l— A) x_1 dX. 

• ' 0 0 
Putting A = |V/x, so that A(l— A) = {—£//., this gives 


= 2i-«* 

o 


J (1 — dyu — 2 1-2x 

o 


w 


Hence we obtain the ‘duplication formula’ 


r(2ar)F(i) = 2^- 1 r(a:)r(x+l)- (6) 


1 . 87 . Asymptotic behaviour of F(x) as x-> oo. Consider 
first the case where x is an integer, n say, so that T(x) = (n— 1 )!. 
We use the well-known method of comparing a sum J <f>(n) with 
the corresponding integral J <f>(t) dt. We have 

log{(n- 1)!} = 2 log v. 

V~1 

r4 J * 

Now j* logtf dtf = J {log(i/+0 + log(v— t)} dt 

v-- i 6 

i 

= J [ log V 2 + log ^ 1 - ^ j J - log V + C v , 

0 

say, where clearly C v — 0(l/i/ 2 ). Hence 

log T(») = log{(n— 1)!} = f log t dt — 2 c v 

i ” 1 ' 

= (»— S)log(n— !)—(»— 1)— | log i-fi— 2 C v -l-o(l) 
= (»- i)log»— n+C+o(l), (1) 

where C is a constant. 
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We can extend this result to non-integral values of x by 
means of the following lemma. 

Lemma. Jf a is constant , as x -> oo, 


_ 1>) 

r(*+") 


x~". 


(2) 


Suppose that a > 1 . Then 


I»I» 

!’(*+«) 


o 



-lyi~l e -xl ( j t 


■--- j i a - i e- i dt — ) (1 — c-') n -'}c x ' dt. 

o b 

The first integral is r(tf)iC~ a , and the second is 0(x ~ n ~ 1 ). For 

l—e 1 < t {t> 0), 1 (0 </ < 1). 

Hence the second integral is positive, and less than 

1 or 

[ { 1 — (1 — ~ xl fit -|- J t n l c. xt (U 

b ] 

1 00 

< K C Pc-^dl + | t"c H dt < fix ”- 1 , 

o x 

where K depends on a only. This proves the lemma for a > 1. 
The result for other values of a then follows from 1.8(5 (2). 

If now x is not an integer, let x — n~\-a, where n is an integer 
and 0 < a < 1. Then 

log T(x) — log F(n+«) = log F(t?) -\- a log n -\~ o (1) 

— ( n — 1 )log n — n -|- C-\ a log n -| - o ( 1 ) 

— (x -a— i)log(;r— a) -x~\ a-\- C+u log(x— a)-\- o (1) 

(a*~l)loga:-.r-h^-[-«(l), (3) 

the required result. 

To find the value of C\ we use the duplication formula 1.8(5 (6). 
Taking logarithms and using (3), we have 

(2.r — l )log 2x — 2 x -f C + log Vtt + o ( 1 ) 

= ( 2x ~ l)l°g2 + (x— 2 )loga:d- ^log(.r--(- S) — 2a: — \ + 2C+o (1), 
and equating the constant terms, we obtain 


Hence finally 


0--=\og^(2n). 


This result is known as Stirling’s theorem. 


( 4 ) 
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1.88. Differentiation of integrals. The two following 
theorems cover most of the cases that are ordinarily met with. 

If f(x, y) and ~ are continuous in the rectangle a^ix^b, 
dy 

Vo — V < V < Vo+V (V > °)» then 


for y = y Q . 


rJ^-'J )dx "S"i dx 

a a 

4>{y) = j /(*> y) dx, g(x, y) = |£. 


Then = 1 J {/(. r, y 0 + k) —f(x, y 0 )} dx 

a 

h 

= J y{x,y 0 -\-dk) dx, 

a 

where 0 < 8 < 1. Since g(x,y) is uniformly continuous, we have, 
as in § 1.52, h b 

lim f g(x,y o +0k)dx^ f g(x,y 0 )dx, 

lc-t-0 J J 

a a 

the required result. 

If the equation (1) is true for all values of b greater than a, and 
if the integral 

| fdx 


is convergent , and 


co 

f2f* 
J ty 


is uniformly convergent in the interval (2/ 0 — ^ ^ 2/o + ^7 ) » ^ en 




We can deduce this from the corresponding theorem for 
series (§ 1.72). For let 


| f(x, y) dx = u H {y). 
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Then 


J f(x,y)dx^luu(y)> 


and, by the previous theorem, 


a+n 


J I*"-! J J 

a tt+7i— 1 a+n— 1 

The result now follows at once from the theorem for series. 


( y )• 


MISCELLANEOUS EXAMPLES 
1. Consider the uniform convergence of the series 


OO QO QO 

V.U, V - 1 -, V-J--, 

Zw n 2 a: 2 » a -ZZ x-—ri l 


and 


2* 


n-l 

sin nx 


n a 


(a > 0). 


2. Discuss with reference to uniformity the convergence of the series 

oo ao 

V-- 2 -, y 

ri 2 l-j-2 n 


(--])" 2 n 
n 1-j |-z" 


(i) for 2 real and positive, (ii) for general complex values of 2 . 

3. Consider the uniform convergence of the integrals 

00 CIO QO 

1 of I c ~ xv dx, j cosh xy e~* dx. 

J x'+v 2 J J 

000 

4. Consider the uniform convergence of the integral 


I 


stn4n/ , 

— --- dx. 

x u 


Evaluate the integral by differentiating with respect to y. 

5. The Bessel function J v (z) is defined for v > —1 by the series 


ju.> - y <r 


/ .ii /l!r( V ~\~ 71 "f" 1 ) 

71=0 


Prove tliat, if v > — \ t 
J V (Z) = 


z v 


in 

i’(f) / <0 ' 


cos(z cos 6) sin 2v 0 dd , 
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and that, ifjx,> — 1 , v> — 1 , 

J p+v+i(z) = 2Kf(7+T) J J ^ zsinO ) Bin,l+10COBiv+i0 d0 - 
0 

6. Prove that 

ad 

j 6 - 2) (0 < 6 < a). 
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and that 

7. Prove that 

8. Prove that 


e - * */ 0 (.r) tLr ~ 


V2* 




j" J v (at,)c 
0 

I/tF-'-J {£“?}*• 


Wi 1 0 0 
9. Show that the repeated integrals 


11 0 0 

QO OO 1 QO 

/"'J 1 


( ac -**v — l, e - b *v) ( 1,1 

j \*--ry-r j j 

11 0 1 

are not equal to the integrals obtained by inverting the order of in- 
tegration. 


10. Prove that Je~ x *eos2 xy dx — \\'tt c~v* 


(i) by expanding cos 2 xy in powers of x and integrating terra by term, 
and (ii) by proving that the integral satisfies the differential equation 

dT 9 r 

-2 yl. 


11. If 


dy 

<i>(y) = 


cc 

J sin.r?/ 

:r(a 2 +.c‘V 


prove that </>"(//)- a 2 <f>{y) 

is a constant, and hence that 

<f>(y) = ^ (1_e ” a '' ) (2/ > 9). 
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12. Deduce from the previous example the v alues of the integrals 


00 


J 


cos xy _ 

2 r ni 
a 2 -}-;*: 2 


GO 


f .r sin 

J a 2 -hi* 


(Lr. 


f c~ bx x q ~ l 

13. If ftp, q, a, b) = T{p) | (7i - j_ c - )T dr. 

0 

where a, 6, p, and q are positive, prove that 

<t>(P, q , a, 6) = <f>{q, p, 5, a). 

GO 

14. If ^(y) --= j 

0 

prove that ip(y) — \*Jttc~ 2v ( y > 0) 

(i) by proving that ip'(y) = — 2i/j(y), and (ii) by means of the substitu- 
tion w = x — yjx. 

15. Show that the repeated integral 


J dx J cos 2mx .yc~ vHl + x2) d y 


may be inverted; and hence deduce the value of the first integral of 
example 12 from those of examples 10 and 14. 

16. Prove that if A > 0, p, > 0, 

OO 00 CO \rt 

J dx j* e~* 2 y-p- x dy ~ |* c~ r V 2 A ^ 2 M ~ 1 dr J cos^-^dsin 2 /* ~ l 9 dO, 

oo o o 

and hence obtain another proof of the formulae of § 1.86. 

17. Show that, in the repeated integral 


J sin act: dx j f(y)c~ xv dy. 


o o 

the order of integration may be inverted if the integrals 
l 


j" \J(y)\ dy, j \'f(y)\y- a dy 


0 1 

are convergent. Hence show that 


f Rina:r r!y . „ f d 0 (y) 

0 0 
-V ^ 

[The integral j* sin ax dx J f(y)e dy may be inverted, since the 
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//-integral is uniformly convergent for 0 < £ < x < A". Hence it is 
suflicient to prove that the integrals 


oo £ 

I* f(y) dy J sin axe** dx, 
o o 

tend to zero as £ — > 0 and X — > oo . 
the former does not exceed 


CIO oo 

| f(y) d >J J »> 


sin axer** dx 


0 X 

Since |sinaa;| < ax, the modulus of 


CO £ Y £ QO 00 

J |/(/y)| dyjaxe-ntlx <a| \f(y)\ Jy \ x dx -+a| \f(y)\ dy j xe-*» dx 

0 0 0 0 Y 0 

V oo 

■ = j 1/(.'/)| (l i / -I a J \f(n)\y~ 2 dy, 

0 1 ’ 

which can be made arbitrarily small by choosing first Y and then f. 
The modulus of the latter integral is 


CO 

f . 7/ sin aX | a cos a X _ , 

j ™ ■ „, H v , ■ . -in 


o 

which tends to zero.] 

IS. If cv> 0,]8 > 0 , 



j (r _<>« * .= {x-yr* '■ 

V 

10. If a > 0, 0 > 0, and A < y or A > x. 


J 


(x-tr-'(t-y)P 1 

|/-A |“<0 


r (. Y ) r ( j 8 ) (. r - 2/) a ^- 1 


V 

[Consider tho general linear transformation of the interval (3/, :r) into 
itself, and use the previous example.] 


20 . Prove that if c > 6 > 0, c — a — b > 0 , 

1 

I'-*- 1 dt 

nl | ' 

n-0 

Deduce that 


00 1 

Xp q(a+l)-(a+n-l) f t ( 


1 

J <6-1(1— ty s - a - b ~ i dt. 

0 


I 

n-0 


o...(a4-^— l)6...(6 + n— 1) 
w!c...(c-f*n- 1) 


T(c)r(c — a— b) 
T(c-a)T(c-by 



CHAPTER II 

ANALYTIC FUNCTIONS 

2.1. Functions of a complex variable. It is just as easy 
to construct a function of a complex variable z = x-\~iy as it 
is to construct a function of a real variable x. Any finite or 
infinite convergent expression involving z gives such a function. 
For example, z 2 , 1/z, e* are functions of the complex variable z. 
The reader of Hardy’s Pure Mathematics is already familiar 
with many such functions. 

Throughout this chapter and the next all functions are sup- 
posed to be one-valued in the region in which they are defined. 

Our first task is to give a general definition which will be 
appropriate to all such functions. 

We might say that w is a function of z if to every value of 
z in a certain region corresponds one or more values of w. This 
is modelled on the usual definition of a function of a real 
variable. It is perfectly legitimate, but, as is explained in 
Hardy’s Pure Mathematics, it is futile because it is too wide. 
It makes a function of the complex variable z exactly the same 
thing as a complex function 

u{x,y)+iv{x,y) 

of two real variables x and y. Of course this is not what v.c 
meant when we began to speak of functions of a complex 
variable. 

Our method of procedure is to assign various properties to 
our function which appear to be desirable, and to see whether 
any such properties distinguish between what we feel to be 
‘proper’ and ‘improper’ functions of z. 

2.11. Continuity. Let/(z) bee function of z defined in the 
above way. It is said to be continuous at the point z = z 0 if, 
given any positive number e, we can find a number 8 such that 

l/(*)-/(*o)l<« 

provided that |z— z 0 | < 8. 

This is quite satisfactory as far as it goes, but it does not go 
very far. A continuous function of z is merely a continuous 
complex function of the two variables x and y. For if 

f(z) = u(x,y)~ ±iv(x,y), 
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and z 0 = x 0 +iy 0 , then 

\u(x,y)— u(x 0 ,y »)\ < \ f(z)-f(z 0 )\ < e 
if \z—z 0 \ < 8, which is true if 

Mol<^. \y-y ol<^- 


05 


Hence u(x,y) is continuous, and so is v(x,y). Conversely, if u 
and v are continuous, so is f(z). 

2.12. Differentiability. From the class of continuous com- 
plex functions, we next select those which can be differentiated. 
The meaning of this term for complex functions must now be 
defined. 

Following the suggestion of real differential calculus, we write 


/'(z 0 ) = 


. z— z 0 

and we say that f(z) is differentiable if the limit on the right 
exists. The limit is called the derivative or differential co- 
efficient of f(z). As in the definition of continuity, the approach 
of z to its limit z 0 can take place in all possible ways. More pre- 
cisely, we interpret the above formula as meaning that, given 
any positive number e, we can find a number 8 such that 


z—z 0 

provided that 0 < \z—z 0 \ < 8. Thus we assert that, along 
whatever path z approaches z 0 , the ratio 

/(z)-/(^o) 
z— z 0 

always tends to a limit, and that all the limiting values are the 
same. Our requirements are therefore somewhat exacting. 

This property of differentiability is, however, one which be- 
longs to many familiar functions. A constant is differentiable. 
A positive integral power of z is differentiable; for the fajniliar 
proof for x n applies word for word to the case of z n . Similarly, 
the sum or product of two (or any finite number) of differentiable 
functions is differentiable; and the quotient of two differentiable 
functions is differentiable provided that the denominator does 
not vanish. Finally, a differentiable function of a differentiable 
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function is differentiable. All these theorems are proved in the 
same way for functions of z as for functions of x. 

For example, any rational function of z is differentiable for 
all values of z , other than zeros of its denominator. 

2.13. We now naturally ask whether this property of dif- 
ferentiability corresponds to a simple property of the functions 
u(x, y) and v(x , y) which are the real and imaginary parts of f(z). 
Suppose first that z—z 0 is purely real, so that 

*o = x o+ i yo> z=--x+iy 0 . 

Then 

/(z)- /(2 o) _ { u(z, y 0 ) +iv(x, y 0 )}— {«(3 q, y 0 ) +iv{x 0 , ?/„)} 

z—z 0 X 

= u ( x ’yo)- u ( x a'yo) | pfoo.yo). 

x— x 0 x—x 0 

If this tends to a limit as x -> x 0 , then its real and imaginary 
parts separately tend to limits. But this means simply that the 
partial differential coefficients 

du dv 
dx’ dx 

exist at the point (x 0i y 0 ). Also 



Similarly, if we take z— z Q to be purely imaginary, say 
z 0 = x Q +iy Qy z = x 0 +iy , 

we obtain 

/(z )-/(z 0 ) = {u(x Q, y ) +iv(x 0 ,y)}-{u{x 0 , y 0 )+iv(x 0 , y 0 )} 

z—z 0 iy—iy 0 

= v( x»,?/)- v ( x o,y 0 ) ^ 

y~Vo y-Vo 

Hence the partial differential coefficients 

ay 

exist at the point (x 0 ,j/ 0 ); and 
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Further, on comparing (1) and (2), and equating real and 
imaginary parts, we see that 


bu _ bv bv bu 

bx by bx by 


(x = x 0 , y = y 0 ). 


( 3 ) 


We now see that the results of assuming differentiability are 
much more far-reaching than those of assuming continuity. Not 
only do the functions u(x,y ), v(x,y) possess partial differential 
coefficients of the first order, but they are connected by the 
differential equations (3). These are called the Cauchy-Riemann 
equations. 

Thus, even if u and v are functions of x and y with partial 
differential coefficients of the first order, u-\-iv will not in 
general be a differentiable function of z. 

Examples, (i) Let j(z) - R (z) — x. Then 


bu 

— « 1 , — - 0 , — = 0 , — - 0 . 

b. x 'ey bx by 

The partial differential coefficients all exist, but the Cauchy-Riemann 

equations are not satisfied for any value of z. 

(li) Let-/(z) — \z\ 2 — x* + y*. Then 


0 . *L: 

bx 


CU CU 0 «. c 

= 2x y — = 2 y, — = 0, ~ 0. 

bx cy cx cy 

The Cauchy-Riemann equations are satisfied at the point z — 0 only. 


bv 

2 y> rr 

cx 


2.14. Analytic functions. Since the property which we 
have been discussing goes far beyond what we ordinarily think 
of as differentiability, we give it a special name. A function 
which is differentiable in this sense is said to be analytic. 

The property of being analytic is in fact the distinguishing 
property for ‘proper’ functions of a complex variable for which 
we have been seeking. 

We have seen that the truth of the Cauchy-Riemann equa- 
tions is a necessary condition for the function to be analytic. 
But it is not a sufficient condition. This is perhaps to be 
expected, since we obtained the equations as particular cases 
only of the general property of differentiability. 

Consider, for example, the function 


f(z) — *J\xy | . 


This vanishes on both axes, so that at z = 0 


du du dv __ bv 
bx by bx by 
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and the Cauchy-Riemann equations are satisfied. But f(z) is 

not differentiable at z = 0. For 

/(z) = VM , 

z x-\-iy 9 


and, if x = ar, y = /Sr, where a and /? are constants, this tends to 

as r -> 0. The limit is therefore not unique, and so the function 
is not analytic. 

This example shows that f(z) may not be analytic if we merely 
know that {/(*)-/M/(z-*o) 

tends to a limit along two straight lines at right angles. Actually 
the definition fails if we restrict ourselves to any special class of 
paths. Consider, for example, the function 

„*<», AO-0. 


(z^O), /(0) = 0. 


Then it is easily seen that 

lim{/(z)-/(0)}/z ^ 0 

as z -> 0 along any straight line. But, on the curve x — y 2 , 

m-m_ y* = i 

2 y 4 + y 4 2 

Hence f(z) is not analytic at z = 0. 


2.15. Suppose , however , that the four partial derivatives of the 
first order exist throughout a region, and are continuous at all 
points of the region. Then the truth of the Cauchy-Riemann equa- 
tions is a necessary and sufficient condition for f(z) to be analytic 
throughout the region. 

We have seen already that the condition is necessary. To 
prove that it is sufficient, we use the mean -value theorem for 
functions of two variables ( P.M . § 154). Consider a point (x,y) 
of the region, and a neighbouring point (x -\-hx,y-{-hy). Then 
8 u = u(x +bx,y+Sy)— u(x , y ) 


-(^ € ) 8x+ {^ +ri ) Sy ’ 

where e and rj tend to zero with Sx and Sy. Similarly 
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Hence, using the Cauchy-Riemann equations, 

Sw+iSi;= ^-4 

where IpK (1*1 + l« , |)l&r|+(M + 1VI)IS»|- 

Hence 

f_(z+Bz)—f(z) __ 8^+iSv __ du . dv p 

Sz Sx+iSy dx % dx £x-{-ihy 9 

and \p/(hx+i&y)\ < |e| + \*'\ + b| + |VI -> 0. 

Hence f(z) is analytic. 

2.16. A power series represents an analytic function inside its 
circle of convergence . 

We shall see later that this is merely a particular case of 
a general theorem on series which represent analytic functions. 
But the following direct proof may be inserted at this point. Let 


m 


ao 


= 2 a»* 

n = o 


n 


be convergent for |z| < R. Then, if p < R, a,, p" is bounded, 
say | a n p n | < K. Let 

g(z) = 2 na n z n ~'. 

n 1 

Then if \z \ <p and |z| + |A| < p. 


f(z+h)—f(z) 

h, 


■g(z)= 


I {z+h)”— z n 




h 


- nz n 


Now 


{z+h) n — z n 


-nz n 


= \V^LJl z n - i h+...+h n -A 

1.2 I 


■ w-*\h\ +...+ I7M"- 1 - { — 'y f-— -”l z l 


Hence 




1 

p p ] 

P\ \ 

l I/M 1 

Ip— is| — 1*1 p— l«i.' 

1 (P~ 1*1)*/ 


Kp\h\ 

~ (p-|s|-|Al)(p-Tz|)*’ 

which tends to zero with h. Hence /(z) has the derivative g{z). 
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2.17. Functions analytic in a region. A function is said 
to be analytic in a region if it is analytic at all points of the 
region. Henceforth we always consider functions which are 
analytic in a region . No particular interest attaches to the fact 
that a function (like \z\ 2 ) happens to be analytic at certain 
points, or even on a certain curve. It is when it is analytic in 
a region that interesting consequences follow. 

Examples, (i) The function 

l 0 g( 1 -f z) =2- + 

is analytic for |z| < 1. 

(ii) The functions 


2 z n ] 

— , cos z =. ,2 ), sine =- - (e u — c~ iz ), 

n- o 

are analytic for all finite values of z. 

(iii) The function 

/(z)=e ‘- (z^ 0), f(0) — 0 

is analytic for all finite values of 2 , except z - 0. At the point z 
the Cauchy -Riemann equations are satisfied ; for at z - 0 


--- lim - - 0, 

X—rQX 

^ Inn 0 , 

l /-'0 y 


- 0 , 


cu 

ar 4 

lim — - 

- 0, 

cv 

ex 

.z-*o x 

ex 

cu 

.. e~ v ~ A 

-0, 

CO 

— 

— Jim 

c)y 


v-+o y 


so that 


c v 

c)u 

C'V 

<y’ 

'ey 

C'X 


In spite of this,/(z) is not analytic at z — 0. For suppose that z 

Tilfcn /(-) ^ exp{ — (re*»w) 4 } =- e r '\ 

which tends to infinity as r — > 0. 


re ilTT. 


2.2. The complex differential calculus. The reader might 
expect that we should now proceed after the manner of the real 
differential calculus. There, having distinguished the special 
class of differentiable functions, we next consider the still more 
special class of functions which have a second differential co- 
efficient. Some of these functions have differential coefficients 
of the third order, and so on. Finally, from among functions 
which have differential coefficients of all orders, we pick out 
those which can be expjinded in a power series by Taylor’s 
theorem. 
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There is no such process of successive specialization for 
analytic functions of a complex variable. A function which is 
analytic in a region has differential coefficients of all orders at 
all points of the region, and the function can be expanded in 
a power series, after the manner of Taylor’s theorem, about any 
point of the region. 

All these facts follow from the definition of an analytic func- 
tion by means of its first differential coefficient. 

The reader would perhaps expect us to begin by proving that 
an analytic function has a second differential coefficient. We 
are unable to do this. 

The results have of course been proved, or we should not have 
been able to announce what they were. But they have never 
been proved directly. They all depend on the complex integral 
calculus, and it is to this that we must now turn. 

2.3. Complex integration. The reader of Hardy’s Pure 
Mathematics should know what a complex integral is ( P.M . 
§ 222). We shall, however, introduce the subject in a slightly 
different way. 

Let A B be an arc C of a curve defined by the equations 

* = <£(<), y = ' A(0, 

where <f> and «/r are functions of t with continuous differential 
coefficients <f>'(t) and ijj\t), and suppose that, as t varies from t A 
to t B , the point (x, y) moves along the curve steadily from A 
to B. 

Let f(z) be any complex function of z, continuous along 
C ‘ Let f(z) = u(x,y)+iv(x,y). 

Let j 0 , z v ..., z n be points on C , z 0 being A and z n being B. Con- 
sider the sum v 

I /(U(*»-*m- 1 ). (i) 

7/1 = 1 

where £ m is a point of the curve between z m _ 1 and z m . Writing 
Cm = £m+ ir )m’ U m = «(£m> *?,»)> V m = «(£,»> Vm)’ this is 

71 

1 (u m +ivj(x m +iy, n -x m _ 1 - iy m -j) . 

m = 1 

NOW = MU-Mm-l) = </>'(T m )(t m — t m - 1). 

Vm-Vm-l = Wml-Wm- 1) = 

F 
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where t m _ 1 < r m < t m> t m _ 1 < r' m < t m . Hence the sum may be 
written n 

I K„+«af (2) 

Wl=] 

Since all the functions concerned are continuous (and therefore 
uniformly continuous), we can, given e, find 8 so that 
Kf (T m )-u{x m ,y m )<}>\t m )\ < 6 
for every m, provided that each \t m — 1 m -i\ < 8. Also 

m - 1 

It follows that, as e and 8 tend to zero, 

2 u m4>' 

m — 1 

tends to the same limit as 

7? 

2 nr y ^m— l)> 

m -=• 1 

viz. to the limit [ ^(0(O>0(O}^'(O 

£ 

Similarly the other terms of (2) tend to limits, and we find that 
the whole sum tends to the limit 

*b 

J (u+iv){</>'(t)+iip'(l)}dt, (3) 

'a 

this integral being interpreted in the obvious way as the sum 
of two real integrals, one of which is multiplied by i. 

This limit is taken as the definition of the complex integral 
of f(z) along C, and it is written 

j c /(*) dz - ( 4 ) 

In particular, the above analysis holds for any function f(z) 
which is analytic throughout a region including G. 

Some of the most obvious properties of real integrals extend 
at once to complex integrals; for example, 

j c {/( 2 )+0( 2 )} dz = J c /( 2 ) dz + j c 9( z ) dz . 

and, if k is a constant, 

j c k f( z ) dz = k j c f( z ) dz - 
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Also, if C' denotes the contour C described in the opposite 
direction, r 

j c . f(z) dz = - J t , /(*) dz. 

Examples, (i) Let j(z) - k\ a constant, and let C bo any curve 
joining tho points z a and z — b. Then 

2 I(L )(=„.- =„ i) = A- i (Z m -Z m ,) - kib-a). 

m - l nt ^ 1 


j ( k</z lc(b- 


Since the result is independent of the particular curve C taken, we may 
write the result as 


| k dz — k(b — a). 


(li) Let f(z) z, and let C be any curve joining the points z - a and 
z — h. 

First- take £ wl z m . Then 


2 i) - 2 

in l m 1 


Taking 


the sum is 


n 

2 *-WI 

m 1 


These sums tend to the same limit, and hence so docs half their sum, viz. 

i 2 (=1 4-i) £(&“-«-). 

Henec j z dz - J(6 2 --fi 2 ), 

and the integral is again inde})endent of the path. 

(iii) Calculate the integral 

/.*• 

where C is the circle with centre the origin and radius p. 
jjfero we can put 

.r -- p cos 0 - <f)(0) , } J - P kui 0 — *p(0), 

where 0 varies from 0 to 2tt. Now 

( f>'(0 ) ! iift'(O) —p suifl -f pi cos 0 — plc'O. 

Hence tin? integral is 


, j ,w - 77/ ] 


(iv) Prove similarly that. |*^ z" dz = 0, 
whore a is any integer, positive or negative, other than — 1. 
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2.31. An inequality for complex integrals. We may de- 
fine the length of the curve x — <f>(t), y = where <f>'(t) and 

are continuous, to be the integral 

J [{f «)} 2 +{f (« dt, 

taken between appropriate limits. For the justification of this, 
sec P.M. § 146. 

If M is the upper bound of \f(z) | on the curve C } and L is the 
length of C, then 

| J f( z ) dz\ < ML. 

In the first place, if F(t) is any continuous complex function 
of a real variable t, 

I b i h 

\j F(t)dtU: j \F(t)\dt. (1) 

1 a a 

For | 2 | < 2 |F(UI(/„ 

and (1) follows on proceeding to the limit. 

Hence, with our previous notation, 

I 1b 

| J c , f(z)dz\-=\ C (u+iv){<f>'(t)+i</j'(t)} dt 
'ia 

< |V[{f (<)} 2 J ! dt 

tA 

^ ML. 

2.32. Contours. By a contour we mean a continuous curve 
consisting of a finite number of arcs of the type already con- 
sidered, that is to say, arcs defined by equations x — cf>(t), 
y — 0(f)j where <f>'(t) and ip'(t) are continuous. The contour is 
closed if the end-point of the last arc is the same as the starting- 
point of the first. 

Let C be a closed contour. Suppose that there is an interval 
(a, 6) such that, if a<x' <6, the line x — x' meets C in just 
two points, say y ± (x') and y 2 (x'), where y x < y 2 ) while if x' < a 
or x f > 6, the line x = x’ does not meet C. Suppose similarly 
that there is an interval (a, /}), such that if ol < y’ </?, the line 
y = t/' meets C in just two points, say x^y') and x 2 (y '), where 
Zi<x 2 \ while if y f < oc or y r > /?, the line y — y’ does not meet C. 
Then the point (x, y) is said to be inside C if a < x < b and 
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Vi(x) < y < y 2 ( x )- A point not inside C or on C is said to be 
outside C. 

A contour which satisfies these conditions is called a simple 
closed contour. For example, a circle, square, or ellipse in any 
position is a simple closed co’ntour. The definition of ‘inside’ 
and ‘outside’ which we have given may strike the reader as 
unnecessarily elaborate, and the class of curves considered un- 
necessarily restricted. But the general study of questions of this 
kind is not quite so easy as might be supposed, and we regard 
it as outside our scope. It forms the subject known as ‘analysis 
situs’, and is dealt wfith, for example, in Watson’s Complex 
Integration and Cauchy's Theorem. On the other hand, the 
reader who prefers to ignore our explanations and trust to 
geometrical intuition will find that he gets on perfectly well. 

We can extend the class of contours to which our theorems 
apply by ‘addition’ and ‘subtraction’ of simple closed contours. 
Suppose that C and C are two simple closed contours having 
one or more arcs in common, but lying outside each other. We 
form a new closed contour C" by deleting the common boundary. 
The interior of C" consists of the interiors of C and 6", together 
with points on the deleted boundary. Similarly, if all points 
inside C are also inside C. we form a new closed contour C” , 
the interior of which consists of points inside C but outside C". 

A closed contour of this kind which is often useful is formed 
by the semi-circles \z\— p, \z\ — R (0 < p < R), in the upper 
half -plane, joined by intervals of the real axis. 

Still more complicated contours can be introduced by further 
additions; for example, add the contour just described to its 
reflection in the real axis, and delete the common boundary 
from z = —R to z= —p. We obtain a closed contour with a 
definite inside and outside. The outside consists of the regions 
\z \ < p and \z | > R. In describing the contour, the interval from 
2 ~ p to z ~ R is described twice in opposite directions. 

2.33. Cauchy’s theorem. The keystone of the theory of 
analytic functions is the following theorem of Cauchy : 

If a function f(z) is analytic and one-valued inside and on a 
simple closed, contour C, then 
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To prove this, we divide up the region inside C into a large 
number of small parts a network of lines parallel to the 
real and imaginary axes. Suppose that this divides the inside 
of C into a number of squares, C V ...,C M say, and a number of 
irregular regions, D v ... y D x say, parts of whose boundaries are 
parts of C . Then 

L m dz=i f m dz + z m dz, (i) 

JL W = 1 J (■ m 7l \ J J) n 


where each contour is described in the positive (anti-clockwise) 
direction. Consider, for example, two squares A BCD and DC EF 
with a common side CD. The side CD is described from C to 
D in the first square, and from D to C in the second. Hence 
the two integrals along CD cancel. So all the integrals cancel, 
except those which form part of C itself, since these are described 
once only. This proves (1). 

We now use the fact that/(z) is analytic at every point. This 
means that, if z 0 is any point inside or on C, then 


provided that 0 < \z— z Q \ < 8 =■ S(z 0 ); i.e. if |z— z 0 | < 8, 


\f(z)-f(Zo)-( z - z o)f'( z o)\ < c k-Zol- ( 2 ) 


If we consider any particular region C m or D n in the above 
construction, it is evident that we can choose its sides so small 
that (2) is satisfied if z 0 is a given point of the region, and z any 
other point. It is not, however, immediately obvious that we 
can choose the whole network so that the conditions are satisfied 
in all the partial regions at the same time. We shall prove that 
this is actually possible. 

Having given e, we can choose the network in such a way that , 
in every partial region C m or D n , there is a point z 0 such that 
(2) holds for every z in this region. 

This means, substantially, that the function is uniformly 
differentiable throughout the interior of C. 

Let us assume for the moment that this is true. Consider one 
of the squares C m , of side l m . Here, by (2), 

f(z) =f(z 0 )+(z-z 0 )f'(z Q )+(f>(z), 

M*)! ol- 


where 
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Hence 

j c J ( Z ) dz = J f<m {/(Zo)+( Z -2o)/'( Z o)} rfz + <f>( Z ) dz - 

The first integral on, the right is zero, by § 2.3, examples (i) and 
(ii). Also, by § 2.31, 

\j^<j>(z)d z \< e *J2l m Al m , 

since \z—z 0 \ ^ V2 Z m , and the length of C m is 4Z m . 

In the case of one of the irregular regions D n , the length is 
not greater than 4 l n +s fl) where s ri is the length of the curved 
part of the boundary. Hence 

I j n 4>i z ) dz \ < ey/2l H (4l H +s H ). 

Adding all the parts, we obtain 

j J f ./( z ) dz \< 2 2 *«• (3) 

Now ^ (^m+fn) * s the area of a region which just includes C, 
and is therefore bounded; in fact, if (a,6;o:,/8) is a rectangle 
including G\ j (fc+J*) < (6-«)(/ 9-«). 

Also 2 5 ,/ is the length of the contour C. Hence the right-hand 
side of (3) is less than a constant multiple of e. But the left- 
hand side is independent of €. It must therefore be zero. 

2.34. We have still to prove the assumption which we have 
made. This is done by the well-known process of subdivision. 
Suppose that we start with a network of parallel lines at con- 
stant distance l. Some of the squares formed by these lines may 
contain a point z 0 with the required property. We leave these 
unchanged. The rest we subdivide by lines midway between 
the previous ones. If there still remain any parts which have 
not the required property, we subdivide them again in the same 
way. There are now a priori two possibilities. The process may 
terminate after a finite number of steps, and then the result is 
obtained; or it may go on indefinitely. In the second case there 
is at least one region which we can subdivide indefinitely with- 
out obtaining the required result. Call this region (boundary 
included) R v After the first subdivision we obtain a part J? 2 , 
contained in R v with the same property. So we shall have an 
infinity of regions R v R 2 ,... y R n ,... each contained in the pre- 
vious one, and for each of which (2) is impossible. 
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There is a point z 0 common to all the regions R n ; and, since 
the dimensions of R n decrease indefinitely, |z— z 0 \ <8 if n is 
sufficiently large (say n > n 0 ) and z is in R n . But f(z) is analytic 
at z 0 . Hence (2) holds with this z 0 in R n , if n > n 0 . We have 
thus arrived at a contradiction, and so proved the theorem. 

2.35. Cauchy’s theorem may obviously be extended at once 
to a closed contour of any of the types defined in § 2 . 32 . It 
may also be expressed in slightly different forms. Suppose, for 
example, that z 0 and z x are points connected by two different 
curves C and C* such that C, and C' reversed, together make 
up a simple closed contour, or a closed contour of one of the 
other types described in § 2 . 32 . Let f(z) be a function analytic 
in the whole region between C and C", and on the curves them- 
selves. Then Cauchy’s theorem obviously gives 

j c f(z) dz = dz. (1) 

Suppose again that C is a simple closed contour, and C f 
another simple closed contour lying entirely inside C . Let f(z) 
be analytic and one-valued at all points in the ring-shaped 
region between C and C'. Then 

j ( J(z)dz = j ( J(z)dz. (2) 

For we can join C to C' by a straight line /, parallel, say, to 
the real axis. Then the region between C and C’, cut by /, is the 
inside of a closed contour T, formed by C described positively, 
<7 negatively, and l described twice in opposite directions. Now 

J r /(z) dz = j c f(z) dz - j c J(z) dz + j ; /(z) dz - jj(z) dz. 

Since the integral round F is zero, the result follows. 

A similar result holds if there are any finite number of con- 
tours C ', C",... inside C y and f(z) is analytic in the region 
between them. Then 

J o /(z) dz = j c ,f(z) dz + j c J(z) dz +... . (3) 

Another important remark is that, for the truth of Cauchy’s 
theorem, it is not necessary that f(z) should be analytic on C, 
provided that it is analytic inside it and continuous up to and 
on C. For if f(z) is continuous, it can be shown that 

j c f(z) dz = lira j c J(z) dz. 


(4) 
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where C' is a contour inside C and tending to it. It is perhaps 
not worth while describing how this is to be done in all cases — 
if C is a circle, C" is a concentric circle, and so on. Now the 
right-hand side of ( 4 ) is zero for all positions of C ' inside C . 
Hence the left-hand side is zero. 

2.36. A complex integral as a function of its upper 
limit. Let/(z) be a function analytic in a region D. Let 

z 

F{z) = J f(w) dw, 

Z* 


the path of integration being any contour lying entirely inside 
D. It follows from Cauchy’s theorem that the value of F(z) 
depends on z only, and not on the particular path of integration 
taken from z 0 to z. Our notation has, of course, anticipated this. 
The function F(z) is analytic in D. For 

z+hz 

F(z-\-hz)— F(z) = J* f(w) du\ 

z 

where (by Cauchy’s theorem) we may suppose the integral to 
be taken along the straight line from z to 2+82. Hence 

F{Z+?> f ~ F{Z) - /(~) = g J {/(»)-/(*)} dw. 

Z 

Since /(z) is continuous, 

\f(w)-f(z)\ < € (\w-z\ < 8). 

Hence, if 0 < |8z| < 8, 


This proves that F(z) is analytic, and that its derivative is /(z). 

As in the theory of functions of a real variable, we call F(z) 
the indefinite integral of /(z). 

Suppose, on the other hand, that we know an analytic function 


G(z) such that 
throughout D. Then 


0'(z)=f(z) 


-{F(z)-G(z)} = 0. 


F(z)-G(z) = X+iY . 


Let 
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Then (as in the proof of the Cauchy-Riemann equations) 

“= 0 , “ ~ 0 , ^= 0 , t y •' 

dx dy dx dy 

Hence X and Y are constant, i.e. F—G is constant. Hence 


u 

jf(z)dz = G(b)—G(a). 


2.37. Integration and differentiation of complex series. 

A uniformly convergent series of analytic functions of a complex 
variable may be integrated term by term along any path in the 
region of uniform convergence. 

This may be proved precisely as in the case of real functions 
(using the inequality of § 2.31). 

A series of analytic functions may be di fferentiated term by term 
at any point inside a region where the differentiated series is 
uniformly convergent. 

This also may be proved in the same way as for real functions. 
It will, however, be superseded later (§2.3) by a much more 
useful theorem, which is a characteristic achievement of com- 
plex function theory, and which has no analogue in the theorems 
of Chapter I. 

2.4. Cauchy’s integral. Let f(z ) be a function analytic 
inside and on a simple closed contour C. Let 2 be any point 
inside G. Consider the function of w 

fM 

w — z 

This function is analytic except at w~ z, where the denominator 
vanishes. Hence 


r /m 

Jc-W-2 


where y is any other closed contour inside C and including 
w — z. Let y be the circle with centre z and radius p. Since 
f(w) is continuous, we can take p so small that 

\f(w)-f(z)\ < e 

on y. Then 


- f ( Z ) r dw 1 r /(^)-/( 2 

JyW — Z 'Jy W — Z 
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The first term is equal to 2irif(z) (§ 2.3, ex. 3). Also, by § 2.31, 
the modulus of the second term does not exceed 


- . 27 Tp 

P 


2tT€. 


Hence 


I r /(«’) 

! Jc u>— 


dw — 277 if(z) 


< 2776 . 


But the left-hand side is independent of e. It must therefore 
be zero. Thus 


/(Z) 1 f /<«>*«,. 

2tti Jc w—z 


This is Cauchy’s integral formula. It expresses the value of f(z) 
at any point inside C in terms of its values on C. 

2.41. The derivatives of an analytic function. Let 2 be 
any point inside 0 , and z-\~h a neighbouring point, also inside 

c • Then If /(«,) , 

f(z+h) = — - JK ■ ’ - dw. 

2 tti Jc w — z h 

Subtracting the previous result from this, and dividing by h , 


f(z+h)—f(z) 

h 


-LL 


/(»") 


dw. 


(i) 


(w — z)(w — z — fl) 

When li -> 0 the integrand tends to the limit f(w)/(w — z) 2 . To 
prove that we can proceed to the limit under the integral sign, 
consider the difference: 


l 


f(w) , dw 
C (w~z)(w-z- h) 


L 


dw. 


( 2 ) 


f(w) , 

1 , - \ 2 dw 

la («’-- 2) 2 

)C ( w — ~) 2 (w — z — h) 

Suppose that |/(w’)l M on C, and that the distance from z to 
C (i.e. the minimum of \w — z| as w describes C) is 8. Let the 
length of C be L. ( Then if \h \ < 8, 


Jc 


1 


. . dw 


< 


ML 


8*(8-\h\) 


J c (w — z) 2 (w--z—h) 

which is bounded as |/t| -*■ 0. Hence the right-hand side of 
(2) tends to zero with \h\. Hence, by (1), 


f (z) = 1 f dw 

JU 2t n Jc («>-z) 2 ’ 

This is Cauchy’s formula for /'(z). 


(3) 
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The existence oif'(z) was, of course, our original hypothesis. 
But now that we have obtained this formula for it, we can 
repeat the above process. We have 

H*+h)-rm _ i r 

h 2iri J c hf 1K ’ 

and we prove as before that when h 0 this tends to the limit 


_ f _/w 

■i Jc (w—2 


Hence f"(z), the derivative of f'(z), exists, and is given by the 
formula o r fh>A _ 


/'(*)=. 


-f fi 

n Jc ( w - 


The argument can obviously be repeated indefinitely; hence f(z) 
has derivatives of all orders , the nth being given by the formula 


f*\z)=± r f{w) d U , 

2 ? Ti Jc (w—z) n+1 


2.42. Morera’s theorem. This is a sort of converse of 
Cauchy’s theorem. 

///(z) is a continuous function of z in a region D, and if the 

integral r 

jf(z)dz 

taken round any closed contour in D is zero , then f(z) is analytic 
inside D. 

In this theorem the precise sense of the word ‘contour’ does 
not matter. The result holds even if we restrict ourselves, say, 
to convex polygons. 

Consider the function 

z 

F i z ) = f /(«’) dw - 

J 

Z Q 

Its value is independent of the patji of integration; and 


F(z-\-h) — F(z) 
h 


Z r a 

—f(z) =\ J {/(w)-/(z)} dw. 


where the path of integration may be taken to be the straight 
line. This tends to zero with h , since f(w) is continuous. Hence 
F(z) is analytic, and has the derivative f(z). But we have just 
proved that the derivative of an analytic function is analytic. 
Hence f(z) is analytic. 
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2.43. Taylor’s series. An analytic function can be ex- 
panded in powers of its argument by a formula similar to 
Taylor’s series for a real function. 

Suppose that f(z) is analytic on and inside a simple closed con- 
tour C, and let a be a point inside C. Then 

f(z) = f(a)+(z-a)f'(a)+ ...+ f n >(a ) + . . . , 

the scries being convergent if \z—a\ < 8, where S is the distance 
from a to the nearest point of C. 

We start from Cauchy’s formula 



where we take F to be a circle with centre a and radius p < 8. 
The formula holds if z lies inside this circle, i.e. if \z— a\ < p. 
Now 11 z—a (z— a) n 

w—z w—a (' w— a ) 2 (w— a) rHl 

the series being uniformly convergent on T. Hence we may 
multiply by f(w)/2Tri and integrate term by term round I\ We 
obtain 


M-sd 


■ riw > iw + 


w—a 


a)‘ l 


+ ... 


'-a f f( w ) 

27 n J r (w— 
(z—a) n J 


dw -f- 

fM 

27 n J r {w— a) n+1 


dw 


and, by the formulae of § 2.41, this is the desired result. It is 
sometimes known as the Cauchy-Taylor theorem. 

There is one difference to be noted between this proof and 
the corresponding inyestigation for functions of a real variable. 
In the real variable theory we obtain the first n terms of the 
expansion, and a remainder term, and a special investigation is 
required to see whether this term tends to zero. In the complex 
theory the fact that it tends to zero follows from our original 
hypotheses. This state of affairs is quite natural; for combining 
the above theorem with § 2.16, we see that the necessary and 
sufficient condition that a function should be expansible in a power 
series is that it should be analytic in a region . We cannot define 
an analytic function of a real variable except as one which 
can be expanded in a power series. If therefore we start from 
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other hypotheses, we may expect to meet with difficulties. For 
example, the radius of convergence of the series depends on the 
extent of the region where the function is analytic; and it may 
therefore be controlled by the existence of singularities off the 
real axis, of which, if we confine ourselves to real variables, we 
can have no knowledge. 

Thus the expansion 


1 

l+x 2 


l—x 2 -\-x A —... 


holds for \x\ < 1 only. There seems to be nothing in the nature 
of the function, considered as a function of the real variable x, 
to account for this restriction. But if we make x complex, it is 
accounted for by the fact that the function is not analytic at 
the points x = 

2.5. Cauchy’s inequality. If 


/(«)= (|z|<-K)» 


and M(r) is the upper bound of \J{~} \ on the circle |c| — r, (r < M), 

then \a n \r»<^M{r) 

for all values of n. 


For 


" '2nl ) 
|S| =r 


and the theorem of § 2.31 gives at once 

M(r) 

y H 


K\ 


Cauchy’s inequality may also be proved as follows. Let d fl 
be the conjugate of a n . Then if r < R , 


\f(z)\ 2 =f(z)f(z)= 2 o,J w e im0 I a n r”t u,e - 

m o n — 0 

Both series being absolutely convergent, we may multiply by 
the usual rule (§ 1.65). The resulting series is uniformly con- 
vergent for 0 Q ^ 27 t, and we may therefore integrate term by 
term over this interval. On integration, all the terms for which 
vanish, and we obtain 


Z7 T ^ ^ 

f \m\ 2 de= 2 «A/ 2, ‘ f 2 a- 2 K|V 2 », 
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2ir 

or | KIV* = i- f |/( 2 ) | 2 <*0 ^ {Jf(r)}«. 

n-0 -57T J 

0 

The result clearly follows from this. 

Example. Show that Cauchy’s inequality reduces to an equality if, 
and only if, f(z) is a constant multiple of a power of z. 

2.51. Liouville’s theorem. A function which is analytic for 
all finite values of z, and is bounded , is a constant . 

We give two proofs of this important theorem. 

First Proof. If f(z) is analytic for all finite values of z, the 
Taylor’s series «> 

f(z) = 2 a„z n 

71-0 

is convergent for all z. Also, if \f(z) \ < M , then by Cauchy’s 
inequality | 0jl |<Jfr- 

for all values of n and r. Making r -> oo, the right-hand side 
tends to zero if n > 0. Hence a n — 0 for n > 0, and f(z) = a 0 . 
Second Proof. If z v z 2 are any two numbers, 


1 

f /(z) - dz 1 . 

"Ini ( 


1 

f 2 i 2 a f 

liri , 

Jo {z-z l )(z—z 2 ) J 


where C is a contour including both z 1 and z 2 . Taking C to be 
a circle with centre the origin, and radius R greater than \z x \ or 
|z 2 |, we have 


l/(Zl)-/(z 2 )l < 


(R- 


z 1 —z 2 \MR 

-\z;\)(r-\z 2 \ 


The right-hand side tends to zero as R -> oo. Hence f(z x ) = /(z 2 ). 
Since this holds for all values of z A and z 2 , f(z) is a constant. 

The same result holds if the function is bounded on any 
sequence of contours tending to infinity. This is clear from 
either proof. 

2.52. The following is a more general result of the same kind. 
If f(z) is analytic for all finite valuer of z, and as \z\ -» oo 

m=o(\»n 


then f(z) is a polynomial of degree ^ k. 
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For by Cauchy’s inequality 

\a n \^M(r)r- n =0(r k - n ), 

and the right-hand side tends to zero as r -> oo if n > k. Hence 
a n = 0 for n>k, and the result follows. 

2.53. The function A(r). Let A(r) denote the upper bound 
of the real part of f(z) on \z\ = r. We next prove an inequality 
similar to Cauchy’s inequality, but involving A(r) instead of 
M(r). 

We W K \r n < max{4^ (r), 0} - 2R{/(0)} 

for all values of n > 0 and r. 

Let z — re i0 , and 

f(z) = f; a n z” = u(r,0)+iv(r,0), 

n~0 

a n = ttn+iPn- 

Then u(r , 0) = ]£ (<* H -os n0 — p n sin w0)r w . 

n o 

The series converges uniformly with respect to 0. Hence we may 
multiply by cost?# or sin 7?,# and integrate term by term; and 
we obtain 

2n 27 r 

- J u(r,0)cosn0d0 — a }l r n y - J u(r,0)amnO d0 = —p n r v 
0 0 
for n > 0, while 


Hence 


^ J u{r,6)dd=<x 0 . 

0 

2tt 

o„r” = (a„-fi£„)r 7 ' 1 J w(r, d)e- i,,B dO (n > 0), 


and J \u(r,8)\d6. 

0 

2tt 

Hence \a 7t \r v -j- 2 a 0 < - J { ^(r, 0) \+u{r, 0)} dO . 
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Now \u\-\-u is zero if u < 0. Hence if A(r) < 0 the right-hand 
side is zero. If A(r) ^ 0, the right-hand side docs not exceed 

2 TT 

- J 2A(r) dO — 4 A{r). 
o 

This proves the theorem. 

There are, of course, similar results involving the lower bound 
of R/(z), and the upper and lower bounds of I/(z). 

2.54. The analogue of Liouville’s theorem for A(r). If 
f(z) is analytic for all finite values of z, and A(r) is bounded, as 
r -> oo, then f(z) is a constant. If A(r) < Ar k ) where A and Jc are 
constants , then f(z) is a polynomial of degree ^ k. 

In the first case, it follows from the above theorem that | a n \r ,L 
is bounded as r -> oo for every n > 0. Hence a n — 0 for n > 0, 
and f(z) = a 0 . Similarly, in the second case, a n — 0 for n > k 9 and 
f(z) is of degree k. It is sufficient that the conditions should 
hold for some arbitrarily large values of r. 

The first part of the theorem may also be proved directly as 
follows. Consider the function <f>(z) — exp{/(z)}. Then 

==e^. 

Hence, if u(r , 9) ^ A , then 

\<f>{z)\ ^ e A . 

Hence, by Liouville’s theorem, <f>(z) is a constant. Hence f(z) 
is a constant. 

2.6. The zeros of an analytic function. A zero of an 
analytic function f(z ) is a value of z such that f(z) = 0. If f(z) is 
analytic in the neighbourhood of z = a, then 

f(z) = 2 a , l ( z — a ) n 

n^O 

for \z—a\ small enough; and if z = a is a zero, one or more 
of the coefficients a 0 , a v ... vanish. If a„ — 0 for n<rn 9 but 
a rn ^ 0, then /(z) is said to have a zero of the mth order. Thus 
every zero is of some definite integral order — a function cannot 
have a zero of fractional order inside a region where it is analytic. 
At a zero of order m, we have 

f(a)=f'(a) = ...=f m -V(a) = 0, 

while f {m \a) ^ 0. This is clear from the form of Taylor’s series. 

G 
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The zeros of an analytic function are isolated points ; that is to 
say, if a function f(z) is not identically zero , and is analytic in 
a region including z — a, then there is a circle \z — a \ — p (p > 0) 
inside v'hich f(z) has no zeros except possibly z~a itself. 

The theorem may also be stated as follows: 

Let f(z) be a function analytic in a region D , and let P v P 2 ,..., 
be a, set of points having a limit-point P inside D. Then 
if f(z) = 0 at every point P n , it follows that f(z ) = 0 at all points 

of D. 

It may be supposed without loss of generality that P is z — 0. 
Then f(z) is analytic in a region including z ~ 0, and hence 


f(z) = jr a„ 2'* 


for \z\ /£, say. It will be proved that all the coefficients in 

this series arc zero, if this is not so. there is a first coefficient 
which is not zero, say a k . Then 

f{z) =■ z k (a k ^ n k+l z (|s 
If 0 -r p < R, the series ls convergent for z 
bounded, say \a tt \ p" < K. Hence 

K 

n k+ 


< /«■)• 

™ p, and so a n p n 


is 


\m i > 




<*k\~ 


K\z\ ) 

P k (p—\z\)l ‘ 


and the right-hand side is [>ositive if \z\ is sufficiently small, 
except at the point z 0 itself. This contradicts the hypothesis 
that f(z) has zeros arbitrarily near to, but not coincident with, 
z — 0. Hence in fact all the coefficients vanish. Hence f(z) — 0 
inside the circle of convergence of the above series. 

We can now, however, repeat the process, starting from any 
point inside this circle; for the data now hold for any such point, 
by what has just been proved.* In this way the result may be 
extended to any point interior to D . 

2.61. The theorem has the following obvious corollaries: 

(i) If a function is analytic in a region, and vanishes at all 
points of any smaller region included in the given region, or 
along any arc of a continuous curve in the region, then it must 
vanish identically. 


* For a more detailed discussion of such chains of circles see Ch. IV. 
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(ii) If two functions are analytic in a region, and have the 
same value at an infinity of points which have a limit-point in 
the region, then they must be equal throughout the region. 

Examples, (i) The function sin z lias zeros of the first order at the 
points z -- 0, £ 77 , H and no other zeros. [Tho formula 

iy)\ — V(.sin 2 a:-}-,siiih 2 2 /), 

l\J\T. § 233, ex. 2, shows that sin z has these zeros and no others.] 

(ii) The function cos z has zeros of the first order at z — i£ 7 r, ijgTr,..., 
and no other zeros. 

(lii) If f(z) and g(z) are both analytic functions in a region Z), and 
f( z )ff( z ) — 0 in D , then either f(z) — 0 throughout D, or g(z) = 0 through- 
out D. 

2.7. Laurent series. Let f(z) be a function analytic in the 
ring-shaped region between two concentric circles C and C", of 
radii R and R r (R r < R) y and centre a, and on the circles them- 
selves. 

Then f(z) can be expanded in a series of positive and negative 
powers of z—a, convergent at all points of the ring-shaped region. 

We must remind the reader that all functions considered here 
are one-valued. This assumption excludes certain functions, any 
one value of which is analytic at all points of the ring. Consider, 
for example, the function __ 

where p is real. This is analytic except possibly at z = 0. Now, 
ifs = re '®’ f(z) — rPe' 1>9 . 

As we pass round a circle with centre the origin, starting at 
0 0, say, f(z) changes from r v to r p e 2ipn , and so does not return 

to its original value unless p is an integer. 

To prove the theorem, let z be a point of the ring, and con- 
sider the integral 

taken round the outer circle C in the positive direction, then 
along a radius vector (which we may suppose does not pass 
through z) to the inner circle C\ then round C in the negative 
direction, then back along the radius vector to the starting- 
point. This is a closed contour to which we may apply our 
previous results — the fact that part of it is described twice does 
not affect any of the arguments. The value of the integral is 
therefore f{z). 
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Since f(z) is one-valued, the two integrals along the radius 
vector joining the circles cancel, and we obtain 




f 

JC' 


where now each integral is taken in the positive direction. As 
in the proof of the Cauchy -Taylor theorem 


where 


J_ f dw= Y a (z—a) n , 

2m J c w-z 

1 f f( W ) I 

a n I / * v 

2tti J c ( w—a )" a 


In this case, however, a n is not in general equal to f [h) (a)/n\ 9 
since f(z) is not necessarily analytic throughout the interior of C. 
Again 

11 w—a (w— a)*- 1 

z—w z—a^iz—a) 2 (z—a) ,L 


this series being uniformly convergent on C\ Hence 

Lf 1^1 dw = 1 . f f(w)dw+...+ 

2m J c - w—z z—a 2m ] v - 

-) - — . — . f (tr - a)"' \l\i r ) dn' -- — — — , 

(2— «)" J c . ^ (2— a) u 

f {w—a) H ~ 1 f(w) du\ 

2m J c - 


where 


These two series together form Laurent’s expansion. They may 
be written together in the form 


/(*)= i «»(*-«)"> 

71 — — 

where a — . f — — die 

n 2 tt ij (w—a)** 1 

for all values of n, the integral being taken round any simple 
closed contour which passes round the ring. 

In the particular case where f(z) is analytic inside C", all the 
coefficients b n are zero (by Cauchy’s theorem), and the series 
reduces to Taylor’s series. 

Notice that the series of positive powers of z— a converges, 
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not merely in the ring, but everywhere inside the circle C . 
Similarly the series of negative powers converges everywhere 
outside C\ 

Examples, (i) Show that 

GO 

gi r( * -*> — ^ a 

n — <*> 



2.71. Isolated singularities of an analytic function. 

Suppose that a function f(z) is analytic throughout the neigh- 
bourhood of a point a, say for \z—a\ < R, except at the point 
a itself. Then the point a is called an isolated singularity of 
the function. 

Suppose that /(z) is one-valued. We may then expand f(z) in 
a Laurent sciies of powers of z—a , and the inner circle C' of 
§2.7 may be taken as small as we please. Thus 


/(=)= 2«„(z-«) n + 2f>„(z-ay n (0< \z a | < R). 

n 0 n l 

There are now three possible cases. All the coefficients b n 
may be zero. The function f(z) is then equal to a function 
analytic for \z—a\ < JR , except at the point a; for example, we 
might define f(z) to be 1 except at z — a, and f(a) — 0. This is 
a rather artificial sort of singularity, and of no further interest 
in the theory. 

Secondly, the series of negative powers of z—a may contain 
a finite number of terms only. Then/(z) is said to have a pole 
at the point z = a. If b m is the last coefficient which does mot 
vanish, then 

oo in 

m = 2 «n( 2 -«)"+ 2 b n (z-a)- n , 

no 7i~l 

and the pole is said to be of order w, or to be a simple, double,... 
pole in the cases m = 1,2, 
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If f(z) has a pole of order m, then plainly (z~a) m f(z) is 
analytic and not zero at z — a. Hence also 

* (Z) = (z—a) m f(z) 
is analytic and not zero at z = a. Hence 

f(z ) = ( 2_ a )”W*)» 

so that l//(z) has a zero of order m at z — a. 

Conversely, a similar argument shows that, if /(c) has a zero 
of order m, then l//(z) has a pole of order ?/?. 

The finite series 

m 

2 M 2 — < 

?< - 1 

is called the 'principal part of /(c) at z a. 

If f(z) hm a pole at z = a, then |/(z)| -> oo a w z -> n. For 

, w I I m 

2M 2 -«) _n !^ -I-— 

l n=l 1 ‘n-l 1 

/ 771-1 v 

l*J- 2 |6J|s-«r-" . 

1 71-1 ' 

and the expression in brackets tends to |6 m |, so that the whole 
tends to infinity — in fact the function is dominated by the last 
term in the principal part. 

If f{z) — 0(\z—a\~ k ) as \z—a\ -> 0, the singularity is at most a 
pole of order k; in particular, if f(z) — 0(1), there is ?w singularity 
(except of the trivial type first mentioned). 

An argument similar to that of § 2.52, but with b n , and r 
tending to 0, shows that b n — 0 for n > k. Again it is clearly 
sufficient that the data should hold on a sequence of contours 
tending to 0. 

Examples, (i) The functions cot z and cosec 2 have simple poles at 
the points z — 0, ±tt, ±2n,... . 

(ii) The functions tan z and sec z have simple poles at the points 
z = i . 

(iii) Find the poles of 

1 1 

sin zJ: sin «’ coszdr cosa * 

(iv) The function cosec z 2 has one double pole and an infinity of simple 
poles. 
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(v) Find the poles of the functions 

1 1 1 

z 4 +T z 4 4-2z 2 +1* 


U3 


2.72. Essential singularities. The third possibility is that 
in the expansion of f(z) in powers of z— a, the series of nega- 
tive powers may not terminate. The point z = a is then called 
an essential singularity of /(z). In this case 

=f f ^ 

n-o w=l 

where the last series does not terminate, but is convergent for 
all values of z except z — a. 

The complicated behaviour of a function in the neighbour- 
hood of an essential singularity is shown by the following 
theorem of Weierstrass. 

Given any positive numbers p. €, and any number c, there is 
a point z in the circle jz— a\ < p at which |/(z)~ cj < e. 

That is to say, /(z) tends to any given limit as z tends to a 
through a suitable sequence of values. 

We begin by proving that, if p and M are any positive num- 
bers, then there are values of z in the circle |z— a\ <p at which 
|/(s) | > M. If this is not true, then |/(z)| ^ M for |z— a\ < p. 
Hence, if the radius of G' is R\ 

\^n I “ j f (w-ay'-y(u')dw \$:MR'", 

I Znl J c . I 

by § 2.31. This holds for all positive values of n and Ii\ and, 
making A' 0, we see that b n -- 0 for n ^ 1. Hence there is 
no essential singularity, contrary to hypothesis. 

Now consider any finite value of c. If f(z)—c has zeros inside 
every circle \z—a\ — p, the result follows at once. If not, we 
can choose p so small that f(z)—c has no zero for \z—a j < p. 


Then 


m 


i 


is regular for |z — a | < p, except at z -- a. The point z — a is an 
essential singularity of <f>(z); for 


/(*) - 


1 

F( z ) 


+«. 
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and if <f>{z) had a pole, f(z) would be analytic; while, if (f>(z) 
were analytic, f(z) would be analytic or have a pole. 

It now follows from the first part that there is a point z in 
the circle \z—a\ < p such that 

€ 

i.c. \f(z)—c\<€, 

and this is the result stated. 

This theorem distinguishes clearly bet ween poles and essential 
singularities. While at a pole f(z) tends to infinity, at an 
essential singularity f(z) has no unique limiting value, and in 
fact comes arbitrarily near to any assigned value an infinity 
of times. 

Examples, (i) The functions 

,, . 1 1 
e lt , sm-, cos- 

have isolated essential singularities at z — 0. 

(ii) The function cosec(l/z) has a singularity at z — 0 , but it is not 
an isolated singularity, being the limit-point of the poles at the points 
z — 1 /( yitt ) . We call such a point an essential singularity also. 

(iii) The function e llz actually takes every value except 0 an infinity 
of times in the neighbourhood of z =- 0; and it tends to the limit 0 as 
z -> 0 along the negative real axis. 

2.73. The ‘point at infinity*. We may consider ‘infinity’ 
as a point by making the substitution z^ l/w. Then the be- 
haviour of f(z) ‘at infinity’ depends on the behaviour of /(l/w;) 
at w— 0. We say that /(z) is analytic, has a simple pole, etc., 
at infinity, if /(l/w;) has the same property at w’ = 0. Thus 
f(z) = z 2 has a double pole at infinity. 

A function which is analytic everywhere , including infinity , is 
a constant. For by Laurent’s theorem, since f(z) is regular for 
all finite values of z, 

f(z) = 2 a n* H ’ 

n = o 



Since f(l/w) is regular at w = 0, a n = 0 for n = 1, 2,..., so that 

/( 2 ) = 
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A function which has no singularities other than poles is a 
rational function . 

In the first place, there can only be a finite number of such 
poles; otherwise the poles would have a limit-point either at a 
finite point or at infinity, and at such a limit-point the function 
would not be analytic or have a pole, contrary to hypothesis. 

Suppose, then, that the poles of f(z) at finite points are at 
a , &,...,& , with multiplicities a, /},..., /c. Then 

9(z) =f(z)(z-a) a ...(z-k)‘< 

is analytic except at infinity, where it has at most a pole. 
Hence ^ 

g{z) = 2 a„2 n , 

n= 0 
00 

gr(l/w>) = 2 a n w~\ 

71 = 0 

Since the singularity of g(l/w) at the origin, if there is one, is 
a pole, this series must terminate, i.e. g(z) is a polynomial. 
Hence f(z) is the quotient of two polynomials, i.e. a rational 
function. 

Conversely, a rational function has no singularities other than 
poles. 

2.8. Uniformly convergent series of analytic functions. 

Suppose that 

(i) each member of a sequence of functions 

«1 (Z), U 2 (Z),...,U„(Z),... 
is analytic inside a region D , 

(ii) the series 

2 M„(Z) 

II I 

is uniformly convergent throughout every region D' interior to D. 
Then the function » 

/(z) = 2 M«(2) 

71 - 1 

is analytic inside D, and all its derivatives may be calculated by 
term-by-term differentiation . 

Let C be a simple closed contour lying entirely inside D , and 
let z be a point inside C. 



96 ANALYTIC FUNCTIONS 

If we knew already that f(z) was an analytic function, we 
should have 



(i) 


Actually we obtain this result from our data, and then use it 
to prove that /(c) is analytic. 

r u " {w) dw 

c w—z 

for each function u n (z). Hence 


IT V UUI V 


u " {z) =L 


71=1 

But, since ^u n ( w ) is uniformly convergent on 6\ we may 
multiply by 1 /(w—z) and integrate term by term. Thus 

f lys^t^y f SiWfc, 

J c \^w—z) 2 ~,J c w—z 
and we obtain 

f(2) „_L r ( y?>>i *.= * | w*, 

2m J c ( ^ w—z I 2m J c w—z 
i.e. we have proved (1). 

We can now deduce from (1), as in § 2.41, that f(z) has a 
derivative /'(c), given by the formula 

nz) =-LLl% dw - 

In this case the boundedness of f(z) follows from the uniform 
convergence of the series. Hence /(z) is analytic. 

Also 

dw 


± f .m. dwss i r y. 

2m Jc (w—z) 1 2m J c ^ 


(w—z) 3 




using the uniformity of convergence again. Hence the series 
may be differentiated term by term. Also the differentiated 
series is uniformly convergent in any region interior to I ) . For 
if D ' is such a region, we can suppose that the curve C includes 
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D' in its interior, and that the least distance of points of I)' from 
C is 8. Then for any point 2 of D' 


1 <(z) 

n---N 


N' , ~ 

^ 2 2ni J„ 


«»(«>) 


a ( w—z Y 


- dw\ 






dw 

N (w-z) 2 \ 

where l is the length of C, and € the maximum modulus of 


2tt8 2 ’ 


u n (w) 


on C . Since the right-hand side is independent of 2, and tends 
to zero when N and N' tend independently to infinity, the 
result follows. 

The whole process may now be repeated, starting from the 
differentiated series, and the general result thus follows. 

The theorem, in a slightly different form, is known as £ Weier- 
str ass’s double-series theorem’.* 


2.81. Remarks on the above theorem. 

(i) We have already pointed out (§ 2.37) the contrast between 
the conditions for term-b3'-term differentiation of real series, 
and of series of analytic functions. In the case of real series, we 
have to assume that the differentiated series is uniformly con- 
vergent. In the above theorem no such assumption is necessary; 
actually the differentiated series is uniformly convergent, but 
this is one of the conclusions of the theorem. 

(ii) If we merely assumed that the given series was uniformly 
convergent on a certain closed curve ( 7 , we could prove as before 
that f(z) was analytic at all points inside C . 

(iii) Even if we assume that each u n (z) is analytic on the 
boundary of Z>, and that the series is uniformly convergent on 
the boundary, we cannot prove that f(z) is analytic on the 
boundary, or that the differentiated series converges on the 
boundary. Consider, for example, the series 



n= 1 


This is uniformly convergent for \z\ ^ 1; but the differentiated 
* See Knopp’s Infinite Series, § 56. 
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series is not uniformly convergent in the neighbourhood of 
z = 1, nor is the function represented by the series analytic 

at z = 1. In fact 1/W1 _,v 

f ( z)= - l0 ^L~ z) . 


(iv) The theorem may be stated as a theorem on sequences 
of functions: if f n (z) is analytic in D for each value of n, and 
tends to f(z) uniformly in any region interior to I), then f(z) is 
analytic inside D, and f' n (z) tends to f'(z) uniformly in any 
region interior to D. 

O0 

Examples, (i) The function £(s) = J n~ • is analytic for R($) > 1. 

n= l 

[For the series is uniformly convergent in any finite region to the right 
of R (a) — 1, see § 1.21, example.] 

(ii) We have, for R (s) > 1, 

£'(<>) = — 2 » - *iog», 

n = 2 


00 

and generally £ (A) (s) — (- 1)* 2 w"Mog*n- 

it —2 

(iii) In what region does the series 


2 -; 


sin nz 
2"^ 


represent an analytic function ? 

(iv) The series 


ou 

2‘ 


is uniformly convergent on the real axis, but not in any region of the 
z-plane; so we can deduce nothing about the analytic character of the 
fimetion which it represents. 


2.82. Another proof of the theorem. We can also deduce 
Weierstrass’s theorem from Morera’s theorem (§ 2.42). For, 
since 2 u n ( z ) uniformly convergent, we may integrate it term 
by term round any contour C . Thus 

j c f(z)dz=fj c u n (z)dz. 

But, since each u fl (z) is analytic, every term on the right is 

zero. Hence r 

j c f(z)dz = 0. 

Hence, by Morera’s theorem, f(z) is analytic. 
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2.83. Definition of analytic functions by means of in- 
tegrals. Let f(z,w) be a contimious function of the complex 
variables z and w , where z ranges over a region D, and w lies on 
a contour C. Let f(z , w) be an analytic function of z in D , for 
every value of w on C. Then 


F(z) = j c f(z,w)dw 
is an analytic function of z in D; and 

F'(Z): 


IIS 


and similarly for higher derivatives. 

Wc may suppose that the contour C consists of a single 
regular curve, on which w — u u ~ u(l ), v — ?’(/), t 0 ^ t l lt 
and u'(t) and v'(t) are continuous. 

Let P be a contour lying in I), on which z = x+iy , x = x(s) f 
y .... y(#), s 0 < 6* ^ s j, and x'(s) and y'(s) are continuous. Let £ be 
a point inside T. Then 


F(£) = 1 . f dw f dz. 

2tti Jc Jr z ~l 


We may invert the order of these two integrations. For we can 
express each of these complex integrals as a sum of real in- 
tegrals, as in § 2.3; and we clearly obtain an expression of the 
form ,, », 

j dl j {<f>(s,t)+i<fr(s,t)} ds, 

U So 

where <f) and ifj are real continuous functions of s and t. Now 
we know that a repeated integral of this type may be inverted 
(§ 1.81). Hence 

™-S! J r i=t ]>">*• 


= ' f%. 

2771 J y Z — £ 


-l 

Thus F(z) satisfies Cauchy’s integral formula, and from this point 
the proof that F(z) is analytic, and that we can differentiate 
under the integral sign, proceeds as in the theorem on uniformly 
convergent series. 



100 


analytic: functions 


Examples, (i) If f(t) is continuous in (a, b), then 
b b 

F(z) — J cos ztf(t) dt, G(z) — J si nztf[t) t 

a a 

are analytic functions for all finite values of z. 

(ii) Under the same conditions 


is analytic, except possibly when .c is real and lies in the intot val (a, b). 

2.84. Infinite integrals. Let C be a contour going to infinity, 

any bounded part of which is regular. Suppose that the condition s 
oj the previous theorem ar* satisfied on any bounded part of C , 
and that . 

j c f(z,u')div 

is uniformly convergent. Then the results of the previous theorem 
still hold. 

Let C n be the part of C inside the circle \z\ w, and let 

%>(*)= L fMdw. 

JC n 

Then F n (z) is analytic for every n, by the theorem on finite 
integrals. Also F»(z)-*F(z) 

uniformly as n oo. Hence, by the theorem on uniformly con- 
vergent sequences, F(z) is analytic. Finally 

F\z) = lim F n (z) = lira f % dw f % dw. 

71—* oo 7 i—*:c. J (v dz J (7 e)z 

2.85. Infinite integrals of the second kind. There is a 
similar theorem for the case of a finite contour C, at one end 
of which f(z,w)~> oo. Such an integral represents an analytic 
function, provided that the convergence of the integral is uni- 
form. The formal statement and the proof are practically the 
same as those of the previous theorem. 

Examples. (i) The function 


m - / 


e~ w w *~ 1 dw 


is an analytic function for R(z) > 0. [The uniform convergence of this 
integral has been discussed in § 1.51, ex, (i). It convorges uniformly in 
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any finite region in which R(z) > a > 0; and any point at which 
R(z) 0 is an internal point of such a region.] 

(ii) In what regions do the integrals 

oo 

sin w 
w z 


oo oo oo 

J* e~"* dw, j* -* n ™ dw , J' cosw 


0 0 
represent analytic functions ? 
(iii) The integral 


J 


sin wz 
w 


dw 


converges uniformly in certain intervals of real values of z, but not in 
any region ; so we cannot deduce anything about, the analytic character 
of the function which it represents. 

2.9. Remark on Laurent series. Suppose that we have 
obtained in any manner, or as the definition of/(z), the formula 


f(z) = l A n {z—a) n (R' < \Z\ < R). 


Is the series necessarily identical with the Laurent series of 
/(z)? Yes; for if C is the circle \z—a\ = p, R' < p < R, the 
Laurent coefficient a n is 


a 


n 


-1 f 

27 n J c (z—a ) n+1 



(z— a) n+1 


by uniform convergence; and the right-hand side is A n , by § 2.3, 
exs. (iii) and (iv). 



CHAPTER III 


RESIDUES, CONTOUR INTEGRATION, ZEROS 


3.1. The residue at a singularity. We know (§ 2.71) that, 
in the neighbourhood of an isolated singularity z = a, a ono- 
valued analytic function f(z) may be expanded in the form 


f(z) = 2 a ll (z-a)»+ 2 b n (z—a)~ n . 

n--0 n~ 1 

The coefficient 6* is of particular importance, and is called the 
residue of f(z) at the point z = a . By the formulae of Laurent’s 
expansion, 

where y is any circle with centre z = a, which excludes all other 
singularities of the function. 

It is easily seen that, if z = a is a simple pole, 
b i — lim(z— a)/(z). 


3.11. The theorem of residues. Let f(z) he one-valued: and 
analytic inside and on a simple closed contour C\ except at a finite 
number of singularities z v z 2 ,...,z ;} . Let the residues of f(z) at these 
points he R Xi R 2 ,...,R n . Then 

j c f( z ) ~ 27ri(i?i+iJ 2 +... + R n ). 

Let y v y 2 ,. *,y ?l be circles with centres z v z 2 ,...,z„, and radii so 
small that they lie entirely inside C and do not overlap. Then 
f(z) is analytic in the region between C and these circles, so 
that, by Cauchy’s theorem (see § 2.35), 

j 0 /<*)*= {,/(*)& +-+ /,/(=)*• 

But f f(z) dz = 2-niR x , 

J Yi 

etc., and the result follows. 


3.12. Contour integration. The theorem of residues may 
be used to evaluate a large number of real definite integrals. 
To do this we take a contour, part of which consists of the real 
axis, and the remaining part of which is usually made to tend 
to infinity. The process is called contour integration. It is best 
made clear by means of examples. 
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3.121. It is well known that 

00 

f dx 7 T 

J l+z 2_ 2* 

0 

To prove this by contour integration, consider the integral 

r dz 

J r+z 2 

taken round the contour consisting of the real axis from — E 
to E , with a semi-circle, on this line as diameter, above it. Since 

1 L\ 

1 +z 2 2i\z—i z+i/ 

the integrand has a pole at z = i, which is inside the contour if 
E > 1 , with residue 1/2 i. Hence, by the theorem of residues, the 
integral is equal to 77. 

Now, on the semicircle, |l+z 2 | E 2 — 1, so that the integral 

round the semicircle does not exceed 

rrE 

E 2 -V 

and so it tends to zero as E -* 00 . Hence 

lim I 1T ' 

/i-oo J 1+a: 2 

-R 

Since the integrand is an even function, the result now follows. 

The integral of any even rational function which behaves 
suitably at infinity can be evaluated in a similar way. 

Of course we know the indefinite integral of 1/(1 +z 2 ), viz. 
arc tan a;, and can evaluate the integral from this. The method 
shows to better advantage in cases where we do not know the 
indefinite integral. 

3 . 122 . It has been shown in § 1.76 that 


r * mx dx= 
j x 

0 


7 T 
2" 


To prove this by contour integration, consider the integral 



H 
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taken round the contour consisting of the real axis from z = p 
to z = R , where 0 < p < R ; a semicircle T of radius R above 
the real axis; the real axis again from — R to — p\ and finally 
a semicircle y of radius p above the real axis. We take p small 
and R large. The small semicircle is necessary to avoid the 
singularity of the integrand at z — 0, and the large semicircle 
is necessary to close up the contour. 

The function e iz jz has no singularity inside the contour, and 
the value of the integral is therefore zero. Thus 



The two integrals along the real axis are together equal to 

Jt it 

f e is 
J 

p p 

The integral along V tends to 0 when R oo. For 


o* f sh 
x — 2i I 

J a 


, _ , tt n 

jj %dz : J C'i^ide < J e~ R ^' e dO 

* 1 0 0 

8 IT- 8 TT 

sg J de -f J e - KR,nS dO + C dd <25 f nc- R '' inS . 

o 8 tt —8 

We first take 8 arbitrarily small, and then, having fixed 8, the 
second term may be made as small as we please by choosing 
R sufficiently large. Hence the integral along T tends to 0. 
Finany ' 

J y Jy ** Jy 

The integrand in the last integral is bounded as p -> 0, and so, 
by § 2.31, the integral tends to zero. Also 

J d * =, J i de --- -in. 

^ TT 

Hence, making p -> 0 and R oo, we obtain 


0 . f sin x , . _ 

2% dx —nr 0 

J * 


and the result follows. 
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Notice that the integral in the negative direction round the 
semicircle y tends to —in into the residue at z = 0. It is easily 
verified that this is true of any simple pole, but not of a pole 
of higher order. 

Notice also that we do not consider the integral 

j sin z z -dz 

because the integrand does not behave suitably at infinity. 
3.123. If0<a< 1, 



taken along the real axis from z = p to z—R\ then in the 
positive direction along the circle T with centre the origin and 
radius E; then back along the real axis to z = p ; and finally 
round the circle y with centre the origin and radius p in the 
negative direction. This is a closed contour which excludes 
the origin. It is necessary to do so, because the function is 
not one-valued in a region which includes the origin, so that 
the theorem of residues would not apply to such a contour. 
The many -valued function z a ~ x is taken to be real on the first 
part of the contour. It is then given at all other points by the 
formula r a - 1 e (a ~ 1)i9 y where 0 < 0 < 277. 

There is one pole inside the contour, at z— — 1, the residue 
there being e {a ~ 1)i7T . Hence 




--2nie ia ~ 1)in . 


The two integrals along the real axis together give 


r y.a -1 

(1— g^Xa-i)) : — - dx --=■ 

V 'Jlf* 


P 


R 

,. . . f X a ~ X 7 

--2ie t(l1T sm an dx. 

J 1+x 
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The other two integrals tend to 0. For on T 

z a -i ^ B *- 1 
1+2 ^ R-l’ 


so that 


. 2ttR — 


R-V 


which tends to zero since a < 1 . Similarly 


I", 

J 1+2 1— /) 


which tends to zero since a > 0. The result therefore follows on 
making R -> oo and p -> 0. 

3.124. The above result has an application to the theory of 
the T-function. Putting y = l—x in § 1.86 (4), we have 


I»r(l-x) 


00 

-u 


sin(l— x)tt’ 


T(x)T(l-x)= 

sin xtt 


where 0 < x < 1 . 


3.125. For n = 0, 1, 2,... 


J x n e ~ x * sin a;* dx = 0. 


Putting a; — £ 4 , the integral becomes 


J £ 4rl +3g-/gi 


_/ sin t dt. 


Consider the integral r , 

6 J ztn+W- 1 * dz 

taken along the real axis from 0 to R , then along a quadrant 
of a circle of radius R to the positive imaginary axis, and then 
back to the origin along the imaginary axis. On the arc of 
the circle jgU— i)z j __ g- r cos 0 — r sin 0 

I f Z *n+3 e {i-l)z jj z \ ^ l7rR An+ *e~ R -> 0. 


so that 
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00 00 

Hence J ar 4n+8 eP _1 J* dx — J (ii/) 4n+3 e (t-1 ^ l/ i dy = 0, 

o o 

or, replacing y by x in the last integral, 

00 

J x* n * 3 e- x (e iT —e- ijr ) dx 0, 

0 

and the result follows. 

3.126. If c> 0, then 

c+i<x> 

_L f = Y (a>1)> 

27 ri J z 0 (0<a<l). 

C—iac 

If a>l, i.c. loga>0, we consider the integral round the 
contour consisting of the line from c—iR to c-{-iR, completed 
by a semicircle on the left. If R is sufficiently large, this con- 
tour includes the pole at z = 0, with residue 1 ; and it may be 
proved as in § 3.121 that the integral round the large semi- 
circle tends to zero as R -> o o. 

If a < 1 , we complete the contour by a semicircle on the right. 
There is now no pole in the contour, and the second result 
follows. 


3.127. The T -function integral. Wc have 

J x p -*e~ ax dx — (a > 0, p > 0). 


If we could make the substitution x — it in the integral, we 
should obtain 

aV ’ 


J (it)P-'e.- aU i dt = 


and, multiplying by e~ 3//j7T and separating real and imaginary 
parts, we find 


J 


-j cos . J. r(p) cos . 
t 11 -' . atdt = . ipn. 

aP sin “ 


sm 


a) 


The ordinary rules of integration by substitution, of course, 
do not cover a ‘complex substitution’ of this kind. The process is 
really an application of Cauchy’s theorem. Consider the integral 

J z p - , e~ az dz 
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taken round the contour consisting of the real axis from z = p 
to z = R, the arc of \z \ = R to the imaginary axis, the imaginary 
axis from z — iR to z = ip , and the arc of \z\ — p back to the 
starting-point. By Cauchy’s theorem, the integral round this 
contour is zero. It may be proved as in previous cases that the 
integral along \z\ = p tends to 0 as p -> 0 if p > 0, and that 
along \z | = R tends to 0 as R -> oo if p < 1 . Hence the integral 
along the imaginary axis is minus that along the real axis, and 
on evaluating it we obtain (1) again, for 0<p< 1. 

3 . 128 . Occasionally we use the converse process, and deduce 
the residue from the value of the integral. 

If p is an even positive integer , the residue of tan p ~ 1 ttz at z—\ 
is (-lp/7T. 

The residue is equal to 

. 1 -iR 1+iR iR -iR 

S3 j + / + J+ J *“*~”*' 

-iR 1—iR 1 + tR iR ' 


1+iR iR -iR 

i-f — i- 


and 

1-iR -iR iR 

since tan 77-2 is periodic with period 1. Hence the residue is 
equal to , ,-in 


Now 


1 . j + J jtan^- 1 ^ dz. 


-iR 1+iR 
l e 2iTTX-2ny_l _ 

tan 7 tz = ■?-,». — „ - , — > _ , . 

I e 2i7rx-2rrv_^l _|_ 1 J % 

Hence as R -> oo 

1 -iR 


1+iR 

and the residue is 


| tan 

Jtan^ Z d Z ^-(-jp=(^ 


1 / IX 33-1 1 (- 1 )** 


7Tl \ l 


ni p 


7T 
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3 . 13 . Consider the behaviour of the integral 

00 

f(t) = J e ixt ~ xl sin x* dx 

o " 

us t -> oo. 

It is convenient, for reasons which will appear later, to begin 
by integrating by parts. Integrating the factor e ut , the in- 
tegrated term vanishes at both limits, and we obtain 
00 

f(t) = ~ f e ixl ~ x \cosxl — sin x^)x~' dx. 

U I 


As in previous examples, we replace the circular functions by 
exponentials, and consider, instead of f(t ), the function 

00 

--= { J dx. 

0 

Putting x - u^jly we obtain 

0O 

<f>(t) = H J du. 

0 

Next, turn the line of integration through an angle A, i.e. use 
Cauchy’s theorem as in § 3.126. We obtain 

GO 

0 

r rhis process is valid if the real part of the coefficient of r 4 is 
negative for all values of A through which the line of integration 
turns; i.c. if sin 4A > 0, or A < \tt. 

Actually we take A — Jr r. This has the effect of making the 
term in e~ v * tend to zero as rapidly as possible. It gives 

oO 

$(l) = J e-vt-ii-WH-i dv. 

0 

When t -> oo, this last integral, being uniformly converged, 
tends to the limit 

oo oo 

j" e - ® 4 dv—\ J e~ w w-l dw — |r(J). 

0 0 


Hence 
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00 

Similarly, if i/j(t) = £ J e ixi ~ xi - ix *x-* dx> 

o 

we obtain the same asymptotic formula for \fj(t) as for (f>(t ). 
Hence finally 

f(t) = ! ( 

t I 2 2% j 

A similar process might, of course, have been applied to the 
integral before integrating by parts. The reader may verify that 
it only leads to the result f(t) — o(^" 1 ). 

3.2. Expansion of a meromorphic function. A function 
is said to be meromorphic in a region if it is analytic in the region 
except at a finite number of poles. The expression is used in 
contrast to holomorphic, which is sometimes used instead of 
analytic. 

The simplest meromorphic functions are rational functions. 
We know that a rational function can be expressed in a simple 
way by means of partial fractions; we shall now obtain a 
similar expression for a more general class of meromorphic 
functions. 

Let f(z) be a function whose only singularities, except at 
infinity, are poles. We shall suppose for simplicity that all these 
poles are simple. Let them be a v a 2 ,..., where 

0< [aj < \a 2 \ < \a 3 \ < ..., 

and let the residues at the poles be b v b 2i ... respectively. Sup- 
pose that there is a sequence of closed contours C n , such that 
C n includes a v a 2 ,...,a n , but no other poles; such that the mini- 
mum distance R n of C n from the origin tends to infinity with 
?i, while L n , the length of C n) is 0(R n ); and such that, on C n , 
f{z) = o(R n ). This last condition will be satisfied if, for example, 
f(z) is bounded on the system of contours C n taken as a whole. 
Under these conditions 

m=no)+fb(- 1 -4-i) 

\ z - a n a J 

for all values of z except the poles. 
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To prove this, consider the integral 

J_ f /(w) , 

2t ri Jcv w(w—z) W ' 

where z is a point inside C n . The integrand has poles at the 
points a m , with residues b m /{a m (a m ~z)}; at w = z, with residue 
J\z)lz; and at w— 0, with residue — /(0)/z. In particular cases 
these last two residues may of course vanish. Hence 

J = y b _m /( 0 ) _J(4 

On the other hand 


ifi« 


which tends to 0 as n -> oo, under the conditions stated. 
Hence 


2 Z n -> oo ^ — 2) 

and the result stated follows. 


It is also obvious from the proof that the series converges 
uniformly inside any closed contour such that all the poles are 
outside it. 


3.21. We leave to the reader the modifications which are 
necessary if f(z) has poles of higher order than the first. A more 
important extension can be made to functions which do not 
satisfy the condition f(z) = o(R„) on C n . Suppose now that 
this is not satisfied, but that there is a positive integer p 
such that f(z) = 0(B£), or, more generally, f(z) = o(/?? t +1 ), on 
C tr Consider the integral 


I 


} f fM 

27 ri J Cn w i, [1 (w—z) 


dw. 


The calculations 
w = 0 is now 


proceed as before, except that the residue at 

_u/(o) m, 1 i (i m \ 

p'. r 


The integral again tends to 0 as n -» 00 , and we obtain 


M -m+tfl 0 )+...+ 2 »+ f 4^- 

V ! ( z ~ a n 


Y 
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or 


,, . v/ (2) (°)^ , V I / 1 I 1 , z , , zP \ 

m -h L * + 2/-U, + 5; + ii + '- + «r‘)' 

3.22. Application to trigonometrical functions. Con- 
sider the function 


f(z) = cosec z— l/z (z 7^ 0), /( 0) = 0. 

At the point 2 = mr , where n is any positive or negative integer, 
sin z has a simple zero, so that f(z) has a simple pole. The 
residue is 


( 1 \ £ (— l) n £ 

cosec z — I = lim = lim . 

z) ^_> 0 sin(4+^7T) f-*» sin 4 

But there is no singularity at z — 0, since 


zsinz _ 0 (\z\ 3 ) = „ 

z sin z z 2 +0(|z| 4 ) 


Let C n be the square with comers at the points 


(-*)". 


i^+0 77 '- 

The function l/z is obviously bounded on these squares. To 
prove that cosec z is bounded, consider separately the regions 
(i) V> \n 9 (ii) — ^ ^7r, (iii) y < — \ tt. In the first region 


|cosecz| 



2 


(. ATT g-iTT ’ 


and a similar result holds for the third region. Also |cosecz| is 
evidently bounded on the straight line joining J(l— i)ir to 
i(l +i)7r, and so, since it has the period 7 t, on all the lines 
77, (n-\- \-\-\i) 7 T. Hence cosecz is bounded on the parts 
of C n which lie in (ii), and so on the whole square. 

The theorem of § 3.2 therefore gives 

cosecz — - = V (-l) n / i— -fJ_V 

z \z — mr utt j 

n=-—oo N 

the accent indicating that the term n = 0 is omitted from the 
sum. Since, when we pass from C n _ l to C n > we include the two 
poles ±mr together, we should, in the first place, bracket the 
corresponding residues together in the sum. However, the series 
with n > 0 and n < 0 converge separately, so that the brackets 
may be omitted. 
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If we add together the terms corresponding to the 
expansion takes the form 


cosec s 


z n l TT l —z* 

V - 1 

Examples, (i) Obtain the expansions 

Zrf (W + i) 2 7T 2 — 2“ 


and 


tan 2 — 2z — , 

-Z (W + ^) L 7T 2 — 2 2 
o 


□O 

cotz = - +2s V - 1 . 

z Z_v z 2 —n 2 TT 1 


(ii) Obtain the corresponding expressions for the hyperbolic functions. 

(iii) Prove that 


1 _ 1 _ 1 V 1 

C*-l 2 2 +2z 2Lz % +4\ 


+ 4n 2 7r 2 


QD 

(iv) Prove that cosec 2 2 — > - . 

Z (z-utt) 2 


3.23. Expansion of an integral function as an infinite 
product. An integral function is a function which is analytic 
for all finite values of z. For example, e z , cos z, sinz, are integral 
functions^ An integral function may be regarded as a generaliza- 
tion of a polynomial; and, just as we can extend the partial 
fraction formula to certain meromorphic functions, so we can 
extend the expression of a polynomial as a product of factors 
to certain integral functions. 

Let f(z) be an integral function of z. Suppose that it has 
simple zeros at the points a v a 2 ,... * In the neighbourhood of a n , 

f(z) = (z—a n )g(z) 

where g(z) is analytic and not zero. Hence 
f(z) z—a n ' g(z) 9 

and the last term is analytic at a n . Henc e/'(z)//(z) has a simple 
pole at z = a n9 with residue 1. 
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Suppose now that f'(z)/f(z) is a function of the type considered 
in § 3.2. Then 

/'(z) _/'( 0 ) , v7 1 I 1 

/(z) /(°) ^ \z-«„ a„ 

Integrating from 0 to z along a path not passing through any 
of the poles, we obtain 

l°g/(z)-log/(0) = 3^+ |log( 2 -a„)-log(-a„)H-i-|. 

71 = 1 n 

The values of the logarithms will depend on the path chosen; 
but when we take exponentials all ambiguity disappears, and 
we obtain . , 

/(*)=/( 0)e 17 ( 

For example, the function f(z) — sinz/z satisfies our condition, 
and we obtain the well-known formula 


sinz r~T' / z \ -2- 

= n 

71 = — QO 

°r — — »f[(l-ds*> 

n = l x 1 

Similarly, coar =fj jl- 

71 = 1 

If f(z)/f(z) satisfies the conditions of § 3.21, we obtain for f(z) 
a product formula of the form 


f(z) =/(0)e c i z+ -' K J>+i 2 ’ H1 PJ / 1 — p j e "" +_2 + '" 4 <"»+ 1 > 'V 1 . 

71 = 1 71 

3.3. Summation of certain series. The method of contour 


integration is often effective in summing series of the form 

2f( n ) 

where /(z) is an analytic function of z of a fairly simple kind. 

Let C be a closed contour including the points m, ra+l,...,w, 
and suppose that /(z) is analytic in this contour, except for poles 
at a finite number of points a l5 ...,a fc , say simple poles with 
residues b v ...,b k . Consider the integral 


7rcot7rz/(z) dz. 
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The function 77 cot nz has in C simple poles at z = m, m+ 1,..., n , 
with residue 1 at each pole. Hence 7T cot ttz f(z) has the residues 
Including the residues due to poles of 

f(z), we find that 

j c ncotirzf(z) dz = 2m{f{m)+f(m+l)+...+f(n)+ 

-\-b x TT cot 77% + ... + &J.7T cot 77%}. 

Suppose, for example, that f(z) is a rational function, none 
of whose poles are integers, and which is 0(\z\~ 2 ) at infinity. 
Take the contour C to be the square with corners (n+ \ )(+ 1 +i). 
Then, as in § 3 . 22 , the integral round C tends to zero as n -> oo, 
and we have 

n 

lim ^ f( m ) = — 7r{b 1 cotTra 1 ~{-...-\-b k cot7ra k }. 
n-+cc m-—n 

Similarly, by using 77 cosec ttz instead of tt cot ttz, we can obtain 
expressions for sums of the form 

Consider, for example, the series 


2 


n= — * 


1 

(a+n) 2 ' 


Here f(z) = 1 /(a+2) 2 has a double pole at z = —a. By Taylor’s 
theorem 


cot 772 = COt( — 77fl ) + (ttZ + 77a){ — COSCC 2 ( — 77U)} + . . . , 

so that the residue of cot7rz/(z+a) 2 at z= — a is — 7rcosec 2 770. 


Hence 


2 


1 

(a+n) 2 


: 77 2 cosec 2 7ra. 


3.4. Poles and zeros of a meromorphic function. If f(z) 
is analytic inside and on a closed contour C , apart from a finite 
number of poles , and is not zero on the contour , then 


1 

2771 


rm 

Jc M 


dz = N—P 


where N is the number of zeros inside the contour (a zero of order 
m being counted m times), and P is the number of poles (a pole 
of order m being counted m times). 
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Suppose that z = a is a zero of order m. Then in the neigh- 
bourhood of this point 

f(z) - (z—a) m g(z), 

where g(z) is analytic and not zero. Hence 
/'(z) _ m g'(z) 
f{z) z-a g(z ) ' 


The last term is analytic at z = a, so that/'(z)//(z) has a simple 
pole at z = a with residue m . Hence the sum of the residues at 
the zeros of f(z) is N . 

Similarly the sum of the residues at the poles of /(z) is — P 
(we need merely change the sign of m). 

It may be proved similarly that if (f>(z) is analytic in and on 
C andf(z) has zeros at a v ...,a in and, poles at b v ...,b n , then 


3.41. If Si?) is analytic in C , then the above formula reduces to 

1 ■ f dz = N - 

2w» J c Si?) 

This result can also be expressed in another way. Since 


we have 


! Iog {/(2)} = 


m 

w 


r m 

c f( z ) 


dz = A c log{/(z)}, 


where A c denotes the variation of log(/(z)} round the contour C. 
The value of the logarithm with which we start is clearly 
indifferent. Also 


!°g {/(*)} = log 1 /( 2 ) | +i arg{/(z)}, 
and log | / 1 is one- valued. Hence the formula may be written 


N== 2 ~ A e arg {/(^)}- 


3.42. Rouch&’s theorem. If f(z) and g(z) are analytic inside 
and on a closed contour C } and \g(z)\ < |/(z)| on C\ then f(z) and 
f( z )+9( z ) have the same number of zeros inside C. 

In the first place it is clear that neither /(z) nor f(z)-\-g(z) has 
a zero on C . Hence, if N is the number of zeros of /(z), and 
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N* the number of zeros of f(z)+g(z), 

2t tN =- A 6 ,arg/, 

2ttN' = A c arg(/+g-) = A c arg/+ A c arg| 1 +|j. 

To ])rove that N = N', we have therefore to prove that 
A c arg|l + ^ = 0. 

Since |gr| < \f |, the point w — l-\-g/f is always an interior point 
of the circle in the w’-plane with centre 1 and radius 1; thus, if 
w — pe't, <f> always hes between — 2 ” and \tt\ and therefore 
arg(l +<///) = <f> must return to its original value when z de- 
scribes C — it cannot increase or decrease by a multiple of 27 r. 
This proves the theorem. 

Another proof is as follows. Let <£( 2 ) = g(z)/f(z). Then 

at> = j_ r rw+g'M (h _ 1 c r+ n+w dz 

2iri Jc f(z)+g(z) ~ 2ni J c /(!+<£) 



and the last integral is zero, as we see by expanding in powers 
of <f> and integrating term by term. 

3.43. The following is an example of the type of problem 
which can be solved by means of the above theorems. 

In which quadrants do the roots of the equation 

z 4 H-z 3 +4z 2 +2zf3-:0 

lie? 

The equation has no real roots; for obviously it has no 
positive root: putting z = — x it is 

x A i-x s -\- 4x* 2 — 2x-\- 3 = 0. 

For 0 < x < 1 the first three terms together are positive, and 
so are the last two. For x > 1 the first two terms together are 
positive, and so are the last three. 

Putting z = iy the equation becomes 

y*— hf— 4y 2 +2iy+3 = 0, 

and the real and imaginary parts of this do not vanish together. 
Hence there are no purely imaginary roots. 

Now consider Aarg(z 4 +... ~)-3) taken round the part of the 
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first quadrant bounded by |z| = R, where R is large. The varia- 
tion along the real axis is zero. On the arc of the circle, z = Re id , 
and we have 

Aarg(z 4 -f ...) = Aarg(i? 4 c 4 ^)+Aarg{l + 0(i?- 1 )} 

= 2tt+0(R- 1 ). 

On the imaginary axis we have 

«*<*<+...) - arcten(^;|'-). 

The numerator of the expression in brackets vanishes at y= V2, 
and the denominator at y — V3 and y— 1. Hence the rational 
fraction varies as follows as y varies from oo to 0: 
y = oo V3 V2 1 0 

0, , oo, -f- ,0, , oo, ~j ~ , 0. 

Hence arctan(z 4 +...) decreases by 2n , and therefore the total 
variation of arg(z 4 -f-...) round the quadrant is zero, if R is 
large enough. 

Hence there are no zeros in the first quadrant. 

Since zeros occur in conjugate pairs, it follows that there are 
no zeros in the fourth quadrant , and two in each of the second and 
third quadrants. 

Any algebraic equation may be treated in the same way. 

3.44. The fundamental theorem of algebra. Every poly- 
nomial of degree n has n zeros. 

In the first place, z n has n zeros, all at the origin. Now con- 
sider any polynomial 

a o H" a i z + • • • + a n z1l > 

where a n ^ 0. Let 

f(z) = a n z n , g(z) = a 0 +a l z+ 

and take the contour C of Rouche’s theorem to be a circle with 
centre the origin and radius R > 1 . On C 

l/(z)| = \a n \R n , 

W )\ < Kl + Ki^+---+K-J^^ 

Hence |gr| < |/| on C provided that 

> (l a ol + ***+ i a n-ll)/l a 7J* 

Hence, by Rouche’s theorem, f(z)-\-g{z) has n zeros in a circle 
with centre the origin whose radius R satisfies this condition. 
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The theorem can also be proved as follows. Suppose that the 
above polynomial has no zeros ; then the function 

1 

a 0 +...+a n z" 

is analytic for all values of z, since its only possible singu- 
larities are the zeros of the denominator; and it is bounded as 
|z| -> 00 . Hence, by Liouville’s theorem, it is a constant. Hence 
the polynomial reduces to the single term a 0 . 

This proves only that the polynomial has one zero, and the 
fact that there are n has to be deduced by the familiar process 
of algebra. 


3.45. A theorem of Hurwitz.* Let f n (z) be a sequence of 
functions , each analytic in a region I) bounded, by a simple dosed 
contour , and let f n (z) ->/(z) uniformly in D. Suppose that f(z) is 
not identically zero. Let z 0 be an interior point of D. Then z 0 
is a zero of f(z) if, and only if, it is a limit-point of the set of zeros 
of the functions f n (z), points which are zeros for an infinity of 
values of n being counted as limit-points. 

This easily follows from Rouche’s theorem. We can choose 
p so small that the circle |z— z 0 | = p lies entirely in D, and con- 
tains or has on it no zero of f(z) except possibly the point z 0 
itself. Then |/(z)| has a positive lower bound on the circle, say 
1/(2) I >m> 0. Having fixed p and m, we can choose n 0 so 


large that 


l/»(2)-/(z)| <m (n > n 0 ) 


on the circle. Since f n (z) ~f(z)+{f n (z)—f(z)}, it follows from 
Rouche’s theorem that, for n > n 0 , f n (z) has the same number 
of zeros in the circle as /(z); that is, if z 0 is a zero of /(z), it has 
at least one, and otherwise it has none. This proves the theorem. 

The example f n (z) — e z jn shows that it is necessary to as- 
sume that f(z) is not identically zero. The example in which 
f n (z) = 1 —z n /n, and D is the unit circle, shows that the theorem 
does not apply to points on the boundary of D. For f n (z),-> 1 
uniformly in D and on the boundary, but every point of the 
boundary is a limit-point of zeros of the functions f n (z). 


3.5. The functions | f(z)\, R{f(z)}, I{/(z)}. Let f(z) be a 
function analytic in a given region, and let u(x,y), v(x y y) be its 


* Hurwitz (1). 
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real and imaginary parts. We write 

u j C = 7^u(Xiy)> u y = -?-u(T 3 y), 

and similarly for derivatives of higher order. 

We have already shown that the Cauchy-Ricmann equations 

u x = V u m = ~ V x> 

hold at all points of the region. 

Since f"(z) exists, so do all the partial derivatives of u and v 
of the second order. Hence 


a / , d , . 

Wxx ~ 8x^ h/ Vx ^ ~ U,n1 ’ 

i.e. u satisfies the partial differential equation (Laplace’s equa- 

tion ) , ^ 

Vxx+Uyv = 0 . 

Similarly v satisfies the same equation. 

A function which satisfies this differential equation is called 

a harmonic function or a potential function. The modulus \f(z)\ 

is not in general a harmonic function; but log|/(z)| is, since it 

is the real part of the function log {f(z)}. 


3.51. The loci |/| — const., R{/} --- const., !{/} — const., are 


curves in the z-plane. 

If \f(z)\ — constant throughout a whole region where f(z) is 
analytic , then f(z) ~ constant. 

For if j/(z)| -- c , then 

= c 2 . 


Hence 

uu x +vv x = 0, 
uu y +vv u ^ 0, 
or, by the Cauchy-Riemann equations, 


uu x —vu u 0, 
uu u ~\-vu x ™ 0. 

Eliminating u u we obtain 

(u 2 -\-v 2 )u x = 0. 

Hence u x = 0, and similarly u y , v x , and v y are zero. Hence 
u and v are constants, i.e. f(z) is constant. 

If u = c or v = c the proof (which we leave to the reader) that 
f(z) is a constant is even simpler. 
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3.52, The zeros of f(z) are the intersections of the curves u = 0, 
v = 0. This is obvious. 

At a simple zero, the curves u — 0, v = 0 intersect at right 
angles. This follows at once from the Cauchy-Riemann equa- 
tions; or it may be seen by taking the zero to be at z = 0, and 

Wntmg f(z) = ae ia z+0(\z\ 2 ), 

so that . I /i\ , />/ o\ 

u — ar cos(a+0)-|-0(r 2 ), 

v = ar sin(a+0)-|-O(r 2 ). 


Then the directions of the tangents to u = 0, v — 0, are given 
by 0 = \tt — a, 6 = — a. 

At a point where f(z) is real , and f'(z) = 0, the curve v — 0 has 
a double point. 

For at such a point v = 0, v x = 0, v u = 0, which are the con- 
ditions for a double point. 

The curves |/(z)| = constant are called level curves. 

Example. Prove that, at a double zero, each of the curves u -- 0, 
v — 0, has a double point, and the two curves intersect at an angle | n . 


3.53. A level curve has a double point , if, and only if it passes 
through a zero off'(z). 

The equation of a level curve is 

u*-\-v 2 = c 2 , 

and this has a double point if, and only if, 

uu x +w x = 0, 
uu y - {-vv y = 0. 

Both these conditions are satisfied if f'(z) = 0. Conversely, the 
second equation may be written 

—uv x +vu x = 0, 

and squaring and adding we have 

(u%+v%)(u 2 +v 2 ') = 0. 

Hence u x — 0 and v x = 0 , i.e. f(z) = 0 . 


3.54. The level curves and the zeros of f(z). If C is a 
simple closed level curve , and f(z) is analytic inside and on it, then 
f(z) has at least one zero inside C. 

Let f(z) = u+iv = ce't 
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on C, so that c is a constant. Then 

c — y](u 2 -\-v 2 ) y <f) = arc tan (v/u). 

Let s be the length of C measured from some fixed point on 
it. Then 

sin i si'll si \ i 

(i) 


^ dc l du , dv\ 1 

° = te~X l d8 +V teYc' 

d<f> _ l dv du\ 1 
ds \ ds V ds/c 2 ' 


( 2 ) 


Now d(/>/ds cannot vanish on C. For if it did we should have, 
on squaring and adding the above equations, 

V 2 


i.e. 


Now 


i‘ = 0, ^ = 0. 

ds ds 


du 

ds 


dx 


= U *ds + U ™ 


dy 

'ds’ 


dv dx , dy 
ds =Vx ds +Vv ds~ 


dx , dy 


»ds 


ds’ 


so that, squaring and adding, 


(u$+ul) 



--- 0. 


The last factor is 1, so that u x = 0, u y = 0, i.e. f(z) = 0. This 
is impossible on a level curve without double points. 

It follows that d<f>/ds has the same sign at all points of C, 
i.e. that (f> increases or decreases steadily round the contour. 
Hence its variation round the contour is not zero. 

But the variation of <f> round the contour is equal to 2n 
multiplied by the number of zeros inside C. Hence there is at 
least one such zero. 


3.55. If f(z) has n zeros inside C , then f(z) has n—1 zeros 
inside C . 


Let 

on C. Then 

Hence 


f(z) = ce 1 * 
f'(z) = 

(IZ 

ar g{/'(*)} = const. +^+arg^. 
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Hence, if A c denotes variation round C , 

A c arg ;{/'(*)} = A c arg{/( 2 )}+A c argg. 

Let n' be the number of zeros of f(z). Then 


27 m' = 27m+A c arg-^. (1) 

dz 

Now d+ d±ds 

dz dsdz 

and, as we have already seen, d<f>/ds is real and of constant sign 

on C. Hence 7 . , 

* d<p A ds 
4 0 »rg ^ - A 0 .rg-, 

*1 dz dx t .du , , ■ • # „•/ 

Also —- = — +i-f- = cos ib+i&mw — e ll e, 

ds ds ds 

where *p is the angle the tangent to C makes with the x-axis. 
Hence 

so that on dividing (1) by 27r we obtain n* — n— 1, the required 
result. 


3.56. The following theorem sometimes gives useful informa- 
tion about the zeros of a function.* 

Let C be a simple closed contour , inside and on which f(z) is 
analytic. Then if R{/(z)} vanishes at 2k distinct points on C,f(z ) 
has at most k zeros inside C. 

If f(z)~u-\-iv, the number n of zeros of f(z) inside C is 
given by 

n — 

Starting at a point where w ^ 0, we may take the initial value 
of arctan^/w) to lie between —in and in. We can only pass 
out of this range, say to (i7r, *n), if u vanishes, and only pass 
on to (In, In), if u vanishes again. Thus, if u vanishes twice 
on C, A c (arc tanv/w) is at most equal to 27r, and n is at most 
equal to 1. The general result obviously follows from the same 
argument. 



See, for example, Backlund (1). 
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3.6. Poisson’s integral formula. Let f(z) be analytic in a 
region including the circle \z\ < R, and let u(r, 6) be its real part . 
Then for 0 ^r<R 

0 

There is a similar formula for the imaginary part v(r, 6 ) of f(z). 

These formulae are analogous to Cauchy’s formula giving the 
value of f(z) at any point inside a contour in terms of its values 
on the contour. They cannot, however, be obtained merely by 
separating Cauchy’s formula into real and imaginary parts. 

We shall give two proofs. 

First Proof. We can suppose without loss of generality that 
f(z) = ^ a n zn > where all the coefficients a n are real. For, in the 
general case, a n = a n +ifi n , and 

/(z) = 2 “»«"+* 2 PnZ n =/i(z)+i/ 2 (z), 
so that R(/) = R(A)— 1(A)- 


Also, since |a„| < |a B |, \p n \ < |aj, /, and f 2 are analytic for 
\z\ < R. Hence the general result follows from the special case. 
In the special case, if f(re iQ ) ~ u-\- iv, then f(re~ i0 ) — u—iv. 
Let z x be a point on the circle \z\ = R, and let f(z x ) = u x -{-iv v 
Then, by Cauchy’s formula, 


,, , iv _ 1 f *»+*»! d 1 f (Ut+ivJRe** d<f> 

U+W ~2ni J * Zl 2tt J Re’^—re’^ 


Since the point R 2 /z is outside the circle, we have 

2 77 

0— 1 f u i+ iv i d „ _ 1 f (u^iv^Re^ d<f> 

2 nij z 1 —R 2 fz 1 2nJ Re^-R^-'e*’ 

0 

Replacing <f> by —<f>, and so iv x by —iv v we obtain 


2n 

1 f (u^ivJRe-W d(f> __ q 

2n J HP *—. ’ 

0 

2t r 

1 C {u x —ivy)re id d(f> __ ^ 

2t r J re^— Re 1 '^ 


or 
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Subtracting this formula from the previous one, we obtain 

2 7T 

, . Iff Re^+re 19 , . \ , , 

= — J + «*. 

0 

and now, taking real parts, the result follows. 

Second Proof. Let 

f(z ) = jf («u+*A,)r' l c i “* (r < R). 

Then, as in § 2.53, 

27 r 27T 

^(B, (j >) cos n<f> d<f) y /?„B" — — - J w(B, <£)sin n$ d(f > , 

o 0 

2rr 

for w > 0, while a 0 ---= — w(B 3 <£) dxf>. 

2n J 
o 

Hence 

no 

w(r , 0) — ^ (^„ cos ?i0 — sin nO)r a 

n = 0 

27T 

27t / <£) + 

0 

no 2l7T 

1 r11 C 

+ - ^ — I w(B, (f>)(cos nO cos n<f> + sinn0sin7i</>) d<f> 

77 n = i o 
2tt 

the inversion being justified by uniform convergence. The 
result now follows on summing the series in brackets. 


3.61. Jensen’s theorem. Let f(z) be analytic for |z|<B. 
Suppose that f( 0) is not zero, and let r v r 2 ,..., r, p ... be the moduli of 
the zeros of f(z) in the circle \z\ < B, arranged as a non-decreasing 
sequence. Then , if r n ^ir ^ r u+1 . 

log ^}/(0M = 1 f log|/(rc l '9)| dfl. (1) 

r l r 2- r n 277 J 
0 

Here a zero of order p is counted p times. The interest of 
this formula is that it connects the modulus of the function 
with the moduli of the zeros. 
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It can be put in another form, in some ways more useful. 
Let n(x) denote the number of zeros of f(z) for \z\ Then, 
if r n < r < r, l+1 , 


nlogr— 2 l°g r „ 

m—1 


= 2 m ( lo S r m+i~ logr m )+n(logr- log r n ) 

in - 1 




Now m — - w(.r) for r m ^ x <C r ni fl , n — ??,(*) for r /t < # < r. Hence 
the right-hand side is equal to 


and Jensen's formula takes the form 

r Hr r 

J “T j lo s | /( rc ' /y ) i (l ° - lo gl/(°)l- 

0 0 

We shall give two proofs of the theorem. 

First Proof. If f(z) has no zero on \z\ — r, then 

n(r) -- — P^~ld2 = — (X ( --'2 rc'° dO. 

1 m J f(z) 2t r J j(re' ' 


Jensen’s formula is obtained formally by dividing by r, integrat- 
ing with respect to r, and taking real parts. This process is not 
obviously valid, owing to the infinities of the integrand. We 
therefore adopt a slightly different method. 

In an interval between the moduli r n , r nn , of two zeros, each 
side of Jensen’s formula has a continuous derivative; the 
derivative of the left-hand side is njr , and that of the right-hand 
side is 

L’7 T '±77 

Tr f l °g l/( re ' 3 ) I) d0 4^ [ ^{log/(rc' fl )-hlog/(re- ,0 )}rf0 


= ± f i fWh iO . r(re- e ) „ 1 
4 ?r J {f(re'°) J(rt s tfl ) I 


R f> 1 ' "f ir^ ei ° de \’ 

|2ttJ j(re L °) 


0 
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which is also equal to njr y by (3). Hence the two derivatives 
are equal in any such interval. Hence the two sides of Jensen’s 
formula differ by a constant in any such interval. 

Secondly, the two sides are obviously equal when r = 0. 

Hence it is sufficient to prove that each side is continuous 
when r passes through a value r n . 

This is obvious in the case of the left-hand side. For the 
right-hand side, it will be sufficient to suppose that there is one 
zero of modulus r n , and that its amplitude is zero. Then 

l°g|/(re^)| = log l——e i6 +<p(r,6), 

r n 

where ip is continuous in the neighbourhood of r = r w . Hence 
it is sufficient to show that the integral 



8 I 5 

log 1 1 — — e ie d0 \ < 

! T n | 

8 

<|(^ + |log|0||)^<JSlogi. 

We can choose 8 so that this is arbitrarily small, for all values 
of r in the neighbourhood of r ir Having fixed 8, the remainder 
of the integral is evidently continuous. Hence the whole integral 
is continuous. 

Second Proof. We obtain the result in a number of stages, 
(i) If f(z) has no zeros for \z\ < r, then log/(z) is analytic for 
\z\^r, and 2n 

log/(0) = - — J — dz = | log{/(re ,e )} dd, 

ls|=r 0 

and, taking real parts, we have the result. 
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(ii) If = Tje' 9 ', 0 < fj < r, we have 


J log(l-MWj)^ = 0 


M-l/r 


by Cauchy’s theorem, the logarithm having its principal value. 
Hence, with suitable determinations of the logarithms, 


J, f iog(i — J_ f ,o g (-U 

2m J \ waj w 2m J \ waj 


M-l/r 


M-l/r 


1 ] 

idw 

wa Y ) 

' w 


-iargw-27r 

Jargiv^O 


- l< *(-s;)--Js' log '“’£ 

= log ( _ ^) _ iS'( log ; +2 ’' i ) ,+ Js log ’;- 


Taking real parts, 


2 IT 

— f log 1 — — e H0 ' ~ B> 
277 J 6 r, 


dd = log — . 


This is Jensen’s formula for 




(iii) The above result may be extended to the case r = ?’* by 
applying Cauchy’s theorem to the circle \w\ = 1 jr with a small 
circular indentation so that the point w = 1/aj is excluded. The 
integral round the indentation tends to 0 with the radius, and 
the proof concludes as before. 


(iv) In the general case 

where <f>(z) is not zero for \z\ < r n41 , and <f>(0) = /( 0). The general 
result then follows by addition of the previous ones. 


The theorem may be extended at once to a function which 
has poles as well as zeros. Let f(z) satisfy the same conditions 
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as before, but now let it have zeros a v ... ) a m and poles b v ...,b n 
with moduli not exceeding r. Then 


2n 



log/ = 

l a l- a m 1 I 

= ^ j log|/(re iS )| 

0 

(4) 

For if 

/( 2 ) = ^)/(i-0.. 

(l -Q=g(z)/h(z), 




277 


we have 

6 I«1-«»I 2 ” 

J log\g(re’ e )\ d8 

0 




277 


and 

. r n 1 

,0g \b v ..bj ~ 2n , 

J log|^(re 70 )| 



0 


The result therefore follows on subtracting. 


3.62. The Poisson -Jensen formula. Let f(z) have zeros 
at the points a v a 2 ,..., a m , and poles at b v b n , inside the circle 
| z | < if, and be analytic elsewhere inside a,nd on the circle. Then 


log I fire 1 ' 0 ) I = — f - R 2 — rZ 

gl J{ )l 27 tJ R 2 —2Rr cos(0— 


\°g\f(Re^)\d(f> — 


pi 


R 2 —a f j-e iB 

R(re a —aJ 


n 

+2 log 


V=1 


R 2 — b v re i& 

R(re id —b v ) 


This contains both Poisson’s formula and Jensen’s formula 
as particular cases. If there are no zeros or poles, it reduces to 
Poisson’s formula for the real part of the function log/(z). On 
the other hand, if r = 0, we obtain the general Jensen formula 


27 r 

\og\m\ =i- J io g |/(i^)i d<t> -log 


b-J)2>->b n 

a l a 2 ...a m 


\ R m-n 


(i) Let f(z) = z—a y where \a\ < R. Then we have to prove.that 

277 

I /• P2 r 2 

log|re“-o| - - J “ 

R 2 —dre i6 


— log 


R{re i9 —a) 
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log 


R- 


R 


271 


R 2 - 


R 2 — 2 Rrcos(d— </>)-{- r 2 


log\Re i( t > — a\ d</>. 


But this is equivalent to Poisson’s formula for the real part of 
the function , _ . 


which is analytic for |z| < R. 

(ii) Similarly, if f(z) = 1 /(z—b), the formula is equivalent to 
Poisson’s formula for the real part of 


log 



(iii) If /(z) is analytic and has no zeros or poles in \z\ ^ R, the 
formula is Poisson’s formula for the real part of log/(z). 

The general case can now be obtained by addition of these 
particular cases. 

3.7. In all the above theorems the region considered is a 
circle. We shall conclude the chapter by proving two theorems 
of the same general type as Jensen’s theorem, but applying to 
a half-plane and a rectangle respectively. 

Carleman’s theorem.* Let /(z) be analytic for |z|>p, 
— \tt ^ argz <C t, and suppose that it has the zeros r x e 1 ® 1 , r 2 e i0 2 ,..., 
r n e x ® n inside the contour consisting of the semicircles |z|=p, 
■ \z\ — R, — \tt ^ argz ^ and the parts of the imaginary axis 
joining them , and that it has no zeros on the contour. Then 


Tl * " 

2 (r _ i) cos ^ = i J l °g\f( Rei8 ')\ cosd de + 

1 — i7T 

R 

+ 7 ^ J {~s--^^og\f(iy)f(-iy)\ dy+0( 1), 

P 

where 0(1) denotes a function of p and R which , for fixed p, is 
bounded as R -> oo. 

Consider the integral 


/= ^ij iog/w (?+i)' fe 


* Carleman (1). 
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taken round the contour in the positive direction, starting from 
the point z = ip with a fixed determination of the logarithm. 
The integral along the small semicircle is bounded. On the 
negative imaginary axis z = — iy, and we obtain 

P 

On the large semicircle, z = Re id , and we obtain 

-Itt 

in 

= ttR J” l°E{J(R ei0 )} cos 0 do. 

-i n 

The integral along the positive imaginary axis gives 

R 

9 

and, taking the real part of 7, we obtain the right-hand side 
of Carleman’s formula. 

Again, integrating by parts, we have 

As we describe the contour, log f(z) increases by 2mn. The 
integrated term is therefore purely imaginary. By the theorem 
of residues, the last integral is equal to 

1 r v e? e *\ 

r v e«* R 2 y 

and, taking real parts, the theorem follows. 

The result is easily extended to the case where f(z) has zeros 
on the imaginary axis; we make small indentations round these 
zeros, and proceed to the limit. 

3.71. Let f(z) be analytic and bounded far x ^ 0, and, let its 
zeros in the right half -plane be r 2 e ie *, . . . . Then the series 




is convergent . 
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Under the conditions stated, the right-hand side of Carle- 
man’s formula is bounded above, say < M . Hence 


S(rrfe) 


cos 8 V < M 


for all values of R. Every term on the left is positive, and, if 
r„ < Ji?, 1 r 3 


v - > . 

R 2 4 


Hence 


^ cos 


r v <\R 


cos 0„ \M 

<_ 3~’ 


and the result follows. 

It is easily seen that the theorem remains true if, instead of 
f(z) = 0(1), we suppose that f(z) = 0(e |sl “), where a < 1. But if 
a = 1 the theorem fails, as the example f(z) = cos 2 shows. 


3.72. The above theorem may be used to prove the following 
result. 

Letf(z) be analytic for x^O, and of the form 0(e~ alz ') as z ^ cc, 
wherea > 0, uniformly for |argz| < \tt. Thenf(z) — 0 identically . 

For consider the function F(z) = /(z)sin6z , where 0 < b < a. 
Here F(z) is analytic and bounded for x ^ 0; it has zeros at the 
points z = nrr/b , and 2 b/mr is divergent. This is inconsistent 
with the result of the previous section, unless F(z) is identically 
zero. Hence F(z) = 0 , and so f(z) — 0 . 

A more complete form of this result will be obtained in 
§ 5.8. 


3.8. A theorem of Little wood.* Let C denote the rect- 
angle bounded by the lines x — x v x — x z , y = y lf y = y 2 , where 
x x < x 2 , yi < y 2 ■ Let /(z) be analytic and not zero on C, and 
meromorphic inside it. Let F(z) = log/(z), the logarithm being 
defined as follows: we start with a particular determination on 
x = x 2i and obtain the value at other points by continuous 
variation along y = constant from log (x 2 -\~iy). If, however, this 
path would cross a zero or pole of /(z), we take F(z) to be 
F(z±iQ) according as we approach the path from above or 
below. 


Littlewood (4). 
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Let v(x') denote the excess of the number of zeros of f(z) over the 
number of poles in the part of the rectangle where x > x'. Then 


“'I 

J^.F(z) dz = —2ni j v(x) dx. 


Consider first the function f(z) = z—a , where a = a+ij8 is a 
point of the rectangle. Let C' be the contour obtained by 
describing C in the positive direction from (x 2 ,y Y ) as far as 
(x v f}) 9 then the straight line y = [ 3 as far as a— e-H/J, then a 
circle of radius e about z — a described in the negative direc- 
tion, and then returning along y — \ 8 and the rest of C to the 
starting-point. Then F(z) is analytic in C so that 

F(z) dz — 0. 

The integral round the small circle tends to zero with the 
radius, and it follows that 

l c F(z)dz=-]{FM-r&)}d*, 

where F Y and F 2 are the values of F on the two paths joining 
to a+i/?. Since we obtain F 2 from F x by passing in the 
negative direction round a simple zero of f(z) at z — a, we have 

F 2 (z) = F l (z)—2'jri. 

Hence „ 

j\F(z) dz — — 27 n J dx = —27 n J v(x) dx , 

Xi X x 

where v(x) — 1 (x 2 < x < a), 0 (a < x < x 2 ), i.e. v(x) is the 
v-t unction for the case considered. 

The general theorem now easily follows by addition of terms 
corresponding to the various poles and zeros of /(z). 


MISCELLANEOUS EXAMPLES 


1. Evaluate the integrals 


QO 90 30 

f dx f x 2 dx C dx 

J cr 4 -f- 1 * J x 4 4 1 ’ J .t* f 1 


by contour integration. 
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2. Evaluate the integrals 


00 

00 

00 

00 

r c ° sir dx 

f cosrr , 

■ dx. 


f 

J a 2 +x 2 * 

J (a ! +* ! ) ! 

J 

J 

0 

0 

0 

0 


by contour integration. 

3. Prove that, if c > 0, 

C+iao 


_l r “'dj= iogo 

2m J z 2 0 


(«> 1), 

(0 < a < 1). 


4. Prove that the integral 


l 


dz 


1 V(4z 2 +4z + 3) 

taken round the unit circle, starting with the positive value of tho 
square root at z = 1, is equal to in. 

5. By integrating log 2 z/(l-[-z 2 ) round the usual semi-circular contour, 
prove that 

1+Z 2 8 


00 

Ji 


6. By evaluating the integral 


JLf 

2m J \ 


dz 


(z — a)\z—\/a) 
round the unit circle, prove that, if 0 < a < 1, 

27 T 

dO 2n 


I 


1-f a 2 — 2a cos 5 1— a 2 


What is the value of tho integral if a > 1 ? 

7. Prove that, if b > a > — 1, 

f aP tnin irT(a + \) 

J 2 ^ i r(Ja+|h-f l)P(la-i 6 +l) 

o 

[Take the integral f (z-f 1 /z)^ -1 dz round the right-hand half of the unit 
circle.] 

8. By integrating 


f zd2 L 

J a ~ c ' ir 


round the rectangle with corners at — n, n, n -f- in, —n -fin, and making 
n — > oc, show that 


7T 

/ 


x sin x dx _n 
1-f a 2 — 2acosa: a 


log(l 4- a) (0 < a < 1), -log^-i? (a > 1). 


[Lindelof, Calcul des Rfatidus, pp. 48-9.] 
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9. Show that the function f(x) = sech{Xy/(ln)} satisfies the equation 


/M- 


f(x)cosxt dx. 


[Take the integral J cos tz sech az dz round the rectangle with corners 
at ^n, ±n-\-in/a, and make n—> x>.] 

10. Show that tho function 

/(•»•) - 1 ! — 

Xs j{2ir) 

satisfies tho oquation 


m 


f{x)sinxl dx. 


[Take the integral 


r s,nzi ,h, 

j 1 


whero a > 0, round the rectangle with corners at 0, n, n-\-2inja, 2k r/a, 
and make n — - x .] 

11. Drove that, if 0 < a 1 and 0 < c 1, 

e4 /*> 

dz 1 


f -i 

27r? J a z si 


S1I17TZ 7f( 1 I c/ ) 

12. Prove that if a > 0, — \tt < a\ < \n, 

00 

f c -r®cosaA°P s ( r o B i lia ^) dr - OOS (A) 1 T (-) . 

J Bin' sin a \a/ 

o 

1 3. Sum the series 

ac oo 

n -1 v 1 

14. Prove that if — n < a < n, and x is not an integer, 

on 

2 . nsinna . sin ax 
(-1)" . =i ir-r--. 

.r-'—n- smnx 


15. Provo that* 


coth n cotli27r coth37r 
l 7 ~ h 2 7 + 3 7 


19tt 7 

56700* 


16. Prove that 


1 _ _ 1 37t :i 

2-i n :j sin nn\2 360 v'2 


[Hardy. Consider the integral 

* Ramanujan ; soo Watson (1). 
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J if 1 dz 

27T?' I sin7rzsin07rz z 3 


where 0 = V2 — 1. The series is convergent; for if m is the nearest 
integer to nV2, 

i /o i |2n 2 — m 2 | 1 A 

nv2-f m n\2-\-m n 

and hence cosec »7rV2 = O(n).] 

oo 

17. Show that if /(z) = 2 a nt zn } 1 (M > 0), C is a closed contour 
n=0 

including the origin, and 0(z) is regular in a sufficiently wide region, 
then - 

1 . I f(w)<f>(z-w) dw =a„<t>(z)-a^’(z)\ ^<j>"{z)- ... . 
mjc 2! 


2tt i 

18. Prove that 

e os_ c bi _ ( a — b)ze,l {a+b)t 


n 


1 + 


(a—b)-z- 
4 n a Tr 2 


19. Show that, however small p is, all the zeros of the function 


1 + -4 


1 


-»■ + 


lie in the circle |z| ^ p, if n is sufficiently large. 

20. If a > c, the equation c* — az H has n roots inside the unit circle. 
[Take f(z) — az n , g{z) — c z , in liouche’s theorem.] 

21. Show that, if a and are real, the equation 

z 2n -f-a 2 z 2n_1 +/? 2 — 0 

has n— 1 roots with positive real parts if n is odd, and n roots with 
positive real parts if n is even. 

22. Prove that, if a. is not an even integer, 

r(o:-|- 1 )sin \ttol 
t<*' 1 


Jo- 


cos xt dx * 


as t -> oc through real values.* 

23. If f(z) -- u-\-iv is an analytic function of z — x-\-iy , and 0 is any 
function of x and y with differential coefficients of the first two orders, 

[See Hardy (6), p. 270.] 


Polya (1). 
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24. If ](z) — u+w is an analytic function of 2 - x-\-iy, show that 

and that (— 2 -f \u\” -- p(p- l)|tt|' , ~ 2 |/'(z)|-. 

25. Let <^(£) be a real integrable function in the interval (a, 6), and let 

b 

f(z) - J *#t) dt 

a 

have zeros at the points r x d\ r 2 e Wi Then the series 



is absolutely convergent. 

[The function c- 6z J(z) is bounded for x > 0, and c a: f(z) is bounded 
for x v. 0.] 



CHAPTER IV 


ANALYTIC CONTINUATION 

4.1 . General theory. It is natural to think of the aggregate 
of all values of z 2 , say, or logs, for all values of 2 , as a single 
entity, and each such aggregate we describe as an analytic func- 
tion. We have, however, not yet encountered the general idea 
of an analytic function as a whole. What we have always been 
concerned with is the idea of a function associated with a region, 
and defined in that region by a formula. Thus 



1 +Z+Z*+... (|z|< 1) 

(1) 

and 

ao 

j e -ta- 2 ) ( n (R(z)<l) 

(2) 


0 


appear as different functions, whose values happen to be the 
same for certain values of 2 . But it is obviously more natural 
to regard (1) as a part of (2), and (2) as part of the function 
defined for all values of 2 other than 1 as 1/(1— 2 ). 

This particular function is one-valued, i.e. has just one value 
for each value of 2 (except 2 — 1 ). But it is also natural to regard 
the two values of Vz as parts of the same function, and our 
definition must include cases of this kind also. 

To connect these new ideas with our previous theory, we 
require a process by which we can extend the definition of a 
function beyond a limited region in which it is originally defined. 
This process is called analytic continuation. It is characteristic 
of analytic functions of a complex variable, and has no counter- 
part in the theory of functions of a real variable. 

4.11. Analytic continuation. Suppose that f\(z) and f 2 (z) 
are functions analytic in regions'/), and 1) 2 respectively, and 
that D 1 and I) 2 have a common part, throughout which 
f^z) — f 2 (z). Then we consider the aggregate of values of f^z) 
and f 2 (z) at points interior to D x or I) 2 as a single analytic func- 
tion /(2 ). Thus f(z) is analytic in D =- D 1 -\-D 2 , and f(z) -—f^z) 
in D v f(z) =/ 2 (z) in IJ 2 . 

The function f 2 (z) may be considered as extending the domain 
in which /,(z) is defined, and it is called an analytic continuation 
of Of course in the same way f x (z) is an analytic continua- 
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tion of f 2 (z). This process of extending the definition of a given 
function is known as analytic continuation. 

For the process to have any value it is necessary that it 
should, under suitable conditions, give a unique result, and we 
shall show that this is so. Before giving the proof it may be 
interesting to note the difficulties which we encounter if we try 
to define a similar process for functions of a real variable. 

It would be natural to suggest that if, say, f(x) = 1 {tt—x) for 
0 < x < 77, then we should extend the definition of f(x) to other 
values of x by using the same formula. The difficulty is that 
two formulae ma}' represent the same function in one interval, 
but different functions in another interval, and there may be 
no obvious way of deciding which is the ‘proper’ formula. For 
example, the above function is also represented by the series 


sin# 

F 


+ 


sin 2x 

FF 


+- 


for 0 < x < 7r; but if wc define the function as the sum of this 
series, we find that its value in the interval (— tt, 0) is — J(7r-f F 
This series is not uniformly convergent, but even if we restrict 
ourselves to uniformly convergent series, the same sort of thing 
happens. For example, the series 


#sinx xsin2.r 

- , + — 2 - 


is uniformly convergent in an interval including rr — O; yet if 
we use it to continue its sum from positive to negative values 
of x, we obtain the undesirable conclusion that the continuation 
of x) is — ix(7T-f-a'). 


4.12. Uniqueness of analytic continuation. Suppose that 
we have a region I ) , overlapped by regions D 1 and 1 ) 2 < which 
have a common part Z) 3 , itself overlapping D. Let f(z) be 
analytic in and let f x (z) be a continuation of f(z) to D v and 
f 2 (z) a continuation of f(z) to 1J 2 . Then either of these functions 
provides a continuation of f(z) to D 3 . To show that the results 
of the two processes of continuation are the same, we have to 
show that fi(z)^~f 2 (z) throughout D 3 . This follows from the 
theorem of § 2.6, which itself depends on the fact that an 
analytic function can be expressed as a power series. The func- 
ti° n j\( z )— hi z ) is analytic throughout it is zero in the part 
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of Z> 3 which overlaps D, since there j\(z) — f 2 (z) ~f(z). Hence 

it is zero throughout D z . 

The proof depends on the existence of a region common to 
D and D 3 , and if there is no such region, the result no longer 
necessarily holds. We may now have /i(z)“/(z) in DD V 
f 2 (z) =~-f{z) in DD 2l but f^z) =£ f 2 (z) in Z) 3 . This does not con- 
tradict the principle of uniqueness, since it only applies to 
regions throughout which the function is analytic; and now I), 
D v and D 2 may surround, without including, a point where the 
function is not analytic.* 

4.13. In the second case considered above, where f x (z) f 2 (z ) 
in I) 3 , we still consider the aggregate of values of f^z) and f 2 (z) 
as a single analytic function of z, but now the function is not 
one-valued, and in fact is at least two-valued in I) 3 . In the 
same way, different methods of continuation may lead to many 
different results, and the function is then many-valued. 

The reader of Hardy's Pure Mathematics is already familiar 
with the different values taken b> the function logs (though, of 
course, there even the idea of a function analytic at a point does 
not appear). The properties of some other many-valued func- 
tions, such as z n = e aU '* z , may be derived from those of log z. 

4.14. Definition of an analytic function as a whole. An 

analytic function is usually defined originally in some restricted 
region of the plane. The principle of continuation enables us to 
define an analytic function, without reference to any particular 
region in which it is defined. It consists of the original function, 
and all continuations thereof, and all continuations of these 
continuations, and so on. In this way we may succeed in de- 
fining the function j\z) for all values of z , or everywhere except 
at certain special points; or only in some restricted region of 
the plane beyond which we are unable to pass. Jn the last 
case the region is referred to as the region of existence of the 
function, and its boundary as a natural boundary of the func- 
tion. In the case of many -valued functions we shall obtain 
many values of the function for some or all values of z. 

* This case may be illustrated by a figure in which the regions D, D v and 
D 2 are circles with centres at the vertices of an equilateral triangle, and each 
radius just exceeds half tho side of the triangle. The function may not be 
analytic at the centre of the triangle. 
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The definition depends prima facie on the particular defini- 
tion of the function from which we start. Since, however, the 
relation between two functions which are continuations of each 
other is reciprocal, all these processes may be reversed; and it 
will appear from the general theory that the definition is really 
independent of any particular starting-point. 

4.15. Thestandard method of continuation. The standard 
method of continuation is the method of power series. Suppose 
that we start with the series 


/(*)- 2 «„(=--«)" 

n o 

convergent in a circle \z—a\ c R. Taking any point b in this 
circle 4 other than a , we calculate the value of the function f(b) 

and the derivatives f(b),f"(b) and so obtain the expansion 

ol‘ the function in powers of z- b. This series will certainly con- 
verge in any circle, centre b which Yic< in the original circle, 
and it may converge in a larger circle, and so provide an 
analytic continuation of the function. So the whole function 
may be constructed by means of power scries. Kaeh of the 
power series, or, what comes to the same thing, each set of 
values /(a), /'(</), is called an element of the function. 

The adoption of this particular method as a standard is justi- 
fied by the following theorem: All values of the function obtained 
by any method of continuation can also be obtained by means of 
power series. 

Let C be a contour joining two points z ~ a and 2 — b , along 
which w t c have continued the function f(z) by any means; that 
is, we have a sequence of formulae which define f(z) in a sequence 
of regions J) ir such that (i) every point of C is an interior point 
of one or more l) fl ' s, and (ii) consecutive l ) n ' s overlap, and the 
different definitions of f(z) agree in the common parts. 

We now attempt to carry out the same process by means of 
power series; i.e. we try to find a sequence of points z l /z 2 .... 
on C such that the circle of convergence about each of them 
includes the next, such that the values found from the power 
Beries are the same as those found in the other way, and such 
that we reach b in this way in a finite number of steps. 

With each point z on C is associated a positive radius of 
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convergence p, and p is a continuous function of z. For take two 
neighbouring points z, z+h , and let p and p be the corresponding 
radii of convergence. Let |// | <p. Since f(z) is regular in the 
circle with centre z+h and radius p—\h\, it follows from the 
Cauchy -Taylor theorem that 

p’>p-\h\. (1) 

If \h\ < p we can use the same argument with 2 and z+h 
interchanged, so that . , 17 . 

p>p—\n\, 

i.c. p'< P +\h\. (2) 

Since the alternative to \h\ < p' is p + |A|, (2) holds in any 
case. But (1) and (2) together show that p -> p as h -> 0, which 
is what is required. 

Since p is continuous it attains its lower bound, and so, since 
it is always positive, its lower bound is positive. Let the lower 
bound be 8. 

We now start at z—c with a power series. Let be the 
point at distance IS along the contour. It lies inside the circle 
of convergence about a, so that w r e can expand in powers of 
z—z v The new' radius of convergence is at least 8, so that we 
can go on to the point z 2 distant 8 from a along the curve. 
Proceeding in this way w e plainly r^ach z ~ b in a finite number 
of steps. The fact that we obtain the same value at b in this 
way as in the other way follows from the general uniqueness 
theorem. 

4.16. Branches of a many-valued function. We have 
defined an analytic function as the aggregate of all values which 
can be obtained by continuation from any element of the func- 
tion. In general the function will be many -valued, i.e. starting 
from z 0 , say, we can, by taking suitable paths, arrive at z x with 
many different values of f(z x ). We may, however, make this 
impossible by restricting ourselves to the interior of some parti- 
cular region. We then say that there is a branch of the function 
in this region. Consider, for example, the function Vz. The 
system of values defined by Vre i,6/ (— tt < 0 < n) is a branch in 
the plane cut along the negative real axis from the origin to 
infinity; and the system — \!rc*' e is another branch in the same 
region. Similarly the function log z has in this region an infinity 
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of branches defined by 

\ogr-\-i(d-\-2mr) ( — tt < 6 < 7r), 

every integer n giving a branch. 

It should be understood that there is no unique way of 
dividing up a function into branches; for example, we might, 
in the above cases, cut the plane along any other line from the 
origin to infinity. But, however we do it, we obtain a definite 
number of branches, e.g. Vz has two. The question of the 
number of branches will be considered again later. 

4.2. Singularities of an analytic function. The only 
singularities which we have so far defined are isolated singu- 
larities of functions analytic and one- valued in a given region, 
or limit-points of such singularities. These were classified as 
poles and essential singularities. This classification now proves 
to be inadequate. 

We shall now say that a one-valued analytic function is 
regular at any point which is interior to one of the circles used 
in continuation from the original element; and that it is singular 
at any limit-point of regular points which is not a regular point. 
A point where the function is singular is called a singular point 
or singularity. This definition includes the poles and essential 
singularities which we considered before; but there may also be 
singularities which are not isolated. In § 4.7 we shall construct 
functions for which every point of the unit circle is singular. 
A point of this kind is usually called an essential singularity also. 

The expression ‘regular’, as we have used it here, means more 
than ‘analytic'. A function may be analytic at a point, in 
accordance with the definition of § 2.14, without being regular 
there ; for example, let f(z) = e~ l,z for — \tt < argz < \n, \z\ > 0, 
and let f(z) = 0 elsewhere. It is easily seen that this function 
is analytic at z — 0, and /'( 0) — 0. Consider, however, the con- 
tour consisting of the triangle with vertices at 0 and 1 ± li. The 
function is analytic everywhere inside and on the contour, but 
it is evidently not regular at z — 0 . The distinction is, however, 
not very important, since it has to be made only for somewhat 
artificial functions like the one considered. 

In the theory of many-valued functions we have another kind 
of singularity, known as a branch-point. Suppose that, on con- 
tinuing the function f(z) round any sufficiently small circle with 
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centre z 0 , we return to the starting-point with a value of the 
function different from the one with which we started. Then 
z 0 is said to be a branch-point of f(z). For example, if we con- 
tinue \'z — \ ! re- ,e round the circle of centre 0 and radius r from 
6 — 0 to 6 — 2tt, the value of the function changes from vr to 
— vr. Hence z — 0 is a branch-point of \z. Similarly it is a 
branch-point of 1 j\!z and log:;. 

Notice that a branch-point is not necessarily an ‘infinity’ of 
the function. 

A branch of a many-valued function may, of course, have 
poles and essential singularities; and a point may be a singularity 
for one branch of the function but not for another. For example, 
the point z ~ 1 is a pole of the branch of 1/logz corresponding to 
the value of logz which is zero at z — I, but not for any other 
value of the logarithm. A general definition of regular and 
singular points is not quite so simple for many-valued functions 
as for one-valued functions, and it is usually sufficient to con- 
sider particular branches separately. We define a regular point 
of a branch in the same way as for a one-valued function; but 
a singularity such as a brunch-point cannot be assigned to one 
particular branch. 

Examples, (i) The function z a , defined as r ol, *\ has an infinity of 
values unless a is real and rational, when it has a finite number of values, 
(li) The funetion zl(\—z)t lias six values. 

(iii) One branch of t lie function 



is given for |c| - ' 1 by the series 

|<=-i 1 

and z - 0 is n regular point for this branch; but if. is a pole for every 
other branch. 

(iv) The function Jlog 1/(1— z)\* has singularities at c 0 and z - 1 , 
z — 0 is a branch-point for one determination of the logarithm. 

(v) Consider the singularities of the function log log 

4 . 21 . If the radius of con rergencr of t he series 

/(•-) - i 

n = o 

is finite f(z) has at least one si ngularitg on the circle of conrergence. 
Let (' be the circle of convergence, of radius /?, and C a 
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concentric circle of radius R ' < R. Let p be the radius of con- 
vergence of the power series about a point 2 on C. As in § 4.15, 
p is a continuous function of z. Also p ' R — R'. Let S be the 
lower bound of p for z on C'. Then 8 ' * R ~R'. 

If 8 > R — R\ the circles of convergence about points on C' 
together cover the region 1 r 1 -r R f J- 8 , and so f(z) is regular in 
this larger circle. Hence, by the Cauchy-Taylor theorem, the 
radius of convergence of ^ a * s greater than R. contrary to 
hypothesis. 

It follows that 8 — R R f . Since a continuous function 
attains its lower bound, there is a point R'< >1 \ say. on C\ at 
which p -- R—R'. Then Re 1 x is a singularity o tf(z). For if it 
were a regular point, /(r) would be regular in a circle w ith centre 
z --- Re 1 *. and then tin* radius of convergence about Re 1 * would 
be greater than R R' . 

Since we have established the existence of a singularity on 
the circle of convergence, we may speak of it as the singularity 
nearest- to the origin, or one of the nearest. We may then say 
that the circle of convergence passes through the nearest 
singularity of the function to the origin. 

4.22. If ire continue an ana lift ir function f(z) along tiro dif- 
ft rent routes from z () to z x . and obtain tiro dijft rent ralues of J\z 1 ). 
then f(z) must hare a s ingulantg someirhen between the tiro routes. 

We construct two chains of regions, say D x l) nl and L)\ 

such that two consecutive regions of either chain overlap. I\ 
and D\ include z {) . D tn and //, include z x \ j\(z) is analytic in 
1\. and g K (z) in /)' k :f h (z) f k in the common part of D, and 
I) h v and j\(z) g x (z) in the common part of L\ and D\. 

We have then to prove that, if we can continue the function 
to every point between the two routes, then /„,(-! ) — 

If 8 is small enough, we can construct a polygonal line, 
starting at a point a in T\ ])[. and ending at b in D m D' n * with 
vertices at points (p8, 78 ), such that the circles of radius 28 
with these points as centres lie entirely in the first chain, and 
each contains the centre of the following one. This chain of 
circles can be substituted for the first chain of regions. A similar 
chain of circles, with the same 8 , can be substituted for the 
second chain of regions. 
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We can now replace the first route by a succession of new 
routes, consisting of circles of radius 28 with centres at points 
(p8, gS), such that each circle of each route overlaps the pre- 
vious route, and the circles of the same route on each feide of 
it, without leaving any space uncovered. No circle has a radius 
smaller than 28, or the previous theorem would show the 
existence of a singularity. It follows from the general principle 
of uniqueness of continuation that, with each such route, we 
arrive at z 1 with the same value oif(z 1 ). Also, in a finite number 
of steps we pass from one of our original routes to the other; 
since the function is regular at every point between the two 
routes, the process qf continuation is never stopped. 

4.3. Riemann surfaces. The function \z is a two-valued 
function of z; but. if we put z ~ re l(i and distinguish between 
equal values of z arising from different values of 0 , it is possible 
to represent it as a one-valued function. Suppose we consider 
the values of z corresponding to n < 0 < 3tt as distinct from 
those corresponding to — tt < 6 < tt\ but those corresponding to 
37r < 6 < 577 as the same again, and so on. This is equivalent 
to replacing the ordinary z-plane by tw o planes. We may think 
of them as superposed, each of them being cut along the nega- 
tive real axis, and the planes being joined cross-wise along the cut. 
The configuration thus obtained is called a Riemann surface. 

If now we pass along a path encircling the origin, starting on 
the upper plane from the negative real axis, we pass round the 
upper plane once, then cross to the low r er plane, pass round it 
once, and then return to the upper plane. 

This corresponds to the way in which we obtain the two 
different values of \!z. On the upper plane, say with - tt < 9 < 77, 
we have \z — ^re* xd (~\tt <L\d <^77), and on the lower plane 
\ ! z ~ \reS % ® (^77 < \6 < S77); and if 0 is increased further we 
return to the upper plane again, and the values are repeated. 
Thus Vz is a one-valued function on the Riemann surface. 

We represent the function logz in a similar way upon an 
infinity of superposed planes, each cut along the negative real 
axis and joined to the opposite edge of the one below . In this 
case there is no return to the starting-point. 

For a function such as yl{(z—a)(z— b)} we may make a cut on 
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each plane along the straight line joining the points z = a and 
z — ft, and join cross-wise along the cut. 

The number of branches of a many-valued function may be 
defined as the least number of planes which are required to form 
a Riemann surface on which the function is one-valued. 

Considerable ingenuity is required in constructing Riemann 
surfaces for more complicated functions. They are of great im- 
portance in the general theory of many-valued functions, but it 
is beyond the scope of this chapter to pursue the subject further. 


4.4. Integrals containing a complex parameter. We 

know that if z is real and positive, then 

JV*df=I. (1) 

0 

Now the integral is uniformly convergent in any finite region 
to the right of the imaginary axis, and therefore represents an 
analytic function of z, regular for R (z) > 0. Hence the function 

F(z)r- f e = l dt -- 
J z 

0 

is regular for R(z) > 0, and F(z) -- 0 on the real axis. Hence 
F(z) = 0 wherever it is regular, i.e. (1) holds for complex values 
of z whose real part is positive. Thus we may put z = x-\-iy 
(x > 0) and separate real and imaginary parts, and obtain the 
well-known results 


GO 

J e jf cos yt (It 
0 



Examples, (i) Prove that 


GO 



j e ~‘“ ,h = £z ( R (-) > 0 ). 

0 


( 2 ) 


[Assuming the result for real values of z, the general result may be 
obtained either by analytic continuation, or by using Cauchy’s theorem 
to turn the line of integration through an anglo — Jargz.] 


(ii) Prove that 


/ 


dt 

— z cos i 


except when z is real and z ^ l or z 


7T 

VO — =-) 
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4,41. The Gamma-function. The formula 


e~ w uf~ 


defines r(z) as an analytic function, regular for R(z) > 0 
(§2.85). As it stands it tells us nothing about T(z) on the 
imaginary axis or to the left of it. 

Consider, however, the function 

f(z) = f c e~ w (— wy- 1 dw, ( 2 ) 

where C consists of the real axis from oo to 8, the circle \w\ = 8 
described in the positive direction, and the real axis from 8 to oo 
again. The many-valued function (— w) 2 * 1 ■— e (2 " 1>log( ~ M,) is made 
definite by taking log( — iv) to be real at iv = —8. The contour 
^integral is uniformly convergent in any finite region of the 
z-plane, for the question of convergence now arises at infinity 
only, a case already discussed in §1.51. Hence f(z) is regular 
for all finite values of z. 

If w — pe^, then logw = \ogp-\-i((f)— n) on the contour. The 
integrals along the real axis therefore give 
00 

J f(«-l)(l0gp-17T)_^g-p+(C-]Xl0gp + /7T)J f Jp 

8 

00 

= — 2i sin zn e~Pp z ~ x dp. 

5 

On the circle of radius 8 


= | e (--l)U°er5+K<^— ^r)} | = — l)lf >g 8 - y(<f> — n ) _ 

The integral round the circle is therefore ()( fr) = o(l) as 8 -*■ 0 
if x > 0. Hence, making 8 -> 0, we obtain 

00 

f(z) = — 2isinz7r J e~Pp z ~ l dp = — 2? sinz7r r(z) (R(z) > 0). 
o 

Now the function |i/(z)cosecz77 is regular for all values of z 
except possibly at the poles of cosec Z7r, viz. z — 0, ±1, ±2,...; 
and it equals T(z) for R(z) > 0. We can therefore take this 
function as a continuation of T(z) over the whole z-plane. But 
we know already that r(z) is regular at z = 1 , 2 ,... . Hence the 
only possible poles are at z — 0, — 1 , — 2 ,... . 
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These points are actually poles of r(z); for if z is a negative 
integer, (— w)*- 1 is one-valued, and the integral ( 2 ) can be 
evaluated by the calculus of residues. We obtain 

/(— n) = —277 t/n!, 
and the residue of T(z) is 

lim — Z +U = ( ~ 1)n . 
z-+-n n\ 2isinz7r n\ 

All the gamma-function formulae can now be extended to 
general complex values of z. For example, the functional equa- 

^ on r(z)r(l-z) = 77 cosec Z 77 , 

proved on the assumption that z is real and 0 < z < 1 , holds 
for all non-integral values of z. 

A consequence of this formula is that l/r(z) is an integral 
function. For in the above formula the poles of r(l— z) are all 
cancelled by zeros of sinz7r. 

We can now prove for T(z) formulae similar to those of 
§§3.22-3. By § 1.86 (4) 

= {( ] - O*-*- 1 - IK*- 1 dt (0 < h < x) 

' ' 0 

= d<+0(1) 

0 

as h -> 0 . The left-hand side is 

i{ r ( 2 )-w-( 2 ) + ...}(i+^+...}, 

where A is a constant. Equating the constant terms, we obtain 

™ = J{ (» > 0). 

0 

Putting \jt = J (1—0" an( l integrating term by term, 

i» = y M L 

r(z) Z*\n+ 1 n+z 

The process is justified by § 1.77 if z > 1; the result holds by 
analytic continuation for any z except a negative integer. 
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It is easily seen that the formula can be rearranged as 

r '(*) , i 


r(2) 


I = y (--- r-)- 0 - 

z Z./ \n n+z) 


where C is another constant. Integrating and taking expo- 
nentials, „ 


Putting z=l, 1 = e c + 
Hence w 

c--logn(‘+;>-"* 

y being Euler’s constant. 


4.42. Stirling’s formula for complex values of z. The 

formula of the previous section gives 

logT(z) = y |~ l°g(l + “jj — y z ~ log 2 ’ 

71-1 

each logarithm having its principal value. Now it is easily 
verified that 


r m -«+& 

J 


du — 


V-l n+1 

Y r / w+i+g 

Z, I \ u + z 

"-0 n 


■) 


du 


-(z+|)logz+(iV-J+z)log(^-|-z)-iV. 

Using 1.87 (1), and the relations 


= logi\T+y+o(l), 
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log(AT+2) = logtf + ^ + O^Lj, 
and making N -> oo, it follows that 

00 

logr(z) = (z—l)logz—z+llog2n+ J ( 2 ) 

0 

u 

Writing <f>(u) = J ([v]— v-\-\) dv , <j>(u) is bounded, since clearly 
o 

<f>(n-\- 1) = (f>(n) if n is an integer. Hence the last term in (2) is 


f du = (~—r 2 du = o[\ 
J u+z J ( u+z ) 2 J 

A n ' ft 


du 


u 2 +r 2 —2ur cos 8 


oi l - 


uniformly for — 7T+S < argz < n—S. This is the extension of 
Stirling’s formula to complex values of z. 


Examples, (i) For any constant a 

log r(z + a) = (z + a — i)logz— 2 + £ log 27r-f 0(l/|z|) 
as |z| -> 00 , uniformly for — 77 *+ 8 < argz < it — 8. 

(li) For any fixed value of x , as y -> ±00 

|r(aj + Vy)| ~ c — *^!v| | 2/ |*-* v /(2 7 r). 


00 

(iii) Show that the series <f>{u) — ^ (1—co^2u7tu)I(2tt 2 v 2 ) can be in- 

v-l 

serted in the above formula and integrated term by term. Hence prove 
that the integral in (2) is 



This process can be carried to any number of terms by repeated partial 
integrations. 


4.43. The Zeta -function. The function £(z), defined origi- 
nally by the series 

* (z)== p + f+- ( R (~) >1 )- .(i) 

has been shown (§ 1.78 (ii)) to be also given by the formula 

00 

£ “> = r ‘(JeC''"' m 


L 
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We can use this formula to continue £(z) across the line x— 1, 
in the same way that we continued r(z) across x — 0. In fact 
we can prove in precisely the same way as before that, if 


R (z) > 1, 


m = 


1 

2isinz7T r(z) 


Jo e"’-l 


( 3 ) 


where, as before, the contour C comes from positive infinity 
and encircles the origin once in the positive direction. The only 
difference is that C must now exclude all the poles of 1) 

other than w — 0, viz. the points iv ~ ^Htt, ^4 in ,... . 

Using the functional equation for the T-f unction, we may 
write the result in the form 


£(-) = 


iT(l-s) 


( , e"'— 1 


du\ 


As in the case of the T-function, the contour integral is an 
integral function of z. This formula therefore provides the con- 
tinuation of {(z) over the whole plane. The only possible 
singularities are at the poles of F(l— z), viz. at z — 1 , 2 ,... . But 
wc know already that £(z) is regular at z= 2, 3,... . Hence the 
only possible pole is at z — 1. This is actually a simple pole, 
with residue 1. For at z= 1 the contour integral is equal to 


L 


dw 
e u '~ 1 


= 27 ri 


by the theorem of residues, and r(l— z) has a simple polo with 
residue —1, whence the result. 

Again, it is well known that 

= w ~ 2 + 2* ' (2 n)\ 

n- 1 ' v 7 

where the coefficients B n (Bernoulli’s numbers) are rational 
numbers. Hence we can evaluate £(— ?i), where n is any positive 
integer, by the theorem of residues. We find that 


m - -h 


{( — 2m) = 0 (w= 1,2,...), 

(-J T {1B ^i 

2m +2 


{(—2m— 1) ~ 


(m — 0 , 1 ,...). 
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4.44. The functional equation for the £ -function. The 

^-function satisfies the functional equation 

£(1— z) = 2 1 ~ z tt~ s cos \ttz r(z)£(z). 

To prove this, we take the formula (3) of the previous section, 
where now z may have any value, and deform the contour into 
the contour C n consisting of the square with centre the origin 
and sides parallel to the axes' length of side (4rc,-f 2 ) 77 -, together 
with the positive real axis from to infinity. Tn so doing 

we pass over poles of the integrand at the points w -- 2iir, liir,..., 
2 ni 7 r, and — 2iTr,..., — 2ni7r. The residue at 2vi7T (v > 0) is 
e (z-l) 0 og _ (2vtt ) s ~He~ )iiirz , 

and at — 2vin it is 

e (z-V(log2vTT \\in) __ ( 2v7T ) c ~Hc- 1 . 

The sum of these two residues is 

(2^77-) c ~ :1 2 sin \uz. 

Hence § 4.43 (3) gives 

sin ttz r(z)£(z) — . — -L f ^ ^ dw +27rsin b rz £ (2v tt)®- 1 . 

Jc„ & — * v-1 

Suppose now that R(z) < 0. On the square 

|(_W)*-1| = € U-l)log|»/j|-J/arg(-u') _ 0(n x ~ 1 ), 

and \c w — 1 1 > A , while the length of the square is 0(n). Hence 
this part of the integral is 0(n T ), and so it tends to zero. The 
remaining part of the integral plainly tends to zero also. Hence, 
making n -> oo, we obtain 

sin -ttz r(z)£(z) — 277-sin Ittz(2tt) z - 1 J r* -1 
= 27rsin Ittz(27t) z ~ 1 ^(1—z), 

which is equivalent to the result stated. This proves the func- 
tional equation for R(s) < 0, and so, by § 4.42, for all values 
of z. 


4.45. An alternative proof. The following proof* proceeds 
on quite different lines. Let 


// r v V sin(2»+l)& 
n '““2, “2n+l 


( 1 ) 


* Hardy (15). 



154 ANALYTIC CONTINUATION 


This series is boundedly convergent, and f(x) == ( — l) m j7r for 
rrn t<x< (m+ 1)^, m = 0, 1, 2,...; for 


71 = 1 


sintt# 

n 


QO 


2 

n~l 


sin 2 ?i:e 
~2n~ ’ 


and the results easily follow from those of § 1.76, ex. (ii). We 
may therefore multiply (1) by x?' 1 (0 < p < 1) and integrate 
term by term over any finite interval (0, X). Thus 

f 00 1 r 

J dx = ^ 2 J *T iJ “ 1 Hin(2w-|- l)x dr. (2) 

o 71=0 o 

We may then replace X by oo provided that 


if* 

lim "y - — — f X' p - 1 sin(2n.+ l)xcZx'-=U. (3) 

•’f-«»- n 2n + 1 ' 

71-0 Y 

Integrating by parts, the integral is 


vjj-i cos(2w+l)X 
" 2»+l 


y — - I x IJ ‘-cos(2nf l)a; dx 

^n -\- 1 J 

X 


00 



and (3) clearly follows. 

Inserting the value of /(#), and evaluating the integrals on 
the right-hand side by § 3.127, we therefore obtain 


1*2 (~ 1)m 

771 = 0 


(m+l)7r 

J - 1 r/.r — 

mn 


0O 

F(p)sin ipw 2 

7l~0 


1 

(2n+l)' r,1 ‘ 


The series on the right-hand side converges to 
(l-2-*-i)$(p+l). 

That on the left is 

— fl+ 2 (-l) m {(w+l)P— TO»'}1. 

p L m= l J 

This series is convergent for p < 1, and, as a little consideration 
of the above argument shows, uniformly convergent for 
R(p) ^ 1— 8 < 1. Its sum is therefore an analytic function of 
p, regular for R(p) < 1. But for p < 0 it is 

2(P J -2*+3P-...) — 2(1-2 * +1 )£(— p). 
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By the theory of analytic continuation its sum is the same 
analytic function of p for R(^) < 1. 

Hence, for 0 < p < 1, 

^-(1 — 2 p+1 )U-~P) = T(p)sin Iptt( 1 — 2-P~ 1 )£(p f 1), 

Ip 

and putting p = z— 1 we have the same functional equation as 
before. The proof holds for 1 < z < 2 only, but the result, 
proved for these values of z , holds for all values by analytic 
continuation. 

4.5. The principle of reflection. Let f(z) be an analytic 
function , regular in a region D intersected by the real axis , and 
real on the real axis. Thenf(z) takes conjugate values for conjugate 
values of z. 

Let z 0 be an interior point of D on the real axis. Then 

/(*) = i « n (z-Zo) H 

n-=0 

for sufficiently small values of \z— z Q \. 

All the coefficients a n are reed; for 

«u=/( 2 o)> «1 =/'(*o) 

Clearly a {) is real, a 1 may be calculated as the limit of 

/(z) -/(z 0 ) 

as z z 0 by real values. Hence a x is real. So they are all real. 

The result now follows inside the circle of convergence of the 
above series. The general result then follows by continuation, 
since the power series about conjugate points will always have 
conjugate coefficients. 

4.51. A method of obtaining the analytic continuation of 
certain functions is given by the Riemann-Schwarz ‘principle 
of reflection’. This is contained in the following theorem, which 
is a sort of converse of the previous one. 

Suppose that a region D of the z-plane has as part of its boundary 
a, segment l of a straight line ; and that w=f(z) is an analytic 
function , regular in D and continuous on l, and suck that , as z 
describes Z, w describes a straight line A in the w-plane. Let z be 
a point of D, z x its reflection in Z, and let w x be the reflection of 
w in A. Then u\ = w x (z x ) is an analytic continuation of w. 
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In the first place, u\ is an analytic function of z 1 ; for it is 
easily seen from a figure that, if w' corresponds to z\ and w[, z[ 
are their reflections, 

K— Zll = | 2 ' — z|, \u'\ tt’j | = \w’—w I; 

and 

ar g(2x— z i) = 2 a— arg(z'— 2 ), arg(tt>i— u^) = 2/9— arg(«/— u>), 
where a and f$ are the angles between l and A respectively and 
the real axis. Now when s' -> z, the limit 

exists, i.e. the limits 

\w'—w 
lim - — , 

[ /V 

exist. Hence the limits 


w — w 

lim . 

z —z 


lim{arg(tt/ — w) — arg(z' — z)} 


lim 

exist, and so 


~i ~i I 


!im{arg(M>j[— w x )— arg( 2 ^— Zj)} 


lim W \ 


-w. 




exists, i.e. is an analytic function of z v 

Secondly, it is clear that, on /, = w. 

To prove that the two functions are analytic continuations 
of each other, take any point of the line l , and describe round 
it a circle C so small that it lies entirely inside I) and its reflec- 
tion D v Let c be the boundary of the part of C in 1) , c x of the 
part in D v Let <f>(z) — w in the part of D inside C , and <f>(z) = 
in the remainder of C. Then </>(z) is continuous, and it is 
sufficient to prove that <f)(z) is an analytic function of z. 

Let z 0 be a point inside C and D. Then* 


4>(Zo) = 


1 

277 i 


f 



dz , 


and, since <f>(z)/(z—z 0 ) is regular in D v 


0 = 


1 

27 ri 


j 

Jc t 


M dz. 
z-z 0 


* See the end of § 2. 115. 
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Adding, we obtain 


*(*.)= 


i 

277 i 


f IW-dz, 


(i) 


the integrals along l cancelling. 

We clearly obtain the same formula if z 0 is any point inside 
C and D x \ and also, since each side of (1) is continuous, if z 0 is 
inside C and on l. But, as in § 2.8, the right-hand side of (1) is 
an analytic function of z 0 , regular inside C. This proves the 
theorem. 

The method of proof also gives the following general theorem: 
if two functions /(z), f^(z), are analytic and regular in regions J ) 
and l) l separated by a contour C, and continuous on C, and 
f(z) — j\(z) along C , then the two functions are analytic con- 
tinuations of each other. 


4.6. Hadamard 's multiplication theorem.* The following 
problem, which was considered by Hadamard, is a good example 
of the principles of analytic continuation. Suppose that 

/(*) = 2 a nZ' 1 

71-0 

is convergent for |z| < R , and 

! 7 (*) = 2 l) n zn 

n ~ 0 

is convergent for |z| < R', and that the singularities of f(z) and 
g(z) arc known. What can be said about the singularities of 
the function 

F{z) = 2 ( 1 ) 

no 

whose coefficients are the products of those in the given series ? 

The general result is that, if f(z) has singularities at <x v a 2 ,..., 
and gyz) at j3 l5 /? 2 ,..., then the singularities of F(z) are to be found 
among the points 

Let us suppose, to take the simplest possible case, that f(z) has 
just one singularity, z = a, and g{z) just one singularity, z = / 8. 

In the first place, F(z) is regular for sufficiently small values 
of z, and in fact for |z| < RR f . For if e > 0 

K( R ~ e)"l < K > < K > 

so that j. 

|a A I < ’ 

* Hadamard (3). 
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and by taking e small enough we see that the radius of con- 
vergence of the series for F(z) is at least equal to RR'. 

Hadamard’s theorem depends on the following representation 
of F(z) as an integral: 

*■<*>=* f Wf) (2) 

2m Jc \wy w 

where C is a contour, including the oxigin, on which \w\ < R, 
\z/w\ < R'. To prove this, write 


*•(=)' 


in the integral, and integrate term by term, as we may by 
uniform convergence. We obtain 


1 


277 i 




rlw 


— ^ (j, f) z 11 
sL, u a*' n~ > 
n 0 

the required result. In order that the inequalities |ie| < R , 
\z/w\ < R\ should be consistent, it is, of course, necessary that 
| < RR'. If this condition is satisfied, C may, for example, 
be any circle between \w\ — R and | w | -- \z\/R'. 

In the case where each function has just one singularity, 

R = \*\ md R' = \p$ 4 

W r e next continue the function F(z) beyond the circle 
\z \ = RR' by deforming the contour C. As long as C remains 
fixed, z may, in (2), take any value such that zjfi remains inside 
the contour C. For, by § 2.83, the right-hand side of (2) is an 
analytic function of z for all such values of z, and the continua- 
tion of F(z) to all such values follows at once. 

Suppose on the other hand that we deform C into another 
contour C v which includes z — 0 and excludes z = ol. Let 


t\(z) 


] 


Ztti 



( 3 ) 


Then by Cauchy’s theorem F x {z) — F(z) ) provided that the 
point w = zip lies within both C and 6\; for then the integrand 
is an analytic function of v\ regular between C and C v 

The formula (3) therefore n-ovides the continuation of F(z) 
to all values of z such that z/p lies within C v 
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The only restriction on z , therefore, is that z/j8 must lie within 
a contour which excludes z = a. But we can choose such a con- 
tour for every z except z = a/}. 

Thus F(z) is regular except at z = (xfi. The proof, however, 
applies only to what we may call the principal branch of F(z ), 
viz. that obtained by continuation from the original element 
without encircling any of the points a£. In the above example 
the contour C x cannot have a loop going round a and enclosing 
the origin again on the other side, since the integrand has a 
singularity at w = 0. Hence if z/j8 -> 0 along a path encircling the 
point a, it is impossible to choose C x appropriately. The point 
z = 0 may therefore be a singularity of other branches of F(z). 

In the general case the details of the proof are, of course, 
more complicated, but the general method is the same. 
Examples, (i) If 

m = <7(z)=-.—, 

a — z b — z 

then F(z) = — ! — . 

ab—z 

(ii)if /(*)- <7(z) = -j-£p, 

then F(z) — 0, so that the points aro not necessarily singularities 
of F(z). 

4.7. Functions with natural boundaries. Let 

f(z) = f z n! . 

n-0 

Then f(z) is an analytic function, regular for |z| < 1. Let 

z = re 2p7rilQ , 

and consider the behaviour of f(z) as r -> 1 through real values. 
Now f(z) 2 "' + 2 2?i! = A( 2 )+/ 2 ( 2 )> 

7i-0 n-q 

say. Then /,(z) is a polynomial, and tends to a finite limit as 
r -> 1. When n~^>-q, q is a divisor of n ! , and so 

z n! _ r n! ( w ^ q ). 

Hence / 2 (z) = 2 r " ! , 

n= q 

which tends to infinity as r -> 1 . Hence /(z) -> oo, and so 
z = j s a singularity of /(z). But points of this kind are 
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dense everywhere round the unit circle, so that there is no arc, 
however small, on which f(z) is regular. It is therefore impos- 
sible to continue f(z) across the unit circle, and so the unit circle 
is a natural boundary of the function. 

A similar result holds for the function 


/(*) = 2* 2 ” 
n = o 

— we put z = re 2pnll2 ‘ and proceed as before. 

4.71. Lambert’s series.* Let 


/(••) = J, d(n)z n (|z|<l), 

n l 

where d(n) denotes the number of divisors of n. We shall prove 
that the unit circle is a natural boundary of this function. 
Consider the double series 


I i^ v - 

fji - 1 v 1 

If we arrange it as a single power series we obtain /(z), and if 
we sum it by rows we obtain 

M-trir (|2|<l) - 

H- 1 

The double series is absolutely convergent for \z \ < 1, so that 
the transformation is justified. 

Let z — re 2pntlq 

where p and q are positive integers, p > 0, q > 1, and p is prime 
to q . Then we shall prove that, as r -» 1, 

(l—r)f(z) -» co. 


For let 




where, in p takes all values =?0(mod^), in ^ all other 
values. In putting p — rnq, 


so that 


= (re 27rip l Q ) wq — r mq , 


(1 r ) 2, = (l-r) J 

in l 


r v\q 

1 


1 — r 

1— 


2 


in 1 


1 —r q 

1 r m 


r mq 


* See Knopp (1). 



NATURAL BOUNDARIES 
1 ^ r 7 ™? 


1G1 


l+r+.-.+r®' 


i2iq 


7 / 1=1 




^ 1 v r mQ 1 , 1 

_ y — = - log -> oo. 

q Zw m q 1 —r q 


On the other hand, if fi ^ 0 (modg), 

1 1 — zp | 2 -= 1 1 — r^e 27T wto | 2 — (1 — ) 2 + 4 sin 2 

q 

,77 


> 4r^ sin 2 


Hence 


l(i — »*) x 


9 

1 + Vr 


< 


1 


2 2 sin 77 Jq ^ 2 sin 7 rjq sin7r /q 


Hence, as in the previous cases, the unit circle is a natural 
boundary oif(z). 

MISCELLANEOUS EXAMPLES 
1. The power series z— £z 2 + Jz*— ... 

may be continued to a wider region by means of the series 


(1-z) 2 (1-z) 3 


log 2- - 

2. The power series z j \z 2 -\ Jz 3 -f ... 

and ?7T — (z — 2)d > z {z — 2) 2 — J(z — 2) 3 + ... 

have no common region of convergence, but are analytic continuations 

of the same function. 

3. The functions defined by the series 

1 -| az-\-a 2 z 2 -\- ... 

1 


and 


(1 — (i)z . (1 — a) 2 z 2 

l_ z (!-*)• + (l-z> 


are analytic continuations of each other. 

4. If j(z) and g(z) are integral functions, the integral 


_L [[fw + 

2m] I w—z zw—w-J 


taken round the unit circle, represents f(z) inside the circle and g{\/z) 
outside it. 


f>. If F(a, f$;y;z) denotes the series 


rf^<x(ac + l)P(P+l) 9t 


1+ + 

' 1 *y 1.2y(y+l) 
f(z) -- F(a,Uc;z) 


s 2 + .... 


show that the series 
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(z) =— 1 ; c ; — — r) 
1 —Z \ 2 — 1 / 


have a common region of convergence; that in this region they both 
satisfy the differential equation 

2(1 — z)^ + {c — (a-(-2)s}^ — a« = 0; 

02* <12 

that /( 0) = g( 0) and /'( 0) — g'(0) ; and hence that tho two functions are 
analytic continuations of each other. 

6. The function — 

V(2~z)+ 1 

has two power series about 2 = 0, with radii of convergence 1 and 2 
respectively. 

7. Consider the singularities of the functions 


V(2-z) + l}’ log U_ 2)+ l)- 


V(2-z)+J 


8. Show that the formulae (2) of § 4.4, which were proved there for 
real values of x and y , hold also for all complex values such that 
\l(y)\ < R(x). 

9. Prove that <*, 

r(z) = [ e-“ w- 1 dw + Y , 

J Z, nl(z+n) 

1 n = 0 

and hence give another proof of the analytic properties of r(z). 


10. Prove that J t z ~ 1 costdt = r(z)cosj77-z 


if 0 < R( 2 ) < 1 ; and that 


J £* -1 sinZ dt = r(z)sin \ttz 


if -1 < R(2) < 1. 

11. Prove that if 0 < R(z) < 1 


OU 

f(z) ~ f (' -- — — ) dw, 

r(z) J \c w — i w) 


and that if — 1 < R(z) < 0 


£(z) = ( uf '(-- 1 - + -V 

w ' r (z) J \e“— 1 w * 2/ 


[Consider the corresponding contour integrals as in § 4.43.] 

12. Deduce the functional equation for the zeta-function from the 
first formula of ex. 11, and the formula of Ch. Ill, Misc. Ex. 10. 
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13. Deduce the functional equation for the zeta-function from the 
second formula of ex. 11, and ex. (iii) of § 3.22. 

14. The function L(z) is defined for R(z) > 1 by the series 


L(z) 


=i_l+ 

1* 3* 



Show that L(z) is an integral function of z, and that it satisfies the 
functional equation 

L(l— z) = 2 z 7t z sin ^ttz T(z)L(z). 

15. A function f(z) is defined for \z\ < 1 by the series 


Show that 


'"’-Z 

n-fl 


oo 


/(s) 


i r t - 1 

T(«) J e l —z 

o 


(8 > 0 ). 


City 


and hence that J(z) is regular except possibly on the positive real axis. 

By deforming the line of integration into a suitable curve, show that 
the principal branch of f(z) is regular except at the point z — 1. 

16. Show that the singularities of the principal branch of 


2 
n =n 


a n z n 

(n+iy 


are the same for all real values of 8. 

17. Two functions f(x), g(x), are connected by the formulae 



— 00 —00 


for real values of x. Show that there cannot be a finite interval outside 
which both f(x) — 0 and g(x) = 0, unless both functions are everywhere 0. 
[If f(x) — 0 for x < a and x > 6, g(x) is analytic.] 

18. If f(z) = 2 z 2 "> 

n = 0 

show that f(z) =/(z 2 )+z, 

and deduce from this that |z| = 1 is a natural boundary of the function. 

19. If a is a real irrational number, the series 


00 


2 

71=1 


1 

2"(z — e 2inaTt ) 


represents two different analytic functions, one inside the unit circle and 
one outside it, the unit circle being a natural boundary of each. If a is 



164 


ANALYTIC CONTINUATION 


rational, the series represents a single rational function. U n tho first 
case the function is unbounded as z->e 2imctn along tho radius vector.] 


20. The function 


n (■+»•+») 


has the line R(z) - 1 as a natural boundary. 

[Every point of this line is a limit-point of zeros.] 


21. Let 


m 


- 1 

71 = 0 


(N<i) 


and 


- v “f 

n\ 


71 = 0 


00 

Then tho integral F(z) = J c~ l <j){zt) dt 

o 

provides the continuation of f(z) across any arc of the circle of con- 
vergence where f(z) is regular. 

[This is Borel's method of continuation — soo his Lemons stir lex seriex 
divcrgcntes, p. 94. We have F(z) —J(z) wherever the series for f(z) is 
convergent; for by § 1.79 we nmy then insert the series for c/)(zi) and 
integrate term by term. But if f{z) can be continued at all, F(z) exists 
in a wider region. Let z be a regular point of f(z). As in § 4.6 we have 




(hr 

* 

w 


where C is a contour including tho origin, and excluding the singu- 
larities oif(w). Hence 

\^(zt)\ - Kc m 

where K is independent of 2 and l , and M is the maximum of R(z/t/;) 
for values of w on C. To prove the integral for F(z) convergent, we must 
have M < 1. Now R (z/w) . 1 if w lies outside the circle on Oz as 
diameter. We therefore take C to he a concentric circle of slightly larger 
radius — say 8; on it M — |z|/(|z| -f 8). Also C must exclude all 

singularities of f(w), and it does so if z lies in a region I) formed as 
follows: Through each singular point of f(w), draw a line perpendicular 
to the line joining the point to the origin. The unit circle is included 
in a polygon D formed by these lines. It is easily seen from a figure 
that the conditions are fulfilled if z is inside D and 8 is small enough. 
It now follows without difficulty that Borel’s integral gives the con- 
tinuation of f(z) to all points inside 1).] 

22. Verify Borel’s theorem for the functions 
1 1 1 
I-Y 1-z 1-z 4 ’ 



CHAPTER V 

THE MAXIMUM-MODULUS THEOREM 


5.1. The maximum -modulus theorem. Let f(z) be an 
analytic function, regular in a region I) and on its boundary C, 
which we take to be a simple closed contour. Then \f(z)\ is 
continuous in D, since 

I/(*)I|< !/(*+*)— /(*)l. 

which tends to zero with h. Hence \f(z)\ has a maximum value, 
which is attained at one or more points. The fundamental 
theorem of the chapter is that |/(z)| reaches its maximum on 
the boundary C, and not at any interior point of D. We may 
express it by saying that if \f(z)\^M on C , then the same 
inequality holds at all joints of D. 

A more precise form of the theorem is as follows: 

If \f(z) \ M on C , then \f{z)\ < M at all interior points of Z>, 

unless f(z) is a constant {when of course \f(z)\ = M everywhere). 

We shall give a number of different proofs of this theorem. 

5.11. First proof. This depends on the lemma that if <f>(x) 
is conimuous , (/>{x) < k, and 

b 

-i— f </>(.r) dx > k, (1) 

b — a J 

a 

then <fy(x) — k. For if <£(£) < l\ there is an interval (£— 8, £+8) 
in which <f>(x) < k — e, say; and 

h 

J <f>(sc) dx <: 2&(k—e) + (b—a — 28)k = (b—a)k— 2S<=, 

a 


contradicting (1). 

To prove the theorem, suppose that, at an interior point z 0 
of />, \f(z ) | has a value at least equal to its value anywhere else. 
Let F be a circle with centre lying entirely in J). Then 



-1 (Adz. 

2m J r z—z 0 


' ( 2 ) 


Putting z — Zq = re'' 0 , f(z)/f(z 0 ) pe^, so that p and <f> are func- 


tions of 0 , we may write (2) as 

-7T 
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Hence 1 < J p dO. 

o 

But by hypothesis p ^ 1. Hence, by the lemma, p — 1 for all 
values of 0. 

Taking the real part of (3) we now obtain 


2 ir 



0 


so that, by the lemma, cos<£ = 1. Hence f(z) — f(z 0 ) on F, and 
so everywhere; that is, f(z) is a constant. 

5 . 12 , Second proof. This is similar in principle to the first 

proof, but, instead of Cauchy’s integral, we use the fact (§ 2.5) 
that, if oo 

M=Za n (z-z o r, 

n= o 

277 - 

then i- f \f(z 0 +n i6 )\* d6 = f \a„ |«r*». 

277- J n o 

0 

Under the same hypotheses as before, the left-hand side does 
not exceed |/(z 0 )| 2 , i.e. |a 0 | 2 . Hence 

K| 2 +|«l| 2 ^ 2 +|«2l 2r4 +-- < l«()| 2 
for a positive value of r. Hence a 1 ~a 2 — ... — 0, and f(z) 
is a constant. 

5 . 13 . Third proof. If z 0 is an interior point of I) , we may 
expand /(z) in a series of powers of z— z 0 , 

f(z) = 2 a n (z— z 0 )”. 

71 ™ 0 

with a positive radius of convergence. Putting 
z—z u = re w , a u = A„e ia ", 

this is f(z) — 2 A n r n e i(a » +nff> . 

n-~0 

Hence l/( z )l 2 = 2 2 A m u 4 n r m+n e l ' (a '" +m0 ~ a «~ n0) . (1) 

771-0 71 = 0 

Suppose first that a 0 ^ 0. Since the series is absolutely con- 
vergent, we may rearrange it as a power series in r with a positive 
radius of convergence. Let k be the smallest positive value of 
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n for which a n ^ 0. Then 

\f(z)\* = Al+2A 0 A k r k cos(ot 0 -a k -kd)+ f cj‘\ (2) 

n-k+l 

where |c # J < c /l for some value of c. Hence 

I 2 2 =~ c k+i r k+l /(l—cr) i 

'n = k\-l ' 7 i4M 

which is less than A Q A k r k if r is small enough. For such a value 
of r, \f(z) | 2 — Al takes both positive and negative values as 0 
varies between 0 and 277, the middle term on the right of (2) 
varying between — 2A 0 A k r k and 2A {) A k r k . Hence A 0 is neither 
a maximum nor a minimum of | f(z)\. 

The proof breaks down if there is no a n (n > 0) which is not 
zero. But then f(z) = a Q for all values of z . 

Finally, if a 0 — 0, |/(z 0 )| — 0, which cannot be a maximum, 
but is a minimum. 

This proves the theorem. We have also shown incidentally 
that \f(z) \ cannot have , in I ), a minimum other than 0. This may 
also be proved by applving the general theorem to the function 
!//(*). 

5.14. Harmonic functions. The corresponding theorem 
for harmonic functions is that a function which is harmonic in 
a region cannot have a maximum at an interior point of the region. 
For let u be the real part of f(z). If u is a maximum at an 
interior point, so is e u ; i.e. so is \F(z) \ — \e f(z) \. This has been 
shown to be impossible. 

The theorem can also be proved by an argument similar to 
that of § 5.13. Without going into complete detail, this may be 
seen in a general way as follows. Let u(x,y) be the real part 
of an analytic function f(z) — 2 regular at z = 0. Then 

w(x,i/) = R2a„(.r+;y)", 

and we obtain for u(x,y) a double series of powers of x and y. 
The coefficients being those of Taylor’s theorem, we have 

u(x,y) — u(0, 0) — Uj x+u u y+ 1 (w^ 2 + 2u xu x y + U uu ?/ 2 ) + • • • • 

A necessary condition for a maximum is that u x — u lt = 0. But 
since, for a harmonic function, u xx -[-u yu — 0, u xx and u yy have 
opposite signs, and we can make u{x,y)—u{ 0,0) either positive 
or negative by taking x — 0 and y small, or y = 0 and x small. 
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Examples, (i) If \f{z)\ > m on |z| - a,f{z) is regular for \z\ ; a, and 
[/(()) | < m, then f(z) has at least one zero in |z| - ; a. 

[For |/(z)| has a minimum inside the circle, and the minimum value 
must be zero.] 

(ii) Use the previous example to show that every algebraic equation 
has a root. 

5.15. The maximum-modulus theorem is also true for a func- 
tion f(z) which is regular but not one-valued in a region, pro- 
vided that |/( 2 )| is one- valued (e.g. Vz in a ring-shaped region 
surrounding the origin); for the above proofs hold for any 
branch of the function. 

5.16. Let f(z) be an analytic function regular for \z\<R, 
and let M(r) denote the maximum of |/(z)| on |z|=r. Then 
M(r) is a steadily increasing function ofr for r < R. For it follows 
at once from the above theorem that M(rfj cC M(r 2 ) if r 1 < r 2 , 
and M(rf) can only be equal to M(r 2 ) if /(c) is a constant. 

Similarly the function A (r), defined in § 2.53 as the maximum 
of R{f(z)}, is an increasing function of r. For 

e AlT) = max |e /(c) |. 

!|=r 

5.2. Schwarz’s lemma. If f(z) is an analytic function, 
regular for \z\ < R, and \f(z) \ <M for \z\ — R , and f( 0) — 0, then 

I f(n a )\^ M * (O^r^R). 

Let <j)(z) = f(z)jz. Then <£(z) is regular for |z| < It, and 
\<f>(z)\^M/R 

on the circle \z\ = R. The same inequality therefore holds inside 
the circle also, and since \</>{z)\ — |/(z)|/r the result follows. 

5.21. Vitali’s convergence theorem.* Let f ti (z) he a se- 
quence of functions, each regular in a region 1); let 

far every n and z in D ; and let f v (z) tend to a limit , as n-> 00 , 
at a set of points having a limit-point inside JJ. Then f v (z) lends 
uniformly to a limit in any region bounded by a contour interior 
to D, the limit being , therefore , am analytic function of z. 

It is sufficient to consider the case where 1) is a circle, and 
the limit-point is its centre. For then, returning to the general 

* This proof is given by Jentzsch (1). 
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case, we can prove uniform convergence in a circle with centre 
the limit-point interior to 1). Then we can repeat the process 
with any point of this circle; and so, by the method used in 
analytic continuation, extend the domain of uniform con- 
vergence to any region bounded by a contour interior to D. 

We may take the limit-point as origin. Let the radius of the 
circle D be R. Let 

/„(z) = «0,» + “i,h 2 +"- (l*K-B)- (1) 

Then \f 7l (z)-f n (0)\ < |/„(z)| + 1/„(0)| < 2 M. 

But f n (z)—f n ( 0) is zero at z = 0. Hence, by Schwarz’s lemma, 

\L(z)-f n m< 2M / 1 (i*i < «). 

Let z' (=^0) be a point where the sequence converges. Then 

() )l < IA(o)— A 

+ I fn-nn( Z ')—Ju Fm(b)| 

^ 4M\z'\/R-\- 

We can choose z' so that the first term is arbitrarily small, and 
then, since/,, (z') tends to a limit, we can choose n so large that 
the second term is arbitrarily small for all positive values of m. 
Hence / n (0), i.e. a 0 M , tends to a limit, say a 0 . 

Next consider the function 

g„(z) = {/«( 2 ) — ® 0 , »}/ 2 = «x, „ -f „-+■•• • 

This also tend# to a limit at z', since, as we have just proved, 
a 0f n tends to a limit. Also 

\g,M < 2 M/R 

for \z\~^R, and so also for \z\<R. Thus g n (z) satisfies the 
same conditions as f n (z) (except for the value of its upper 
bound), and hence a h n tends to a limit, say a v Similarly a y n 
tends to a limit for all values of v. 

Finally, the convergence of ( 1 ) is uniform with respect to n and 
z for \z\ < R—e. since, by Cauchy’s inequality, |a Vi J ^ 

So, since every term tends to a limit, the sum tends to a limit 
uniform^ for \z\ < R -e. This proves the theorem. 

5.22. From any sequence, of functions regular and bounded in 
A in the sense of the above theorem , we can select a sub-sequence 
which converges uniformly in any region interior to D. 
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5.3. Hadamard’s three-circles theorem. Let f(z) be a 
analytic function , regular for r T < \z\ ^ r 3 . Let r x < r 2 < r 3 , aw 
let M j, Af 2 , Af 3 6e the maxima, of \f(z)\ on the three circb 
\z\ = rj, r 2 , r 3 respectively. Then 

^ Jflo^/raJj^lo^rs/r,) (] 

Let </>(z) — z A /(z), where A is a constant to be determined late 
Then <£(z) is regular in the ring-shaped region between |z| = 
and \z \ ~r 3 , and \<f>(z)\ is one-valued. Hence the maximum ( 
\<f>(z)\ occurs on one of the bounding circles, i.e. 

\<f>(z )\ ^ ma x(r x l M v r^M 3 ). 

Hence on \z\ — r 2 

\f(z) \ ^ max (r^rj . 7 ^ 1 / 3 ). (- 

We have now to choose A to the best advantage, and this 
done by making the two expressions in the bracket equal. W 
therefore define A by the equation 

r\M A = r\M v 

Thus A = — {log(ikT 1 /^ 1 )}/{log(r 3 /ri )}. 

With this value of A, (2) gives 

and hence 71/\° f?(r ^ r , ) (r 2 /r ] ) lo? ( iU ^ /1/, W I i nK(r / ,r,) 

the required result. 

Notice that the case of equality can occur only if cf>(z) is 
constant, i.e. if f(z) is a constant multiple of a power of z. 

5.31. Convex functions. A function <f>(x) of a real variab 
x is said to be convex downwards , or simply convex , if the cun 
y — between x, and x 2 always lies below the chord joinir 
the points [x v ^(xj) and {.r 2 , <f>(x 2 )}. Analytically the condition 

<f>(x) < cf>(xj+ " 7" 1 <j){x 2 ) (x 1 <x< x 2 ). ( 

x 2 x 2 x^ 

The function is said to be convex in the wide sense if the sig 
of equality can also occur. 

A convex function is continuous. For if we make x x 2 
(] ), we obtain ^(a^+0) < ^(xj); and if we make x 2 -» x we obta 
< <£(x-|-0). Hence <f>(x) — <f>(x-\-0) for all values of x. Sim 



CONVEX FUNCTIONS 


173 


larly <f>(x—0) = <f>(x) for all values of x . Hence the function is 
continuous. 

If we put x= l(x 1 -\-x 2 ) in (1), we obtain 

<f>(l x i+ l x -i) < ${4>(*i)+<H x t)}- ( 2 ) 

This is sometimes taken as the definition of convexity* instead 
of (1). It is less restrictive than the definition adopted here, 
and does not involve continuity. 

A sufficient condition for <j>(x) to be convex is that > 0; 
for then (f>'(x) is increasing, and 

X J* 

1 f <f>’(t) dt < < 1 f <j)'(t ) dt (jT, < £ < 

X x i J x 2 x J 

J’ 

which gives (1). 

5.32. The three -circles theorem as a convexity theorem. 

Hadamard’s three-circles theorem may be expressed by saying 
that log M(r) is a convex function of logr. For we may write it 
in the form 


log M (r 3 ). 


6 logra-logrj log r 3 —logr 1 

and the sign of equality occurs only if the function is a constant 
multiple of a power of z. 


5.4. Mean values of j f(z)\. The mean values 

“In tlTT 

hi?) **■ ^ f I Are 10 ) | M, l 2 (r) — J | /(re'") |* dd, 

0 0 
have properties similar to those of M(r). 

5.41. I 2 (r) increases steadily with r , and log 1 2 (r) is a convex 
function of log r. 

Let f(z)= fa,;". 

n - o 

The fact that I 2 (r) is steadily increasing is then obvious from 
the formula «, 

h( r ) "= 2 K \~ r ~ u 

71 ~ 0 

of § 2.5. 

* o.g. in Polya unci Szogo, Aufgabcn, 1. p. 52. 
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To prove convexity, let u = log r , and let 1 1 denote deri- 

vatives with respect to u. Then 

/72 T 7 r, _T , 2 

d** (log/ *) = 'i*'"' ’ 

and by Schwarz’s inequality 

(2 |aj a 2we*««) 2 < (2 |a n | a 4nV"«) = 

Hence the result. 


5.42. /j(r) increases steadily with r , and log/ 1 (r) is a convex 
function of log r. 

It is possible to prove this in the same sort of way as the 
previous theorem,* but the proof is not so easy, since there is 
no simple expression for / x in terms of the coefficients a ir So 
we adopt an entirely different method, j 

Let 0 < r 1 < r 2 < r 3 , and let k(9) and F(z) be defined by 

k[6)f(r./ e ) = \f{r.,e'°) | (0 C 6 <: 2n), 


~7T 

F(z) -= ^ J f(ze' l >)k{6) dd. 

0 

Then F(z) is regular for \z j r 3 , and attains its maximum in 
this circle on the boundary, say at z — r 3 e /A . Hence 

/i(r 2 ) =- F(r 2 ) < | f’(r 3 e' A )| < 1^), 

which jiroves the first part. 

Now choose a so that 


Then 




r?/i(r 2 ) ^ r?tF(r 2 ) < max Iz^z)! < 

rr'lcl-.r, 

and the result follows as in Hadamard’s three-circles theorem. 


5.5 Theorem of Borel and Carathfeodory.J This result 

enables us to deduce an upper bound for the modulus of a func- 
tion on a circle |z| —r, from bounds for its real or imaginary 
parts on a larger concentric circle \z \ — R. 

Letf(z) be an analytic function regular for \z\ ^ R, and let M(r) 


* Sec Hardy (8), and Landau, Krgebnisae der F unktionentheorie, § 23. 
t Polya and Szego, Aufgaben , Dnttor Abschnitt, No. 308. 

J See Borel, Acta M. 20, and Landau, Ergebniaae , § 24. 
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and A(r) denote, as usual, the maxima of |/(z)| and R{/(z)} on 
\z\ = r. Then for 0<r<R 


Mir) < 


2r 


■MS)- 


R+r 


1 /( 0 ) |. 


R-r~'-' ' R-r ' 

The result is obvious if f(z) is a constant. If f(z) is not con- 
stant, suppose first that /( 0) = 0. Then A(R) > A( 0) = 0. 

*** 4>(z) = - . M. . . 

n 1 2 A(R)-f(z) 

Then <f>(z) is regular for \z\ < R, since the real part of the 
denominator does not vanish; </>(0) = 0; and, if f(z) = u-\-iv , 

u 2 -\-v 2 


i*«r= 


< i 


{2 A(R)-u} 2 +v 2 

since — 2A(R)+u ^ u < 2A(R)—u. Hence Schwarz’s lemma 


gives 


m\ 


Hence 


1/(2) I = 


2A(R)<J>(z) 2A(R)r 

l+<f>(z) R—r 


and the result stated follows. 

If /( 0) is not zero, we apply the result already obtained to 
/(*)-/( 0). Thus 

9r 9r 

\f(z)-m\< p maxR{/(:)-/(0)}< - - {A(R)+\f(0)\}, 

ii—r \ z \=r K—r 

and the result again follows. If .4(1?) > 0, we deduce 


I(rK|+ r {i(fl)+|/(0)|}. 

— r 

By arguing with —f(z), or with ±i/(z) we obtain similar 
results in which A (r) is replaced by min R{/(z)}, max I {/(z)}, or 
min I{/(z)}. 

The inequality is thus proved. The form of the right-hand 
side may be varied to a certain extent. It must, however, con- 
tain, besides A(R), a term involving /(0), or we could falsify the 
result by replacing/(z) by f{z)-\-ik, where & is a sufficiently large 
real number. Also it must contain a factor, such as 1/(1?— r), 
which tends to infinity as r -> R. To show this/ consider the 
function f(z) — — i log( 1 — z), and let 0 < r < R < 1. Then 
A(R) < In, however near R is to 1 ; and/(0) = 0. But M(r) -> co 
as r -> 1 . 
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5.51. The same principle can be extended to the derivative! 
of/(z). Under the conditions of the above theorem , with A(R) > 0, 

max |/ ( ">(z) | ”:" 1 M(fi)+|/(0)|}. 

1*1 =r (-« — r)" +l 


For 


/(»)( 2 )= W! . f - dw, 

2ni J c (tr—z)" +1 


(1 


where C is the circle with centre w--z and radius 8 
0n this circle \ w \ ^r+UR-r) = UR+r), 

so that Caratheodory’s theorem gives 

max|/(ic)|<^+|^+^{^(i?)+|/(0)|}<^M(i?)+|/(0)|}. 
Hence, by (]), 


ft] 47? on+2«jfI? 

WWI *Z s» (• 4(S >+ | / (0 > | 1- 

5.6. The theorems of Phragmen and Lindelof.* The fol 

lowing important extension of the maximum-modulus theoren; 
was given by Phragmen and Lindelof : 

Let C be a simple closed contour , and let f(z) be regular insid( 
and on C , except at one point P of C. Let \f(z)\^M on C 
except at P. 

Suppose further that there is a function w(z), regular and no\ 
zero in C, such that |o>(z)| ^ 1 inside C, and such that , if e is any 
given positive number , we can find a system of curves, arbitrarily 
near to P and' connecting the two sides of C round P , on which 

\{co(z)Yf(z)\ < M. 

Then \f(z)\ ^ M at all points inside C. 

To prove this, consider the function 
F(z) = {a>(z)}‘f(z), 

which is regular in C. If z 0 is any point inside C, we can, by 
the hypothesis about o>(z), find a curve surrounding z 0 on which 

|F(2)| ^ m . 

Hence |F(z 0 )| < M, 

and so |/(z 0 )| M\c*{z 0 )\~ e . 

Making e -* 0, |/(z 0 ) I ^ M- 

This proves the theorem. 


Phragmen and Lindelof- ( 1 ). 
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It is not difficult to see that the exceptional point P may be 
replaced by any finite number, or even by an infinity, of points, 
provided that functions a>(z) corresponding to them with suit- 
able properties can be found. 

In the following sections we give a number of theorems of 
this type. Instead of actually using the above theorem, it is 
usually simpler to start again with a special auxiliary function 
adapted to the region considered. In practice the exceptional 
point P is always at infinity. 

5.61 . The above theorem gives many important results about 
the behaviour of a function in the neighbourhood of an essential 
singularity. By making a preliminary transformation, we can 
always suppose that the exceptional point is at infinity. The 
fundamental theorem then takes the following form: 

Let f(z) be an analytic function of z = re 1 ^, regular in the region 
I) between two straight lines making an angle njoL at the origin , 
and on the lines themselves. Suppose that 

\m<x (i) 

on the lines , and that , as r oo, 

f( z ) — 0(e re ), (2) 

where /? < a, uniformly in the angle. Then actually the inequality 

(1) holds throughout the region D. 

We may suppose without loss of generality that the two lines 
are#— ±iir/oL. Let 

F(z) = e~« Y /(z), 

where /J < y < a and e > 0. Then 

\F(g)\ = e-~ y «"*\f(g)\. (3) 

On the lines #—± 2 77 '/ a > cosy#>0, since y < a. Hence on 

these lines | F(z) | < \f(z) ] 

Also on the arc |0| ^ In/a of the circle |z| = i?, 

\F(z)\ < e~ €72Yc08i > /7r/a |/(z)| <^4e^- €ieYcosi v 7r l a , 

and the right-hand side tends to 0 as R -> oo. Hence, if R is 
sufficiently large, |J(s)| ^ M on this arc also. Hence, by the 
maximum-modulus theorem, \F(z)\^M throughout the in- 
terior of the region \0\ ^ \ttIol, r ^ R\ i.e., since R is arbitrarily 
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large, throughout the region D. Hence, by (3), 

in D ; and making e -> 0 the result stated follows. 

It is evidently unnecessary to suppose that the function f(z) 
is regular in the region \z\ < r 0 , if there is an arc \z\ = r x > r 0 
on which (1) is satisfied. With this extension the theorem is 
significant for a < the angle including part of the plane 
more than once, and the function not being necessarily one- 
valued. We can also replace the straight lines of the theorem 
by curves extending to infinity; the reader should have no 
difficulty in supplying the details of such extensions. 

5.62. It is important to notice the relation between the 
‘angle’ of the theorem, and the order of f(z) at infinity. The 
wider the angle is, the smaller the order of f(z) must be for the 
theorem to be true. 

In the following theorem, the order is just not small enough 
for the previous proof to apply, and a more subtle argument 
is required. 

The conclusion of the 'previous theorem, still holds , if we are only 
given that , (z )_0 ( e«-) 

for every positive 8, uniformly in the angle. 

As before we take the angle to be — h t/ol < 0 ^ lir/a. Let 

F{z) = e- € *7(z). 

Then F(z) tends to zero on the real axis, and so has an upper 
bound M f on the real axis. Let 

M” = max(J!f , M'). 

We may now apply the previous theorem to each of the two 
angles ( — Jtt/oc, 0) and (0, \ tt/oc ), and we thus find that 

throughout the whole given angle. 

But in fact M ' ^ M ; for | F{z) | attains the value M' at a point 
of the real axis; hence, if JLT' = M", F(z) must reduce to a con- 
stant, and M” = M. Otherwise M ' < M'\ so that M" = M in 
any case. It therefore follows that 
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Hence \f(z ) | < M\er^\, 

and the result follows on making e 0. 

5.63. If f(z) -> a as z oo atbng two straight lines , and f(z) is 
regular and bounded in the angle between them , then f(z) -> a 
uniformly in the whole angle. 

We may suppose without loss of generality that the limit a 
is 0. We may also suppose that the angle between the two lines 
is less than 7 r, since the general case can be reduced to this by 
a substitution of the form z = w k . We may thus suppose that 
the hues are 8 = ± 0 ', where 6 ' < \tt. 


Let F(z) = — /( z), 

where A > 0. Then 


\m\ 


2rA cos 0+ A 2 ) 


1/(2) I < 


■v'(r 2 +A 2 ) 


1/(2) I. 


Now 1/(2) I sC M, say, everywhere, and \f(z) | < e for r>r 1 — r 1 (e) 
and 6= ±6'. Let A = r x Mje. Then for r < r x 


\F(z)\< r ^M< e 

and |jF(z)| < |/(z)| < € for r > r 1 and 8 = ±0'. Hence, by the 
main Phragmen-LindelGf theorem, \F(z) |^e in the whole 
region. Hence . 

l/WI<(l+J)TOI<2e 

if r > A. This proves the theorem. 

5.64. If f(z) -> a as z -> oo aZon# a straight line , and f(z) -> 6 
as z-> cc along another straight line , and f(z) is regular and 
bounded in the angle between , ZAen a = b 9 and /(z) -> a uniformly 
in the angle. 

Let f( z ) a along 0 = a, and /(z) -» 6 along 8 = /?, where 
a </J. The function {/(z) _ , (a+5)}2 

is regular and bounded in the angle, and tends, to J(a— 6) 3 on 
each of the straight lines. Hence it tends to this limit uniformly 
in the angle; that is, 

{/(2)-i(o+6)} 2 -i(a-*) 2 = {/(2)-a}{/(2)-6) 
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tends uniformly to zero. Thus to any e corresponds an arc on 

Whl<5h !{/( 2 )-#)4}K, 

At every point of this arc either \f(z)—a\ < \!e or \f(z)—b \ < Ve 
(or both), and we may suppose that the former inequality holds 
at 8 = a, the latter at 8 — j8 ; let 8 0 be the upper bound of values 
of 0 for which the former holds; then 0 O is a limit of points where 
the former holds, and is either a point where the latter holds, 
or a limit of such points; hence, since f(z) is continuous, both 
inequalities hold at 6 0 . Taking z to be this point, we have 

\a—b\ ^ \f(z)—a\+ \f(z)—b\ ^ 2Ve, 


and, making e -» 0, it follows that a — h. Finally f(z) -> a 
uniformly, by the previous theorem. 

These theorems have obvious affinities with Mon tel’ s theorem^ 
(§ 5.23). But in Montel’s theorem the line along which the func- 
tion tends to a limit must be interior to the region of bounded- 
ness, so that these theorems become corollaries of Montel’s only 
if we assume a slightly wider region of boundedness. 


5.65. The Phragm6n-Lindelof theorem for other re- 
gions. The angle of the above theorem may be transformed 
into other regions, for example into a strip. 

Take, for example, the theorem of § 5.61, applied to the region 
r > 1, \8\ < t/oc, and put s = ilogz, f(z) ^ (f>(s ). If s — o-\-it, 
the lines argz = ±i 7r / a: become parallel lines &is= ± and 
t =- log \z | . Hence, if | <f>{s)\^M on the upper half of the two 
parallel lines and on the segment of the real axis joining them , , while 

= 0(e*') (/><«) (1) 

in the strip between them , then actually |</>(6*)| ^ M throughout 
the strip. 

Another theorem of this type, which we shall require in the 
theory of Dirichlet series, is as follows: 

If (f>(s) is regular and 0(e €,/l ), for every positive e, in the strip 
°i ^ o’ ^ °2> an d 

fai+it) = 0( = 0(|*|H 

then <f>{a-\-it) = 0(\t\ k(a) ) 

uniformly far a 1 ^ a < <r 2 , k(a) being the linear function of a which 
takes the values k v k 2 for o = <j v a 2 . 

The result is true more generally if (f>(s ) satisfies a condition 
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of the form (1). With the given condition it may be proved 
directly as follows. 

Suppose first that k x = 0, Jc 2 = 0, so that </>(s) is bounded for 
a = a v a — cr 2 . Let M be the upper bound of <f>(8) on these two 
lines and on the segment of the real axis between or 1 and a 2 . Let 

g(s) = e €Si <j>(s). 

Then \g(s)\ = e~^\<f>(s)\ < |^(*)| < M 

for a = a v a = cr 2 . Also |^( 5 ) | -> 0 as t -> 00 for ct 2 ; and 

so, if T is large enough, |< 7 (s) | < M on t = T, ^ a < cr 2 . Hence 
\g(s)\ ^ M at all points of the rectangle (cq, cr 2 ), (0, T). Hence 
|{7($) | ^ M at all points in the half-strip, i.e. 

\<f>(s)\^e“M. 

Making e-^0, it follows that |<£(s)| < ilf for t > 0, and simi- 
larly for t < 0. This proves the theorem in the particular case 
considered. 

In the general case, let 

^(s) = (—is) k ^=e m I 0 *-*), 

where the logarithm has its principal value. This function is 
regular for a 1 < a < a 2 , t > 1 ; also, if &($) = as+b, 


R|/-(.s)log(-M)} = R[{k(o)+iat}\og(t— i<r)] 

= ^(c7)log< + 0(l). 

Hence |0(s) | = t k(a) e° a) . 

The function 0(6*) — (f>(s)/ip(s ) therefore satisfies the same con- 
ditions as <f>(s) did in the first part. Hence 0(6*) is bounded in 
the strip, and ^ _ q ^ ( j = 0 ^a)y 


5.7. The PhragmGn-Lindelof function h(9). In several of 
the preceding theorems we have been considering the way in 
which a function behaves as z tends to infinity in different 
directions. We shall now make a more systematic study of this 
question. 

Consider first the function 


f(z) = e ia+ib)zP , 

Then \f(z) | = c ra(o 008 P 9 ~ b sin p 0 ). 

The behaviour of log \f(z) | depends in the first place on the 
factor rP, which is independent of 9. The different behaviour 
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in different directions is determined by the factor 
h(6) = acoapO — bainpd = r-P\og\f(z)\. 


This is of course a very special case; but the general case is not 
so different from it as might be expected. 

We shall suppose throughout the following sections that f(z) 
is regular for a < 0 < /?, \z\ ^r 0 , and that f(z) is £ of order p ’ in 


this angle, i.e. that 


lim logl/(re ' e) l=0 

r P+€ 


uniformly in 6 , for every positive value of e, but not for any 
negative value. (For example, the above function is of order p.) 


We define h(0) in general as 

where V(r) depends on the function considered. We should 
naturally choose F(r) so that h(6) is finite and not identically 
zero. Here we shall consider the simplest case V(r) = rP\ but 
our argument would apply almost unchanged to any function 

8Uch as 7*^ (log r)*(loglog r)i. . . . 


5.701. It is convenient to introduce at this point an expres- 
sion containing the word ‘infinity’, or the symbol oo, which is 
not used in elementary analysis. We shall use lim<£ n = oo to 
mean the same thing as (f> n -> oo; and we shall say that <f>(x) has 
an infinite value, or <f>(x) = oo, if, and only if, (f>(x) is defined as 
the limit of a sequence <f> n (x), and the sequence diverges to 
infinity for the particular value of x in question. We use — oo 
in the same way. For example, we might write 

* f dt 

— = oo 

J t 

0 

1 

if the left-hand side is defined as lim | ; and h(6) = oo means that 

e ->0 { 

r-P\og\f(re i0 )\ takes arbitrarily large values as r -> oo. 

The novelty consists in writing 4 =oo’, as if we had defined 
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a number ‘oo’; but it should be remembered that we have not 
done so, and that 'infinity’ remains an incomplete symbol.* 

5.71 . Let ol < 9 X < 0 2 < /?, and 0 2 — 0 1 < 7 r/p, and ZeZ 

A(fl 2 K* 2 . 

Let H(9) be the function of the form a cos pO + 6 sin p9 which takes 
the values h x , h 2 at 0 V 0 2 . Then 

h(6) < H(8) (0 X < 0 < 0 2 ). 

It is easily seen that 

sinp(0 2 — 0)+A 2 sinp(0— 0j) 

U ~ sinp(0 2 — 0j) 

but we do not require this expression in the proof. 

Let H s (0) — a 8 cos p9 + b 8 sin p9 

be the //-function which is equal to 7^+8, h 2 -\-b (8 > 0) for 
9 = 9 V 9 ~9 2 respectively. Let 

F(z) -^f(z)e-( ft &- ih & )z \ 

Then | F(z) | = | f(z) \e~ n ^ rP , ( 1 ) 

and so, if r is large enough, 

| F(re'°')\ = 0(e^ ^ rP ~ l h^ rP ) - -0(1). 

A similar result holds for F(re 10a ). Hence, by the theorem of 
§ 5.61, F(z) is bounded in the angle (9 V 9 2 )- Hence, by (1), 

f(z) m 0(c*h«>n (2) 

uniformly in the angle. Hence h(9) < //g(0) for 9 1 < 9 < 0 2 . 
Since //§(0) > 11(0) as S -> 0, the result follows. 

5.711. As a particular case of the above theorem, one or 
both of h^f), h(9<>), may be — 00 . The conclusion is then that 
h(9) = — 00 for 9 l < 9 < 0 2 . The same proof still applies, one or 
both of the numbers h v h 2 now being arbitrarily large and 
negative. 

5.712. Ifoc<9 1 <9 2 <0 3 <P, 9 2 -9 1 < tt jp, 0 3 -0 2 < tt ■//>; 
and h(0 1 ), h(0 2 ) are finite, and H(0) is an H-function such that 

h(9 1 ) ^ H(9 X ), h(9 2 ) = H(9 2 ), ' 

then h(9 z ) ^ //(0 3 ). (1) 


* p.M. § 55. 
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Choose 8[ so that 8 z —irjp < 8[ < 0 2 . Then h(8[) < H(6' 1 ) by 
§5.71. Hence, by §5.711, A(0 3 ) is not — oo. If (1) is false, we 
can choose 8 so that A(0 3 ) ^ //(0 3 )— 8. Let 


Then 


H b (0) = tf(0)-8 


sin p(8—0^) 
sin p(8 z -0i)' 


h(0[) < H(0') = H h {8i), h(0 z ) < H(8 z -8) = H S (0 Z ). 

Hence h(0 2 ) < H h {0 2 ) < 77(0 2 ), 

contrary to hypothesis. 

5.713. If 0 1 < 0 2 < 0 3 , 0 2 —0i < it Ip, 83 — 02 < 7r lp> then 
h(0 1 )mnp(0 3 —8 2 )+h(0 2 )sinp(0 1 ~0 z )+h(8 z )smp{0 2 —8 1 ) ^ 0. 

For any H(8) 

i/(0 1 )sinp(03-0 2 )+7/(0 2 )smp(0 1 -~0 3 )+/7(03)sin / )(0 2 ~0 1 ) 0, 

and choosing 7/(0) so that 77(0j) ~ A(0j), 77(0 2 ) — A(0 2 ), and 
observing that, by the above theorem, A(0 3 ) 5? 7/ (0 3 ), we have 
the result stated. 

The function h(8) is continuous in any interval where it is finite. 

Let h(8) be finite in the interval 0 } < 0 sc 0 3 , and let 
0i < 0 2 < 0 3 . Let 7/j 2 (0) be the A-funetion which takes the 
values A(0 X ), A(0 2 ) at 0 X , 0 2 ; and define // 2 3 (0) similarly. Then 
by the above theorems 

7/ 2j 3 (0) < *(0) < 77! 2 (0) (0j < 0 rr; 0 2 ) 

7/i > 2 (0) ^ 7/(0) // 2>3 (0) (0 2 v 0 < 0 3 ). 

Hence, in whichever of these intervals 0 lies, 

H h2 (0)~H h2 (8 2 ) <r h(0)--h(0 2 ) ^ . H 2 J0)-H 2tZ (0 2 ) 

0-0 2 " 0-0 2 0— 0 2 
The extreme terms tend to limits as 0 -> 0 2 ; hence the middle 
term is bounded, and so h(0) -> h(0 2 ). 

It also follows that \f(re i6 )\ < exp[r^{A(0)+€}] uniformly for 
r > r 0 (e); (divide the 0-range into n — n(e) parts). 

5.72. Geometrical interpretation of the property of h(0). 
In the case p — 1, the property of the function h(0) has a simple 
geometrical interpretation. 

For every value of 0 in an interval where h(0) is finite and 
positive, consider the radius vector of length h(8) making an 
angle 0 with an initial line, and the perpendicular to this radius 
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vector at its end. (Consider, for example, the cases f(z) = cosh z , 
f(z) = cosz+coshz.) 

Let h v h 2 , A 3 be the values of A(0) at 9 V 0 2 , 0 3 , where 
6 1 <8 2 < 0 3 . Then the three perpendiculars are 
x cos + y sin 6 1 = h v 
x cos 0 2 + y sin d 2 = A 2 , 
x cos 0 3 + Z/ s i n 03 = ^3- 

The first and third meet at a point ( X , Y) given by 

X _h x sin 0 3 — A 3 sin 0, y __ A 3 cos 0j — Aj cos 0 3 

sin(0 3 — 0 X ) ’ sin(0 3 — 0 X ) 

Now the condition that (X, 7) should lie on the opposite side 
from the origin of the second perpendicular (or on it) is 

X cos 0 2 + Y sin0 2 — h 2 > 0, 
or 

(A x sin 0 3 — A 3 sin 0 1 )cos 0 2 + 

+ (A 3 cos 0 r — A a cos 0 3 ) sin 0 2 — A 2 sin(0 3 — 0j) > 0, 
or Aj sin(0 3 —0 2 )+A 2 8111(0!— 0 3 )+A 3 sin(0 2 —0 1 ) > 0, 

This is precisely the condition which the function A(0) satisfies. 

If the perpendiculars envelope a curve, then two tangents 
to it meet on the opposite side to the origin of any tangent at 
a point between them. It is easily seen geometrically that this 
means that the curve is always concave to the origin. 

5.8. The following interesting applications of the Phragmen- 
Lindelof principle are due to Carlson.* 

Let f(z) be regular and of the form 0(e klz] ) for R(z) > 0; and lei 
f(z) = 0(e~ alz] ), where a > 0, on the imaginary axis. Thenf(z) = 0 
identically. 

We apply the argument of § 5.71 to /(z), with p = 1, 9 X -- 0, 
0 2 = Irr, Aj — - A, A 2 = —a ; and here we can take S = 0 through- 
out the argument. Then § 5.71 (2) gives 

_ 0| e (fcco8 0-a|sin0|)rJ (J) 

for 0 < ; 0 ^ A77; and a similar argument shows that (1) also holds 
for —+77 ^0^0. 

Let F(z) = e“*/(z) 

where cu is a (large) positive number. Then by (1) there is a 
* In an Upsala thesis (1914). See M. Riesz (1), Hardy (14). 
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constant M, independent of w, such that 

\F(z)\ co90-o!sin0|}r ( — \tt < 0 ^ Att). 


In particular we have 


\F(z)\^M 


( 2 ) 

( 3 ) 


for 6 — ± i7T and 6 — where a = arc tan{fc-fcu)/a}. 

We can now apply the theorem of § 5.61 to each of the three 
angles (— \rr, — a), ( — a, a), and (a, |7r). It follows that (3) 
actually holds for — Itt < 0 < 

Hence |/(z)| jl4V wrco8 0, and making a> -> oo it follows that 
\f(z) | — 0. This proves the theorem. 

5 . 81 . If f(z) is regular and of the form 0(e klz] ), where k<rr , 
for R(z)>0, and f{z) = 0 for z = 0, 1, 2, 3,..., then f(z) = 0 
identically. 

Consider the function F(z) ~f(z)co&cc7rz. On the circles 
\z\ ~ n-{-i, coscc7 tz is bounded. Hence F(z) — 0(e k[z[ ) on these 
circles, and also on the imaginary axis. Since F(z) is regular it 
follows that, if n—\ < \z\ < w+i, 

F(z) = 0(e k (" + ») = 0{c k M), 

and so F(z) is of this form throughout R(z) 0. Also 


F(z) = 0(e< k -”M) 


on the imaginary axis. The result therefore follows from the 
previous theorem. 


MISCELLANEOUS EXAMPLES 


1. A function f(z) is regular inside and on a simple closed contour C , 

and \f(z)\ < M on C. Deduce from Cauchy’s integral for {f(z)} n that, 
if z is inside C, | ^ Z )\ H ^ KM n , 

where K is independent of n. Hence show that ]f(z ) | s? M inside C. 
[Landau.] 

2. Use Poisson’s integral to show that a function which is harmonic 
in a region cannot have a maximum at an interior point of the region. 

3. If f(z) is regular and 0(e rl-< ) for R(z) > 0, |/(z)| < M on the 
imaginary axis, and /( 1) — 0, then for x > 0 


I /(•*•-! *'/)| 


J(1 


M. 


| (Consider (1 I -)/(l — ^)./(z)]. 

4. A function /(z) is regular and satisfies the inequalities 


c~ r ° +e < \f(z ) | < 

in an angle B x < 0 < 0 2 , where 0 2 “^i < Wp- As r oo, r“^log|/(z)| 
tends to the limits h x and h % for 6 = 6 lt 0 2 . H(0) be the function 
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of the form a cos p9 + b sin pd which takes the values h l9 h 2 for 0 = 0 V 0 2 . 
Then h(6) = H(9) throughout the interval 9 X < 0 < 0 2 . 

5. Show that, if f(z) = 0(e rl+ *) in a given angle, the function 

m = ns l0 ^/ (reW) i 

r logr 

has properties similar to those of the /^-functions considered in the text. 
Show that if f(z) = l/r(£-f s), then h(9) = —cos 0 for all values of 0. 

6. An analytic function f(z) is regular and not zero in the half -strip 
defined by a < x < b, y > 0 ; J(z) = 0(y A ) as y-> oo uniformly in the 
strip, and |log/(z.)| is bounded on the middle line x — \(a- [ b). Prove that 
log f( z ) - O(\ogy) uniformly for a + $ < x < b — 8. 

[Apply Caratli^odory’s theorem to log/(z) in a circle with centre at 
i(a + b) +m/*] 

7. A function f(z) is regular, and |/(z)| < M , for R(z) > 0, and f(z) 
has zeros at z v z 2 **** in this half -plane. Prove that 


!/(*) I < 


p~ z 2 2jz z 

z l~h z 2 2 + 2 



for R(z) > 0; and deduce that, if/(z) is not identically zero, the series 



is convergent. [See Polya and Szego, Absch. Ill, Nos. 295, 298.] 



CHAPTER VI 

CONFORMAL REPRESENTATION 


6.1. Conformal representation. If w is an analytic func- 
tion of z , then to values of z, which we represent as points in 
the 2-plane, correspond values of w , which we represent as points 
in the w-plane. We also speak of the point in the w-plane 
representing its corresponding point in the 2-plane; and of 
regions of the 2-plane being represented, or mapped, on corre- 
sponding regions of the w-plane. The object of this chapter is 
to discuss in more detail the nature of this representation or 
mapping. 

Let w = f(z) be an analytic function of 2, regular and one- 
valued in a region D of the 2-plane. Let z 0 be an interior point 
of D\ and let C x and C 2 be two continuous curves passing 
through 2 0 , and having definite tangents at this point, making 
angles a v a 2 , sav, with the real axis. 

We have to discover what is the representation of this figure 
in the w-plane. Before we go any further, we shall make a 
restriction, the reason for which will appear in a moment. We 
shall suppose that f'(z 0 ) is not zero. 

Let z x and 2 2 be points of the curves C x and C 2 near to z 0 . 
We shall suppose that they are at the same distance r from 
2 q, so that we can write 

*1— z 0 = re i6 >, z 2 —z 0 = re lt> \ 

Then as r 0, 0 X -> a v and 6 2 a 2 . 

The point z Q corresponds to a point w 0 in the w-plane, and 
2j and 2 2 correspond to points w x and w 2 which describe curves 
C[ and C 2 . Let 

«’i— w 0 = p 1 e i ^, w 2 -w 0 = pgC'A. 

Then, by the definition of an analytic function, 


v • w x —w 0 
hm T ~ 7 - =/( 2 «)• 

Since /'(z 0 ) is not zero, we may write it in the form Then 
lim = Re iS . 

re'Bi 


Hence lim^j— 0 X ) = 8, i.e. 

lim <f> j == a x -|-S. 
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Hence the curve G\ has a definite tangent at w 0i making an 
angle a x +8 with the real axis. 

Similarly C 2 has a definite tangent at w Qi making an angle 
a 2 +8 with the real axis. 

Hence the curves C \ , C[, intersect at the same angle as the curves 
C v C 2 . Also the angle between the curves has the same sense 
in the two figures. 

Because of this property of the conservation of angles, an 
analytic representation is called ‘conformal* . Any small figure 
in one plane corresponds to an approximately similar figure in 
the other plane, since all angles are approximately the same. 
To obtain one figure from the other we must rotate it through 
a certain angle — the angle 8 = arg{/'(z 0 )} of the above notation 
— and subject it to a certain magnification, viz. 

I™ — — R = |/'(z 0 )|. 

It is clear from the above analysis that the magnification is the 
same in all directions. 

6.11. The case/'(z) = 0 . Suppose now that/'(z) has a zero 
of order n at the point z 0 . Then in the neighbourhood of this 

p° int /(2)=/(Z 0 ) + 0(2-Zo) n+1 + - 

where a^O. Hence 

Wl -w 0 = a(z 1 -z 0 ) n + 1 +..., 
i.e. pjC 1 ^ 1 = [a|r n+1 e^ 8+(n+1 ) 0l} +..., 

where 8 = arga. Hence 

lim</» 1 = lim{8 + (n+l)0 1 } 

= 8+(n+l)<x v 
Similarly lim (f> 2 — 8 + (n+ 1 )o 2 - 

Thus the curves C' l> C 2 still have definite tangents at w 0 , but 
the angle between the tangents is 

Um(<f> 2 -<f> 1 ) = (n+l)(oL 2 -oc 1 ). 

Also the linear magnification, lim pjr, is zero. The conformal 
property therefore does not hold at such a point, 

6.12. In the above conformal representations we have, not 
merely conservation of angles, but conservation of the sign of 
angles; if we get from C 1 to C 2 by a rotation through an angle 
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a in the positive sense, we also get from C[ to C" by a rotation 
through a in the positive sense. 

There are also conformal representations in which the magni- 
tude of angles is conserved, but their sign is changed. Consider 
for example, the transformation 

w — z, 

where z is the complex number conjugate to z. This replaces 
every point by its reflection in the real axis. Hence angles are 
conserved, but their signs are changed. And this is true 
generally for every transformation of the form 

W=f{z), 

where /(z) is an analytic function of z ; for this is the product 
of two transformations: 


(i) Z = z, (ii) w —f(Z). 

In (i) angles arc conserved, their signs changed. In (ii) angles 
and signs are conserved. Hence in the resulting transformation 
angles are conserved and their signs changed. 

6.2. Linear* transformation. The function 

az-\-b 

w #= - - - - 
cz-\-d 

is called a linear function of z. We shall suppose that 

ad— be ~/L 0, 

for otherwise the numerator and denominator are proportional, 
and w is merely a constant. 

To every value of z corresponds just one value of w. This is 

apparent except, in the case c^O, for the value z— — rf/c, 

which makes the denominator vanish. But as z~>—djc, 

\w\ -> oo ; and we may regard the point at infinity in the w-plane 

as corresponding to the point z -- —d/c in the z-planc. 

T . ^ a , b 

If c — 0, then w = - z + 


and (since a ^ 0) the points at infinity in the two planes 


correspond. 

Conversely 


dw—b 

—cw+a’ 


so that z is a linear function of w. 


* Or bilinear. 
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Example. Prove that in general there are two values of z (‘invariant 
points’) for which w = z, but that there is one only if 

(fit — cf) 2 -j-46c = 0. 

Show that, if there are distinct invariant points p and q , the trans- 
formation may be put in the form 

W ~P _ k Z ~P . 
w—q z — q ’ 

and that, if there is only one invariant point p, the transformation may 
be put in the form 

1 = -i + *. 

w—p z — p 

6.21. Circles. The equation 

\z-z 0 \=p 

represents a circle with centre z 0 and radius p. 

Two points p , q are said to be inverse with respect to the 
circle if they are coll inear with the centre and on the same side 
of it, and if the product of their distances from the centre is 
equal to p 2 . Thus, if p = Zo+k * 

then g = ^ + ye iA . 


Tf 


z = z 0 +pe ie 


is any point of the circle, then 


z—p 


p e iB — l e iX 

_l 

P e ie —le iX 

z—q 


p € id — lgtA 

p 

le'ti — pe l * 


This is therefore a new form of the equation of the circle. 
Conversely, any equation 


z—p 

z-q 


= k 


(k^l) 


represents a circle* with respect to which p and q are inverse 
points. For the equation gives 

|z| 2 — 2R(pz)+ \p\ 2 = k 2 {\z\ 2 -2R(qz )+ |?| 2 }, 

or |-|2 o R{(p- -fc 2 g)z} |y| 2 -fc 2 |g | 2 0 

or 1*1 1 — A: 2 + 1=F ’ 


p— k 2 q 2 = \p-k 2 q\ 2 _ \p\ 2 — k 2 \q\ 2 
1-k 2 ( 1 — A' 2 ) 2 “ i— 4 2 “ ‘ 

Since \p-k 2 q\ 2 -(l-k 2 )(\p\ 2 -k 2 \q \ 2 ) = k 2 \p-q\ 2 , 


* The ‘circle of Apollonius’. 
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as is easily verified, we obtain 

„ P— Wq _k\p—q | 

1-k* |1 — * 

The equation therefore represents a circle, with centre 

„ __ v k 2 q 

0 ~ l-k 2 ’ 


and radius 
Also 



so that (p~z 0 )J(q—z 0 ) is real and positive, and 

Ip-ZoI!?- 2 oI =p 2 - 

Hence p and q are inverse points. 

In the particular case k — 1, z is equidistant from the points 
p and q , and therefore lies on the perpendicular bisector of the 
line joining them. 

6.22. Linear transformation of a circle. In a linear 
transformation , c circle transforms into a circle , and inverse points 
transform into inverse points. In the particular case in which the 
circle becomes a straight line, inverse points become points sym- 
metrical about the line . 

For let ? — ^ = k 

z-q 

be a circle (or straight line), with p and q as inverse points. Let 
az-{-b dw—b 

W = -‘.““if ^ = . 

cz-\-d -cw-\-a 

Then the circle transforms into 


dw—b—p(—cw+a) 
dw-b—q{—cw-\-a) 
ap4-b 

w — - - , 

cp-\-d __ ^ cq-\-d 

°q±b ~ cp+d\' 

cq+d 

The result is obvious from this equation. 

Example. Prove that the linear transformation in which only one 
point p is invariant may be considered as the result of (i) an inversion 
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in a circle (centre z 0 , say), through the point p, (ii) an inversion in the 
circle with centre w 0 corresponding to z 0 in the transformation, and 
touching the previous circle at p. 

6.23. To find all linear transformations of the half-plane 
I(s) ^ 0 into the unit circle \w\ 1. 

To points z, 2 , symmetrical about the real 2 -axis correspond 

points w y — , inverse with respect to the unit w?-circle. In parti- 
cular, the origin and the point at infinity in the w-plane corre- 
spond to conjugate values of 2 . 


Let 


az+b 

cz+d 


be the required transformation. Plainly c ^ 0, or the points at 
infinity would correspond. Now w = 0, w = 00 correspond to 
z = —b/a, —d/c. Hence we may write 


b 


— -= 
a 


d 

c 


= a, 


and 


a z—oc 
w — - 

C 2 OL 


The point 2 = 0 must correspond to a point of the circle \w\ = 1, 
so that 


a 

— a 


a 

c 

— a 


c 


= 1 . 


Hence we put 
where A is real, and obtain 


a — 


w — e 


aX ‘ 


(i) 


Since 2 = a gives w = 0, a must be a point of the upper half- 
plane, i.e. 1 (a) >0. /With this condition the function (1) gives 
the required representation. For if 2 is real, obviously \w\ = 1; 
and if 1(2) > 0, then 2 is nearer to a than to a, and \w\ < 1. 

There are three arbitrary constants in the transformation, 
A, R(«), and 1 (a). We can therefore make three given points of 
the real axis correspond to three given points of the unit circle. 

Example. The general linear transformation of the half -plane 
R(z) > 0 on the circle \w\ < 1 is 
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6.24. To find all linear transformations of the unit circle 
\z\ < 1 into the unit circle \w\ < 1. 


Let 


w = 


az -|— h 
cz-fd ’ 


Here w — 0, w = co, must correspond to inverse points z 
z ~ 1/ct, where |a| < 1. Hence 

I) d 1 

a c a’ 


a z — ql aii z — a 

c z— 1/a c * az— 1 ’ 

The point z~ 1 corresponds to a point on \w\ — 1 . Hence 


aix 1 — a 


aoc 

c a— 1 


c 


Hence 


z — ol 

w — e xA , 

OLZ — 1 


where A is real. 

This is the required result; for if z = e i0 , a — be l P, then 

I e id — beJP 




i. 


If z = re 10 , where r < 1 , then 


\z — a| 2 — |t\Z— 1 | 2 

— r 2 — 2rbcoH(0— /J)+/> 2 — {b 2 r 2 — 2/;rcos(0— /?) + 1} 

= (r 2 — 1)(1— & 2 ) < 0. 

Hence \w\ < 1. 

If we are also given that z = 0 corresponds to w — 0, then 
a = 0, and the transformation becomes 

w = e'^z. 

If also ^ = 1 at z = 0, then 
dz 


w~z . 

Example. The general linear transformation of the circle \z\ < p into 
the circle \w\ < p is 

, Z ~~ 0L /i i \ 

W =PP e az-pz (H < P)‘ 

6.25. If f(z) is regular for \z\ < l,R{/(z)} > 0,aiwi /(0) = a > 0, 
then |/'(0)K 2a. 

A result of this type follows from Caratheodory’s theorem 
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and its corollary (§§ 5.5-5.51). The following argument is essen- 
tially the same, but can now be put in a form which throws some 
light on the general method. 

Suppose that we can find a linear transformation <7 = <£(/) 
such that R (/) = 0 corresponds to \g\ = 1 , while f—a corre- 
sponds to <7 = 0 . Then we shall have \g(z)\ < 1 for R {/(z)} > 0 , 
i.e. for |z| < 1 , and gr( 0 ) = 0 . In this form the data are easy to 
deal with. We have 


Iff f (0)1 = 


1 

2iri 


f 


.7(2) 


dz 


tel-l — € 


<«■ 


and hence, making e 0 , |j 7 '( 0 )| 1 . 

We find, as in § 6.23, that the required linear transformation is 

f(z)—a 


7(2) = 


f(z)-\-a 


or 

Hence 

and 


f(z) = a 


1+7(2) 


!-7(z) 

2ag'(z) 

{ 1-7(z)F 

|/'(0)| = 2a|^'(0)K2a. 


/'( 2 ) = 


6.3. Various transformations. Wc shall now consider 
some examples of functions which are not linear. 

6.31. The function w — z 2 . If z — re iB and w — pe^, then 
pe * = r 2 e 2iB , so that ^ = ^ = 2Q 

The distance from the origin is therefore squared, and the polar 
angle is doubled. An angular region a < arg z < /9 is represented 
on an angular region 2a < arg < 2y8; if /}— a > tt, the angular 
region in the w-plane covers part of this plane twice. The 
ambiguity arising from this is removed if we replace the w-plane 
by the Riemann surface described in § 4.3. 

If z = x-\-iy , w = then 


u+iv = (x+iy) 2 = x 2 —y 2 -\-2ixy y 


or u = x 2 —y 2 , v = 2 xy. 

Hence the straight lines u — a, v — b correspond to the rect- 
angular hyperbolas 

x 2 — y 2 = a, 2 xy = b. 

These cut at right angles except in the case a = 0 , b = 0 , when 
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they intersect at the origin at an angle J 77 . Since dwjdz has a 
simple zero at the origin, this is in accordance with the general 
theorems on the transformation of angles. 


Examples, (i) Prove that the straight lines x = const., y = const., 
correspond to systems of confocal parabolas. 

(ii) Consider in the same way the function w ~ z tl for n == 3, 4,... . 


6.32. The function w 

at z — - 0, while 


dw 1 /_ 1 \ 


Here w becomes infinite 


which vanishes at z= = j = l. These points may therefore be 
expected to play a special part in the transformation. 

Putting z = re ie , w — wc have 


u 




and, eliminating 6, 



= 1 . 


This is an ellipse in the ?*;-plane, and it corresponds to each of 

the two circles \z\ = r, \z\ As r -> 1, the major semi-axis 

r 

of the ellipse tends to 1, while the minor semi-axis tends to 
zero. As r - > 0 or as r -> 00, both semi -axes tend to infinity. 
From this it is clear that the inside and the outsido of the unit 
circle in the z-plane both correspond to the whole t^-plane, cut 
along the real axis from —1 to 1 . The unit circle \z \ — I itself 
corresponds to the straight line from — 1 to 1 described twice. 

On solving the equation for z, we see that the inverse function 
is a two-valued function of w. We can remove all ambiguity 
from the representation by replacing the w-plane by a Riemann 
surface of two sheets, each slit from — 1 to 1, and joined cross- 
ways along the slit. If we pass round one or other of the points 
w = ±1, a different value of z is reached, but, if we pass round 
both, z returns to its original value. 

Examples. To what curve in the w plane does the line x ~ 1 corre- 
spond ? Consider the result as an example of § 6.11. 
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6.33. The logarithmic function. If w = log 2, the angular 
region a < arg 2 < fi corresponds to the infinite strip a < v < pin 
the w-plane. 

For if z = re iB , then a value of w is 

logr-f 

Hence u = log r, v = 0 . 

As r goes from 0 to 00, w goes from — 00 to 00, and the result 
follows. 

If we consider the general value of log 2, 
w = log r-{-i(0+ 2 Jc7t), 

where k is any integer, we obtain, not one strip, but an infinity 
of strips in the w-plane, corresponding to the infinity of values 
of the logarithm. 

On the other hand, a strip a < v < /3 corresponds to an angle 
in the 2-plane; but, if P—oc>2tt, part of the plane will be 
covered more than once. We can, however, avoid any ambiguity 
by replacing the single 2-plane by a Riemann surface consisting 
of an infinity of sheets, each cut along the real axis from 0 to 
—00, and the upper half -plane of each joined to the lower half- 
plane of the next along the slit. Then a strip of the w-plane of 
breadth 2tt corresponds to one complete sheet of the Riemann 
surface, and every point of the Riemann surface corresponds to 
just one point of the w-plane. 

Examples, (i) Investigate the properties of the transformation 
w - tan 2 by considering it as tlio result of the two transformations 

1 £-t 1 

and lienee obtain a Riemann surface for the inverse function 

z — arc tan u\ 

[Hurwitz-Oourant, Funlctionentheorie , p. 293.] 

(ii) Consider the properties of the transformation 

w — z a 

for general values of a. 

[The function z“ is defined as e'* 101 ’. Consider separately rational, 
irrational, and complex values of a.] 

6.34. If w = tan 1 2 lz, the strip in the z-plane between the lines 
x — o, x — W is represented on the interior of the unit circle in 
the w-plane, cut along the real axis from w = — 1 to w ■= 0. 
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We have 


1 — cos z 
1+cosz’ 


If z — \TT-\-iy, then cosz = — isinhy, and \w\ = 1. It is easily 
seen that, as y goes from — oo to go, am w goes from —tt to i r, 
so that w describes the whole unit circle once. 


If z = iy, cosz = coshy, and w is real. As y goes from +oo 
to 0, w goes from —1 to 0, and as y goes from 0 to — oo, w 
retraces its path from 0 to — 1 . 

The boundary of the strip therefore corresponds to the 
boundary of the cut circle, and there should be no difficulty in 
verifying that the interiors correspond. 


Example. Prove that the line x — corresponds to a loop of a 
closed curve, cutting the real axis at w — —1 and tu — 1/(3 -f- 2 V2) . 


6.4. Simple (‘schlicht’) functions.* We shall say that a 
function /(z) is simple in a region 1 ) if it is analytic, one- valued, 
and does not take any value more than once in D. 

The function w — f{z) then represents the region D of the 
z-plane on a region I)' of the -plane, in such a way that there 
is a one-one correspondence between the points of the two 


regions. 

If f(z) is simple in D, f'(z) -7^ 0 in D. For suppose, on the 
contrary, that /'(z 0 ) = 0. Then f(z)~f(z 0 ) has a zero of order 
n \n 5? 2) at z 0 . Since f(z) is not constant, we can find a circle 
1 2 — z 0 1 = 8 on which /(z)— jf(z 0 ) does not vanish, and inside 
which f'(z) has no zeros except z 0 . Let m be the lower bound 
of j/(z) — /(z 0 )| on this circle. Then by Rouche’s theorem, if 
0< \a\ < m, f(z)—f{z 0 )—a has n zeros in the circle (it cannot 
have a double zero, since /'(z) has no other zeros in the circle). 
This is contrary to the hypothesis that f(z) does not take any 
value more than once. 


A simple function of a simple function is simple . If f(z) is 
simple in D , and F(:w) in D', then F{ j\z)} is simple in I)\ for 
F{f(z i )} = F{f(z 2 )} implies /(^)— /(z 2 )> since F is simple; and 
this implies z x = z 2 , since / is simple. 


6.41. Inverse functions. In the above relationship, to 
every point of D f corresponds just one point of 1 J. We can 
therefore consider z as a function of w , say z — <f>(w). This is 
called the inverse function of w=f(z). 

* The German word is schlicht ; Dienes, The Taylor Scries , uses biuniform. 
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The inverse function is simple in D ' . For it is onc-valued; 
and it does not take any value more than once, since f(z) is 
one-valued. Finally, it is analytic; for if w 0 =f(z 0 ), then it is 
easily seen by considering $ f'(z)/{f(z)—w} dz that, in any given 
neighbourhood of z 0 , f(z) takes every value w sufficiently near 
to w 0 . Hence z = <f>(w) is continuous, and 

as w -> w 0 , since f'(z 0 ) 0. 


6.42. Uniqueness of conformal transformation. A 

simple function w =f(z) which represents the unit circle on itself , 
so that the centre and a given direction through it remain unaltered , 
is the identical transformation w = z. 

We have |/(z)| = 1 for |z| = 1, and /(0) = 0. Hence, by 
Schwarz’s lemma (§ 5.2), 

kl-l/WK l-l- 

But, applying Schwarz’s lemma to the inverse function, we 
have \z\ < \w\. Hence |u»| = |z|, i.e. 

\m/z\ = i (\z\ <i). 

Since a function of constant modulus is itself constant, it follows 

that r/ \ „„ 

J\z) — a^ 9 

where |a| — 1. The remaining conditions then show that a — 1. 

Other functions, such as w — z 2 , satisfy the conditions except 
that they are not simple. 

A simple function which represents the unit circle on itself is 
a linear function. 

If w f(z) represents the unit circle on itself, and /(()) = ?r 0 , 
we can, by § 0.24, find a linear function l(w) which represents 
the unit circle on itself, and is such that Z(?e 0 ) — 0. Then Z{/(z)} 
represents * lie unit circle on itself, and l{f( 0)} — 0. Hence, by 
the above theorem, l{f(z)] ~ az. Since the inverse function of 
a linear function is linear, f(z) is a linear function of z. 


6.43. Let f(z) be regular at z — 0, and /'( 0) 0. Then f(z) is 
simple in the immediate neighbourhood of z = 0; i.e. in the circle 
\ z \ ^ P> if P w small enough. 

We may suppose that /( 0) = 0. Since /'( 0) 0, the origin L 

a zero of /(z) of the first order. We can therefore find a circle 


o 
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(7, with centre z = 0, on which f(z) ^ 0, and inside which f(z) 
has no zero other than z = 0. Let m be the lower bound of |/(z)| 
on C. 

Since f(z) is continuous and vanishes at 2 = 0, we can find 
a circle \z\ — p inside which \f(z) \ < m. Then w — f(z) is simple 
in this circle. For let w be any number such that \w'\ <?n. 
Then by Rouche’s theorem (§ 3.42) the number of zeros of 
f(z)—w f in C is the same as the number of zeros of /(z), that is, 
one. Hence there is just one point z ' in C corresponding to each 
such value of w\ The region consisting of these values of z is 
therefore represented simply on the circle \w\<m\ and this 
region includes the circle \z \ = p. 

An alternative proof may be obtained by considering the 
power scries ^ 

/(_) = 2 a. n z”, 

n~ 0 

where a x # 0. If /fo) =f(z 2 ), 

I «»(=?-=;) = 0, 

7t 1 


2 )(«ri- 1 - o. 


If Izjl </>, | z 2 1 <p, the modulus of the second factor is 
greater than * 

Kl— 1 

n-2 


which is positive if p is small enough. Hence z x = z 2 , and the 
result follows. 


6 . 44 . The limit of a uniformly convergent sequence of simple 
functions is either simple or constant. More precisely , if f n (z) is 
simple in D for each value of n, and f n {z) -> f(z) uniformly in D, 
then f(z) is simple in 1 ), or is a constant. 

The possibility of the limit being constant is shown by the 
example f n (z) = zjn. 

In any case, f(z) is analytic and one-valued in D. If it is not 
simple, there are two points z l and z 2 at which w=f(z) takes 
the same value w 0 . Describe, with z x and z 2 as centres, two 
circles which lie in I), do not overlap, and such that /(z)— w 0 
does not vanish on either circumference (this is possible unless 
f(z) is a constant). Let m be the lower bound of |/(z)— w 0 \ on 
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the two circumferences. Then we can choose n so large that 
|/( 2 )— / /t (z)| < m on the two circumferences. Hence, by 
Rouche’s theorem, the function 

/n(*) — » 0 = (/(-) — [/»( 3 )~/( 2 )} 

has as many zeros in the circles as f(z)—w 0 , that is, at least 
two. Hence f n (z) is not simple, contrary to hypothesis. This 
proves the theorem. 


6.45. Let C be a simple closed contour in the z- plane, enclosing 
a region D. Let w f(z) be an a na l // tic function of z , regular in 
/ ) and on C, and taking no value more than once on C. Then 
f(z) is simple in 1). 

The contour G corresponds to a contour C" in the w-planc. 
G' is closed, since /(z) is one-valued; and it has no double points, 
since /(z) does not take any value twice on C. Let If be the 
region enclosed by O'. 

We assume that f(z) takes in D values other than those on 
(7, say at z 0 . Then, if A c denotes variation round C , 

i-A e arg|/(c)-/(z 0 )} 

is equal to the number of zeros of /(z)— f(z {) ) in G\ it is therefore 
a positive integer, since there is at least one such zero. But it 
is also equal to 1 

— A c .arg(w-«' 0 ) J 

Ztt 

where ir 0 -- /(z 0 ); and this is cither 0, if w 0 is outside C', or ±1, 
if ?r 0 is inside C' , the sign depending on the direction in which 
G' is described. Hence it is equal to 1. Hence ?r 0 lies inside C ', 
G' is described in the positive direction, and f(z) takes the value 
w Q just once in D. Thus l) is represented simply on D'. 


6.46. Extensions. The condition in the above analysis that 
the function f(z) should be analytic on the contour can be 
relaxed to a certain extent. The state of affairs is not much 
altered if f(z) is not analytic, but is continuous, at certain points 
of G. Suppose that there is a singularity at z 1 on the contour, 
and that G 1 is C with an indentation round z v Then the number 
of zeros of /(z)— w 0 inside G x is 


^ A Ci arg [/(.")— i/’ 0 } 


jl _ r dz 

^Tri J Cl j(z) W 0 
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and, as the indentation is closed up, this tends to the correspond- 
ing integral round C, if f(z) is continuous and f(z) = 0(\z— zj®), 
where a > — 1. The argument of § 6.45 therefore still applies. 

The function /(z) may also have a pole on the contour; the 
region D f then extends to infinity. The theorem of § 6.45 still 
holds if the pole is of the first order, and the contour is a fairly 
ordinary one. Suppose that, by a preliminary change of vari- 
able, we take the pole at the origin, and that the direction can 
be taken so that R(z) > 0 at all points of D. Let 

w=f(z) = l+g(z), 

Z 

where g(z) is regular in D. Then, for z in Z), 

R(w) > min Rfer(z)} — a, 

say. Let b < a. Then \w—b \ ^ a—b for z in D. Hence 

c= JL = — 2 

w—b 1 -\-zg(z)—bz 

is regular in I). The theorem applies directly to £, and so, since 
w is a simple function of £, to w. 

The result is not necessarily true for poles of higher order. 


Examples, (i) Let 



z±l 
z — 1 * 


If z — e 1 ^, then 


1 e i6 + 1 

i e { 0 — 1 


— cot %0. 


Hence, as z describes the unit circle from 0 to 2i r. w describes the real 
axis from — oo to oo. The only singularity on the z-boundary is a simple 
pole. Hence the unit circle in the z-plane is represented simply on the 
upper half 10 -plane. This of course is easily verified. 


(ii) Let 


w = 


1 (?+l\* 

i \jb— 1/ ' 


Then, if z — c <0 , w = — cot 3 £0. 

Hence there is a one-one correspondence between the unit circle m the 
z-plane and the real w-axis. But since there is a triple pole on the 
boundary the areas do not necessarily correspond. In fact 


.(x+iy+l\* . (x 2 -\-y 2 — l) 3 — \2{x 2 -\-y 2 — \ )y 2 , 

W \x+iy— 1/ 1 {(x— l) z -h2/ 2 } 3 

and v = 0 corresponds to 

(x*+y*-l)(x*+y*-2TJ3y-l)(x*+y*+2y!3y-l) = 0, 
i.e. the equation of three circles. Henc*e v > 0 if z is outside each of 
these circles, or outside one and inside the other two. 
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The reader should draw a figure showing the regions of the 2 -plane 
which correspond to the upper half of the w-plane. 


6 . 5 . 


The function w = 


r dt 

J v(i -t*y 

0 


We know that this func- 


tion is equal to arc sin z. Consider, however, what can be 
deduced from the integral about the representation of the 
2 -plane on the w-plane. 

Consider what part of the w-plane corresponds to the first 
quadrant in the 2 -plane. If 2 = iy is purely imaginary, we have 


w = 


v 

I 


i ds 

vr+s 2 ’ 


which is also purely imaginary; and as y -> 00 , so does w. The 
two imaginary axes therefore correspond. 

Again, as 2 increases along the real axis from 0, so does w, 
until 2 reaches 1, and w reaches the value 


r dt 

J 

0 

Let us denote the value of this integral by I. Actually / = h r, 
but we need not assume that this is known. 

We must now suppose that the path of integration passes 
above the point 2 ™ 1, say by a small semicircle. Then arg(l— J) 
decreases from 0 to — 7 r, and so arg(l— 1)~* increases from 0 to 
£ 77 -; thus the integrand becomes purely imaginary, and we have 





Finally, as 2 tends to infinity along the real axis, w tends to 
infinity along the line u — I . 

Hence the boundary of the first quadrant in the 2 -plane corre- 
sponds to the boundary of the half -strip 0<^<7, v>0 in 
the w>plane. 

Secondly, the function is simple in this region. We cannot 
deduce this from § 6.45 without some further argument, since 
both the regions extend to infinity. But it is easily seen directly. 
For, if t lies in the first quadrant, the imaginary part of f 2 — 1 
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is positive, and arg^l—J 2 ) lies between —\tt and 0. Hence 

/<**>-/<*,) = | 

Zi 

and, taking the integral along the straight line, it is of the form 



where A is a real variable, p > 0, — \tt < (f> < 0. Such an integral 
plainly cannot vanish. Here the function cannot take any value 
twice. 

Also the quadrant of the circle |z| — 1?, where R is large, 
corresponds to a curve which (by the previous remark) has no 
double point, and which connects the two sides of the strip and 
lies entirely at a great distance from the real axis. Hence, by 
the theorem of § 0.45, the quadrant is represented simply on 
the whole strip. 

The next problem is to continue the function beyond this 
limited region. This can be done by the method of reflection 
of § 4.51. In fact all the boundaries in each figure are straight 
lines. 

In the first place, the imaginary axes correspond. Hence, 
reflecting in these lines, we see that the second quadrant in the 
s-plane corresponds to the half -strip — 7 < u < 0, v > 0, in the 
w- plane. Hence the upper half of the z-plane corresponds to 
the half -strip — 7 < u < 7, v > 0. 

Next, reflect with respect to the segment (0, 1) of the real axis 
in the z-plane. We obtain the lower half of the z-plane. In the 
w- plane we obtain the half-strip — 7 < u < 7, v < 0. 

Hence the whole strip — 7< u < 7 corresponds to the whole 
z-plane, but there are singularities at z : j- 1 round which we 
must not pass; we may, for example, suppose the plane cut 
from — oo to — 1 and from 1 to oo. 

Again, a reflection in the segment (l,oo) of the real z-axis 
corresponds to a reflection in the line u = 7 in the w-plane. 
Hence the lower half of the z-plane (obtained by continuation 
to the right of z = 1) corresponds to the half -strip 7 < u < 37, 
v > 0. 

It is plain that we can continue this process indefinitely. The 
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whole to-plane is divided up into strips of breadth 2 1, each of 
which corresponds to the whole z-plane. 

If we reflect a point of the strip — I < u < /, first in u — I 
and then in u~3I, we obtain the point w 0 +4 /. Meanwhile 
the corresponding z 0 , being reflected twice in the real axis, has 
returned to its original value. Then w Q and w 0 -\-4l correspond 
to the same z 0 ; i.e. if z^=g(w), then g(w) = g(w-\-4I). The 
inverse function g{iv) is therefore periodic, with period 4/. 

Example. Prove that the function 


w 


z 

\ 


<1t 


(0 < k < 1 ) 


represents the upper half of the z-plane on the rectangle in the w-plane 
bounded by the lines u — ~ K, u — K, v — 0, v = K\ where 


r dt 

J v((i— 


K' = 


1 Ik 



(It 


Prove that the inverse function z - y(w) has the two periods 4 K and 
2 iK'. [Hurwitz-Courant, Funhtioncnlhcoric , pp. 302-3.] 


6.6. Representation of a polygon on a half-plane. The 

functions of the previous section are examples of the representa- 
tion of a polygon on a half-plane. It is possible to do this with 
any polygon. The complete proof would take us too far, but 
we can show in a general way how it is to be done. 

Consider a polygon in the w-plane with n sides and angles 
a 2 7r,..., a w 77, where aj+ = n — 2. lfa m <l(m= l,2,...n) 

the polygon is convex. Some of the a’s may be greater than 1, 
but the polygon must never cross itself. Suppose that the 
vertices of the polygon are to correspond to points a v a 2 ,..., a n 
on the real axis in the z-plane. So long as z remains on the real 
axis without passing any of the points w remains on the 

same side of the polygon; hence the angle between the z-curve 
and the w-curve is constant, i.e. RTg(dw/dz) is constant (see § 6.1). 




then dw/dz has this property. When z passes the point by 
a small circle above it, arg (z—a^ decreases from tt to 0, the 
amplitudes of the other factors returning to their original values. 
Hence arg (dw/dz) decreases by ^(aj— 1). Hence the w-curve 
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turns through 7t(\— a x ) in the positive direction. This corre- 
sponds to an angle of the polygon. 

The required function is ther^ore of the form 

z 

w = G j (<— Oj) 01 *- 1 ^— o 2 )“*~ 1 ...(i— dt. 

Za 

The integrand is 0(l/\t\ 2 ) as |£| -> 00 ; hence the integral con- 
verges as z -> ± 00 , and to the same value in each case, since 
the integral along a large semicircle above the real axis tends 
to zero. Hence, as 2 describes the real axis, w describes a closed 
curve, and in fact, from the construction, a polygon with the 
prescribed angles. By first considering the real 2 -axis as closed 
by a large semicircle above it, we can apply the theorems of 
§§ 6.45-6, and we find that the interior of the polygon is repre- 
sented simply on the upper half-plane. 

To show that we can choose the constants so that a polygon 
with given sides, as well as given angles, can be represented, is 
more difficult. For a triangle, however, the result is easily 
obtained. Consider, for example, the triangle with vertices 
w — iV 3, 0 , 1 *and angles r, ^ 77 , ^ 77 ), and let the vertices corre- 
spond to 2 = — 1, 0, 1. The above theory gives 

z 

w=cj{t+ 1)-* dt. 

Z 0 

The origins correspond if z 0 = 0; and if we write the formula as 

u >=C'f (<+l)-*H(l— <)“• dt, 

0 

where C 9 is real and positive, the directions of the real axes 
correspond. Finally, if 

1 

1 = C' J (/+1)-*H(1— f) - * dt, 

0 

then 2=1 corresponds to w= 1, and the required rejjresenta- 
tion is obtained. 

Examples, (i) Prove that the function 

f dt 

w = - ■ 

0 J ( l -* 2 ) 1 

represents a half -plane on an equilateral triangle. 
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= [ __dt 

J J( 1 - 


represents the unit circle in the z -plane on a square in the w-plane. 
[Hurwitz-Courant. Put z = (£— i)/(£+^).] 


6.7. Representation of any region on a circle. A funda- 
mental theorem of Riemann states that any region with a suitable 
boundary can be represented on a circle by a simple analytic junc- 
tion. It is beyond our scope to inquire exactly what forms of 
region are suitable. The region may be the interior of a closed 
curve; or one side of a curve which goes to infinity in both 
directions (e.g. a half -plane); or any form of strip between two 
such curves; or even the whole plane cut along a curve (e.g. 
along the real axis from 0 to infinity). 

Let D be a region of one of the above types. 

The function which represents any region simply on a bounded 
region must be simple and bounded. Let us first verify that 
there are such functions for D. Let a and b be two points on 
the boundary of D, and let 

In D we can restrict ourselves to one branch of this function; 
this branch is simple, and the values taken by it cover a part 
only of the w-plane (since both branches together cover the 
whole w-plane once). Let iv 0 be a point of the region not covered. 
Then l/(w— w 0 ) is simple and bounded in D. Also 


is simple and bounded, and we can choose p and q so that, at 
a given point of D , f(z) = 0 and/' (z) — 1 . 

Consider all functions f(z) which are simple and bounded in 
.D, and such that/(z) = 0 and/'(z) = 1 at a given point P of D. 
Let M(f) denote the maximum modulus of /(z). Let p be the 
lower bound of M(f) for all such functions. 

There is then either a f miction <f>(z) of the set such that 
— p\ or a sequence/!, /«.- of functions of the set such that 

lim M(f n )=p. 
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We shall show that the second alternative reduces to the first. 
Since the sequence f n (z) is bounded in D, we can, by § 5.22, 
select from it a partial sequence which tends uniformly to a 
limit in any region interior to 1). Let f tt (z ), be such 

a sequence, and </>(z) its limit. Then </>(z) is also a function of 
the set; for it is bounded, and (j>(z) = 0, </>'(z) — 1 at P, and (f>(z) 
is simple (§ 0.44), being not constant since ~ 1. Also 

m)>p 

by definition of p\ and 

M(f, lr )<p+e (v > */ 0 ), 

i-e. I fnX z )\<P+ e (»'>»'o)- 

Making v -> oo, it follows that 

I0( 2 )l < P+f, 

i.e. < p. 

This proves the existence of a function of the set with 
M(<j>) = p\ and since cf>(z ) is not constant, p > 0. 

We shall show that the function w — <£(z) represents I) simply 
on the circle \w\ < p. In the proof, we may suppose that p — 1. 
Let A be the legion of the w-planc on which w=- represents 
D. Since -= 1, A is included in |?r| < 1, and reaches its 

circumference at one point at least. 

If the theorem is not true, A has a boundaiy point a inside 
the circle (\<x\ < 1). Then each branch of 

= J(£F~i) 

is regular for w in A. Also [wj < 1 if \w\ < 1 (§ 0.24), and 
w i(0) — Vac. Let , 

1V 9 U\ — \cx 

Wo ~ 

y]0LW 1 — 1 

Then \w 2 \ 1 if \w^\ < 1. Also 


div 2 dw 2 dufi 1 |a| — 1 [at I 2 — 1 1 

dw dw 1 dw 2 w l ( \lxw 1 — I ) 2 (Hw— 1 ) 2 


|a| — 1 |a| 2 — 1 | at | — f- 1 

= (|a| — I) 8 '" 2 Va = ‘~ 2 Va 

at w = 0. The modulus of this is greater than unity. Hence 

2 Va 


== 


M+ 1 


w. 
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is a function of the set considered, and 


= 


2 1 Vex 1 

H+i 


<i. 


This gives a contradiction, and the theorem follows. 
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6.71. Uniqueness theorem. Let D be a region in the 
z-plane which is the interior of a simple closed contour, or which 
is of one of the other types considered in § G.7. Then there is 
a uniquely determined function w =f(z) which represents D simply 
on the interior of the unit circle in the w-plane , and is such that, 
if z Q is a given point in D , f(z 0 ) — 0 and f'(z 0 ) is real and positive . 

It follows from § 6.7 that there is one such function, say 
w=f(z). Let z = F(w) be the inverse function. Suppose that 
there is another function w — g(z) with the same properties. 
Then the function W = g{F(w)} represents the unit circle simply 
on itself, the centre and the direction of the real axis through 
it remaining unaltered. Hence, by § 6.42, gr{F(?.c)} = w, i.e. 
g(z) =/(z). 

6.8. Further properties of simple functions. The class 
of functions f(z) which are simple for M< 1, and such that 
/( 0) — 0, /'( 0) I, has been studied in great detail. The func- 
tion w — z belongs to the class, and represents the unit circle 
on itself. For all functions of the class the ‘map’ of the unit 
circle is subject to certain limitations. For the details we may 
refer to Bieberbach, Funktionentheorie , ii. 82-94, Landau, 
Ergebnisse (ed. 2), pp. 107-14, or Dienes, The Taylor Series, 
Ch. VIII. We shall, however, obtain the simplest property of 
the map. For any function of the class, no boundary point of the 
map of the unit circle is nearer to the origin than the point 

We deduce this from the two following theorems. 


Let w = z-\-— + 

z z l 

be simple for \z\ > 1, and regular except for the pole at infinity. 
Then ^ 

71=1 

Since the function is simple, any circle \z\ = r > 1 corresponds 
to a simple closed curve in the w-plane, which encloses a positive 
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area. If w = u+iv, u = u(9 ), v = v(d ), on the curve, the area 

enclosed is 


0 0 

= i ['{«.»+«-..+ 1 x 

~ ' n= 1 ' 


X {re 


,i8i rp -i6 V 




- H(' + 9RM r+ ?X'-*) - 1 -W-1 


d0 


= 77T 2 — 7t 2 w|a„| 2 r -2n . 

n = l 

Since this is positive 

2 w|a n |V- 2 ” <r 2 , 

71—1 

and making r -> 1 the result follows. 

// w =/( z ) = z + a 2 z 2 - f ... 

is simple in \z\ < 1, then \a 2 \ ^ 2. 

The function 


r(2) = V{/(z 2 )} = z+K* 3 +... 

is also simple in |z| < 1; for it is regular, since /(z 2 ) does not 
vanish except at z = 0, where it has a double zero; and if 
F(z x ) = F(z 2 ) y then f{z\) — /(z|), and hence, since /(z) is simple, 
z i ~ z t> i- e - z i == i z 2 * But F( z ) an odd function, so that 
z l = — z 2 gives F(z 1 ) ~ —F(z 2 ). Hence the only solution of 
F(z x ) = F(z 2 ) is Zj = z 2 , i.e. F(z) is simple. 

It follows that 



is simple for |z| > 1. Hence by the previous theorem 

i |a 2 | 2 +...<l, 

and the result follows. 


W —f{z) = 2 + 022 2 +... 


Now let 
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be a function of the class considered in the main theorem. Let 
c be a value which it does not take in the unit circle, i.e. a point 
outside the ‘map’ of the unit circle. Then 
c/(2) 


e-/(z) 


= z+(a 2 + J) 


\z 2 +... 


is regular and simple for \z\ < 1. Hence 

a 2 + \ <2, 

\ <2+|a 2 |<4, 

\c\>b 

and the result follows. 


Example. The function z/(l — z) 2 belongs to the above class. It has 
a 2 = 2, and it gives a map passing through w = — £. 

[The only solution of 


is z = z'.] 


(1 -*) 1 (1 -zT 


1*1 < b 


< 1, 


MISCELLANEOUS EXAMPLES 


1. In a given linear transformation, the point z 0 is such that there 
is some circle \z — z 0 \ = R which transforms into a concentric circle 
\w— z 0 | = R\ Show that the locus of z 0 is a rectangular hyperbola; and 
that to each point z 0 on the locus corresponds just one circle (real or 
imaginary) which transforms into a concentric circle. 

2. Show that, if ~ — —2i(w — 

aw \ wj 


and the constant of integration is properly chosen, the whole 2 -plane 
cut along the semi-infinite lines x = ±7r, y < 0, corresponds to the 
upper half of the w-plane. 


3. Show that, if 


dz _ w 
dw ^J(w 2 —a 2 )* 


and a and the constant of integration and the value of the square root 
are properly chosen, the upper half of the w-plane corresponds to the 
upper half of the 2 -plane, cut along the imaginary axis from z = 0 to 
a point 2 = ik. 

4. If f(z) is regular inside and on the unit circle, |/(z)| < M on the 
circle, and f(a) = 0, where |o| < 1, then 


|/(*)| < M 


z — a 
dz— 1 


inside the circle. 
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5. Jf j(z) is regular insitlo and on the unit circle, |/(^)| < M on the 
circle, and /( 0) = <z, where 0 < a < M , then 

f M\z\+a 
a\z\+M 

inside the circle. 

[Consider F{z) — M{f(z)—a}j{aj(z)—M 1 }.] 

6. Either branch of the function 


!/(*)!<«; 


is simple for \z\ < 1. 

7. Show that the function 


va-z) 


(I 

is simplo for \z\ < J, but not in any larger circle with centre at the origin. 

8. Show that the function 

f(z) - z~\ cf a 3- + cJ a 3 3 H-- 
is simple for \z\ < 1 if « 

1 »KI < i. 
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POWER SERIES WITH A FINITE RADIUS 
OF CONVERGENCE 

7.1. The circle of convergence. We know that every 
power series has a circle of convergence, within which it con- 
verges, and outside which it diverges. The radius of this circle 
may, however, be infinite, so that the circle includes the whole 
plane. In this chapter we shall consider power series which have 
a finite radius of convergence. 

The radius of convergence of a power series is determined by 
the moduli of the coefficients in the series. 

The power series 

(i) 

71-0 

has the radius of convergence 

R = lim (2) 

7l-*oo 

Suppose that R is defined by (2). If 2 is a point where the 
series (1) converges, a n z v -> 0 as n -> 00 . Hence, if n is suffi- 
ciently large, \a n z n \ < 1, 

i.e. |z| < |a„|- 1,n . 

Making w->oo, it follows that \z\ < R. Hence the radius of 
convergence does not exceed R. 

On the other hand, for sufficiently large values of n 9 
| a n \-'l">R-e, 
i.e. \a n \<(R-e)-\ 

Hence the series (1) is convergent if 2 (R— e) -7, |z| w is con- 
vergent, i.e. if \z\ < R — e. Since e is arbitrarily small, the series 
(1) is convergent if \z\ < R . Thus the radius of convergence is 
at least equal to R . Putting together the two results, the 
theorem follows. 

Examples, (i) Find the radius of convergence of the series 



(ii) If R — 1, and the only singularities on the unit circle are simple 
poles, then a n is bounded. [For 
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/(*) = Y- Z e + l-ze-W + ■" + \-zer* +^> 


where g(z) is regular for \z\ < 1+8 (8 > 0). Hence g(z) = J b n z n , where 
b n =o( 1 ).] 

(iii) If R — 1, and the only singularities on the unit circle are poles 
of order p, then a H — 0(n p ~ l ). 


7.11. We also know from the Cauchy-Taylor theorem that 
the circle of convergence of the series passes through the 
singularity or singularities of the function which are nearest to 
the origin. Hence the modulus of the nearest singularity can be 
determined from the moduli of the coefficients in the series . 


7.2. Position of the singularities. While the modulus of 
the nearest singularities is determined in quite a simple way, 
their exact position is not usually so easy to find. There are, 
however, some special cases in which we can identify a particular 
point as a singularity. 

In the following theorems we shall take the radius of con- 
vergence to be unity; we can, of course, pass from this to the 
general case by a simple transformation. 


7.21. 7/a ?l >0 for all values of n, then z—\ is a singular 
point . 

Suppose, on the contrary, that z = 1 is regular. Then, if wc 
take a point p on the real axis between 0 and 1 , there is a circle 
with centre p which includes the point 1, and in which the 
function is regular. If f(z) is the function, the Taylor’s series 
about p is a, 

lOe-W, (i) 

I/ O 

and this converges at a point z = 1 + S (8 > 0). Now 


f {v) (p) = *2 n(n—l)...(n—v+l)a n p n v , 

n = v 


and so the above series is 


( 2 ) 


2 ~ v t p ~ 2 

v-0 n~v 

This is a double series of positive terms, convergent for z = 1+8. 
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Hence we ma}' invert the order of the summations, and we 
obtain 

V Np n(n — 1)...(ti — v+1) / 

2>»z- — — ( z ~pyp ,i ~ v 

n — 0 i>=0 

= f «»{(=-p)+p}"' - f a,fi n - 

n - 0 n — 0 

Hence the original series is convergent for z — 1+8, contrary 
to the hypothesis that the radius of convergence is 1. This 
proves the theorem. 

Another proof, due to Pringsheim, is as follows. There is at 
least one singularity, say e' a , on the unit circle. The Taylor’s 
series about pe ia , wh re 0 < p < 1, is 


'SfMf* 1 *) 

Z, v\ 

v 0 


{z-pe'«)\ 


and, since e ,ot is a singularity, this has the radius of convergence 
1 —p. But it is clear from (2) that, if a „ 2 0 for all values of n , 

Hence the radius of convergence of (1) docs not exceed 1— p. 
Hence z = 1 is a singularity. 


7.22. If a„ is real for all values of n, and 2 a , t properly 
divergent , i.e. 

s n =■■ a 0 +a 1 -\-...-\-a ll -> oo (or -> — cc), 

then z = 1 is a singular point. 

We have, for \z\ < 1, 

f(~,\ on cf) oo 

t + = (i) 

I — « n --0 n -» n= o 

by § 1.65, the series being absolutely convergent. Hence 

/(=)=( 

- 0 

= (1-2) f V" + (l - 2 ) i 8 n Z" =A(Z)+Uz), 

n - 0 n - X + 1 

say. Suppose that s„ oo. Then, given any positive number O, 
however large, we can choose N so that s n > G (n> N). Then, 
if 0 < z < 1 , 

f 2 (z) > (1 — z) 2 Gz ' 1 — Gz** 1 . 
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Having fixed N, we can choose z 0 so near to 1 that 
z N ">l \Mz)\ <\G (z>z 0 ), 

since z N+1 -> 1 and f^z) -> 0. Hence 

f{z) >\0 (z > z 0 ), 

i.e. f(z) -> oo as z -> 1 . This proves the theorem. 

If we merely know that we cannot deduce that 

z == 1 is a singularity. For example, 

(1 | T) 3 = 1 ■ - 32+ ...+(- in (n+l)(n+ 2)z«+ 

and here \s n | ^ \n 2 , though the function is regular at z — 1 . 


7.23. General tests for singular points. If we consider 
any particular point on the circle of convergence, we can devise 
a test to determine whether it is a singularity or not; but it is 
not one which lends itself to simple calculations. 

We may suppose that the radius of convergence is 1, and, by 
a preliminary transformation, we may bring the point to be 
considered to z = 1 . 

The principle to be used is that, if we expand f(z) about a 
point on the real axis between 0 and 1, the circle of convergence 
includes z= 1 if f(z) is regular at this point, and not otherwise. 
But we can make a transformation which brings the formula 
ill to a simpler form than the direct application of the principle 
would give. 

Let F(w) = -I- / ( . 

1 — w J \ 1 — w) 

Then F(w) is regular for R(ie)< i> since R(w) < i gives 
\w\ < 1 1 —w\. Now 


TO rxj crj 

V"' <7 v \ * 

«*•>- 2 (!-„)«““ 2 “-“"2 


v m\ r! 


2»“2„,,i 


n=0 m — o 


(71 — m)\ 


71 

^ 71 2 m\ 


(n—m)\ 


Then a necessarv and sufficient condition that z 1 should 



POSITION OF SINGULARITIES 217 

be a singularity of f(z), i.e. that w — \ should be a singularity 
of F(w)> is that 1 

lim |6 n |“»= h 


For then F(w) has a singularity on \w\ — 1, and every point 
other than w = 1 is known to be regular. 

By using other transformations we obtain a variety of other 
equivalent conditions. 

Example. Prove that every point on the unit eirclo is a singularity of 


[For the point z 


where <t m if 


Also 


m -= 2 »*’• 

n o 

-- c* we liavo to consider 

h '* “ Zl 

m o 

't 2 r , and a llt — 0 otlierwi.se. 

\b m \ y n ' -2". 


ii 

2 On f 

C I2 m 0. 

2”*!(2” 2’“)! 


Clearly 


The modulus of t ho term m — n — 1 is asymptotic to A2~ n ~l n , by Stir- 
ling’s theorem. Also, if 7/ lrt denotes the gonoral term, and 0 < m n — 2, 


7/ m _ (2 m |- l)...2 m ' 1 

” (2 W — - 2 m ' 1 -f- 1).--(2”— 2* H ) 


/ 2 m>1 \“ m . /2\-" ^ 4 
\2»_2™/ '' \3/ ^ 1)’ 


and the remainder is easily seen to be negligible. Hence 




2.] 


7.3. Convergence of the series and regularity of the 
function. It will be noticed that v.e have not used the con- 
vergence or divergence of the original series as a test for 
regularity or singularity of the function. In general no such 
test is possible, for all possible relations can occur. If 


/w-2 

n 1 


(— l ) n z n 

n 


= log 


1 

1 +*’ ' 


the series is convergent, and the function regular, at 2 ^ 1 ; and 
the series is divergent, and the function singular, at z= — 1. 
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On the other hand, if 

m= 2 (- l )" 2 ' i =j' 

n=- o 

the series is divergent but the function is regular, at z— 1; 

while if oo c 

f(z) = V ~ — f — log-- 1 dw 
J jL, n 2 J w h 1 —w 

W — 1 0 

the series is convergent at z=l, but f(z) has a singularity. 

7.31. There is, however, one case in which divergence of the 
series indicates a singularity of the function; the case where 
a n -> 0. This follows from the following theorem. 

if 

f{z) = £ 

11 = 0 

and a n -> 0, the series is convergent at every point of the unit circle 
where the function is regular. 

Two proofs of this theorem have been given. One, due to 
M. Riesz, is essentially a ‘complex variable’ method, and is 
given by Landau. Ergelmisse, § IS. The following proof, due 
to W. H. Young (7), is of Fourier-series type. In some respects 
it is not so simple as Riesz’s, but it can easily be adapted to 
give more general results. 

We may without loss of generality take the point in question 
to be z r= 1; and we may suppose that/(l) — 0. We have then 
to prove that s n -> 0. 

It follows from § 7.22 (1) that 

, = 1 f /(*_) * 

11 2ni J l-zz'^ 1 ' 

Taking the contour to be the circle \z\ — r < 1, we have 


1 , [ fire 10 ) 

277T"' J 1— re lG 


- 7 T 


e~ ind dd. 


Let 0 < 8 < 7r, and let (f>(8) = (f>(8, 8, r) be such that 


(i) = 1/(1 —re ie ) for —tt < 6 < —8 and 8 <8 <n; 

(ii) (f)(6) and (f>'(8) are continuous for — n <6 <n; 

(iii) |4(0)| <K, | P(0)\<K, 1 470)! < if, for -tt<0<77, 
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where K depends on 8 but not on r. For example, if 
a 6*+b0*+cd+d (-8 < 0 < 8), 

we can determine the coefficients so that 

1 

#±S) = r -- ±i8 , 

Then (ii) is satisfied; and a , b, c, and d are linear functions of 
and <£'(±8), the moduli of these not exceeding i cosec AS 
and ] cosec 2 |8 respectively. Hence (iii) is satisfied. 

We can then write 

8 IT 

2Trr v s n = j* '^ re ^ dd -f- J f(rr ld )(f)(9)e~ in0 dO — 

— f f(re' e )<f>(6)e- ine dO 

-5 

= ^1 + ^2"“ Av 

Since f(z) is regular at z = 1, and /(l) — 0, we have 
f(re l9 ) — 0(\l—re ld \) 

in an interval |0| <. &o, uniformly for r 0 ^r< 1. Hence 

/ 1 = | 0(1) dd = 0(8). 

-8 

Suppose now that 8 is fixed. We have 

oo 7 

/ 2 = V a m r m e‘(' n -^ 0 (f){d) dd , 

??! ^1 ^ 

— 7 T 

by uniform convergence; and integrating by parts twice each 
integral except the nth, 


/.-«v /**,*- 2££ r f 


gi(m- (Id, 


all the integrated terms cancelling. Let e v = max(|er IM |), so that 
€„->0. Then 


\h\^2nK 


( e " +f ° 2 2 (F^O 2 

' m i n v 7 m>i« v ' ' 
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Finally 



s 

J (f'<f>+W)e- ine dd 



Civen e, we can choose 8 so that |/j| < Jc for all values of n\ 
and, having fixed 8, we can choose v 0 — f? v (e) so large that 
|7 2 | < Je and |/ 3 | < -Je for n > w 0 . Hence 


2wr"| »„l<e (n > n 0 ). 

Making r 1, it follows that 2ir\s n \ < e (n > w 0 ), i.e. -> 0. 

The reader will notice that we have not used the full force 
of the hypothesis ‘/(z) is regular at z = 1’; and the proof would 
hold with little change if e.g. f(z) = £J(|1— z| a ), where a>0. 
For the more general form of the theorem wc must refer the 
reader to Young’s paper. 


7.4. Over -convergence.* We know that, at every point 
outside the circle of convergence of a power series, the series is 
divergent. But if, instead of considering the whole sequence of 
partial sums of the series, we consider particular sequences of 
these sums, it is sometimes possible to obtain a convergent 
sequence. This is shown by the following example. 


Let 


2 

11 = 1 


(z(l-z)F 

Pn 


where p v is the maximum coefficient in the polynomial 
{z( 1 — z)] 4 ". Then in each of the polynomials 

(z( 1-g)} 4 " 

Pn 

the moduli of the coefficients do not exceed 1 , and one of them 
is actually equal to 1 . Also the highest term in this polynomial is 
of degree 2.4", whereas the lowest term in the next polynomial 
is of degree 4 ,Ml . Hence, if we expand f(z) in powers of z , each 
term is a single term of one of the above polynomials. The 
radius of convergence of this series is 1, since \a n | < 1 for all n, 
while a n = 1 for an infinity of values of n. 

In particular, the above series of polynomials is convergent 
for |z| < 1. But, since it is formally unchanged by the substitu- 
tion z — 1— v) y it is also convergent for \w\ < 1, i.e. for |1— z\ < 1. 


* Ostrowski (1), Zj'grnund (1), Esterrnftrm (2). 
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The special sequence of partial sums obtained by taking each 
polynomial as a whole is therefore convergent in a region which 
lies partly outside the unit circle. 

A power series which has a sequence of partial sums con- 
vergent outside the circle of convergence of the series is said to 
be ‘over-convergent’. Of course a power series can only be 
over-convergent in the neighbourhood of a point of the circle 
where the function is regular. We shall next define a class of 
functions which have this property of over-convergence in the 
neighbourhood of every point of the circle where the function 
is regular. 


7.41. Suppose that the power series 
f(z) = f a n z n 

7 ?/ — 0 

has the radius of convergence 1, and that there arc an infinite 
number of gaps in the sequence of coefficients , i.e. there are 
sequences of suffixes p k , q k , such that a tl — 0 for p k < n < q k ; and 
q k ^ (l|^)/ , / t - 5 with a fixed positive #. 

Then the sequence of the corresponding partial su?ns 



is convergent in a region of which every regular point of f(z) on 
the circle of convergence is an interior point. 

To prove this it is sufficient to consider the point 2 = 1 . 
Suppose that/(z) is regular at 2 = 1. Then, if 8 is small enough, 
it is regular in and on the circle with centre A and radius A +8. 
We apply Hadamard’s three-circles theorem to the function 


<Kz)=M-s4*)> 


and the circles with centre J and radii A— 8, A-f-e, \ +8, where 
0 < € < 8. If M v M 2i are the maximum moduli of <f>(z) on 
these circles, then 


M 2 


log 


H 28 

1-28 M x 


log 


H2S l-4 2e 

1+2* V28. 


( 1 ) 


In order to prove that s P/ (z) ->f(z) in a region including z = 1, 
it is sufficient to show that we can take e so small that M z — > 0 
when p k -> oo. The idea of the proof is that, while M z is sub- 
stantially of the order (1 -f §) 7 '*, M x behaves like (1 — 8) 7 *, and 



*222 


I’OWEK SERIES 


so, since q k is greater than p k , the right-hand side of (1) is small 
when p k is large. 

To every positive rj (say with 77 < JS) corresponds a K such 


that 

Hence, as h -> oo, 


l«J < K(l—i 7)-". 


M 1 | %~' lk I + \ a Q k *-\ ■' ,7 * +1 1 + — 

/ i - sy * 


1 — r/ 

Also, if if is the maximum modulus of f{~) on the outer circle, 


df 3 i/ +• |«(»l + -"+ \° l‘c' t 
1 - 1-8 




Hence the right-hand side of (1) is 


O 


+ sj ''«; Asj )V 


When e 0, 77 0. the expression in brackets tends to 

(] _S)U+fl>loK(l+2S)(l _p 3 )-lotf(l- 28 ) j 

which is less than 1 if 8 is small enough; for its logarithm 
^ — 2#8 2 as 8 -> 0, and so is negative for small 8. Hence we 
may take € and rj so small that the original expression is less 
than 1; and the result then follows. 


7 . 42 . The occurrence of gaps in the series is not merely a 
useful device for producing over-convergence. It has an essen- 
tial connexion with it. This is shown by the following theorem, 
which is a sort of converse of the preceding one. 

If a sequence s^fz) of partial sums of the series f(z) = ^ 

'with radius of convergence 1 , is uniformly convergent in the neigh- 
bourhood of a point on the unit circle , then 
/(z) = 2(z)+r(z), 

where the power series g(z) has an infinite number of gaps p k , q k , 
where q k > (1-)- &)p k , and the radius of convergence of the power 
series r(z) is greater than 1 . 

We shall not give the proof, which is more difficult than that 
of the direct theorem. 
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7.43. Hadamard’s gap theorem. ,//, in the power series 

fW= 2 

0 

a n — 0 except when n belongs to a sequence n k such that 
n kv\ > ( - +&) n k’ where # > 0, then the circle of convergence of the 
series is a natural boundary of the function. 

This is an almost immediate corollary of the theorem on over- 
convergence. For, if f(z) were regular at any point of the circle, 
the series would be over-convergent at that point, i.e. the 
sequence nk 

*«*( 2 ) = 2 a„z n 

71—1 

would be convergent at a point outside the circle. But for a 
series of the given form this sequence of partial sums is the 
same as the whole sequence of partial sums. Hence over-con- 
vergence is impossible, ana consequently every point of the 
circle of convergence is a singularity of f(z). 

7.44. Mordell’s proof of the theorem.* This is a very 
simple direct proof. Suppose that the radius of convergence is 
1 . Let z — awv+buP* 1 , where 0 < a < 1 , a+b = 1 , and p is a 
positive integer. Clearly \z \ < 1 if \w\ < 1 ; and it is easily seen 
that \z\ < 1 if \w\ < 1, except that z — 1 if w — 1. Let 

<f>(w) — f(z) = ]£ a n (aw J7 +bw pa ) n 

— ^ + 6V Pfl)n ) = ^h n w v . 

Then (f>(w) is regular for |tr| < 1, except possibly at w — 1. We 
shall show that the radius of convergence of the power series 
for (f>(w) is 1, and hence that w — 1 is a singularity of 

We observe that, in the last expression but one for no 
power of ir occurs twice if 

(p+l)n k <pn k+1 , 

i.e. — l)>l 

throughout the series; and this is true if p > 1/&. The expression 
2 b n w n is then obtained bv simply omitting the brackets in the 
previous expression. 


* Mordell (1). 
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If the series for (f>(w) had a radius of convergence greater than 
1 , it would be convergent for a real w > 1 , and therefore the 
series for f(z) would be convergent for a real z > 1, which is 
false. This proves the theorem. 

There is still another proof,* depending on the criterion 
of § 7.23. 

The theorem of § 7.41 can be proved in a similar way.*|* Let 
the series for f(z) satisfy the condition of § 7.41. Then </>(w) can 
have no singularity for \w\ ^ 1 except possibly at w = 1. 
Hence if f(z) is regular at z = 1 , <f>(w) is regular at w = 1 , and 
so in \w\ < 1+8 for some positive 8. Hence J b n w n converges 

(p+ \)Pk 

for \w\ < 1+8, and in particular 2 b n w n converges for 

n = 0 
Pk 

\w\ < 1+8. Hence J a n z n converges in a region of which z = 1 

71 = 0 

is an interior point. 


7.5. Asymptotic behaviour near the circle of conver- 
gence. If the coefficients in the power series satisfy a suffi- 
ciently simple law as n -> oo, we can deduce an asymptotic 
expression for the function f(z) as z approaches the circle of 
convergence along a radius vector. The simplest case of this 
process is given by the following theorem. 


Let f(x) — 2 a n* n > 9(x) = 1 K x1> , 

n - o 7i o 

where a n >0,b n ^ 0, and the series converge for 0 < x < 1 and 
diverge for x = 1. If , as n -> oo, 

a n ~Cb n , (1) 

then as x-> 1 f(x) ~ Cg(x). (2) 

Given e, we can find N such that 

\a„~Cb n \<eb n ( n>N ). 


* See Landau, Ergebnisnc , § 19. 
t Pointed out by Mr. M. M. Crum. 
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Then 


\f(x)-Cg{x)\ = 2 (a n -Cb n )x” 

•n= o 
N 


<\Z(a n -Cb,„)x"\+ y («„-«>>" 

n-o 1 2 'n-lv+i I 

7J o n- Iv -i-i 


< I K-^nl+e^)- 

77 0 

Having fixed N, we can, since g(x) -> oo, choose 8 so that 

Z |« n -Cft„| < €£(*) (a; > 1-S). 

TV - 0 

Then |/(z)— (7gf(o:)| < 2cg(x) {x>l— 8), 

which proves the theorem. 

The same result, however, holds under more general condi- 
tions. Let the series converge for 0 < x < 1; let 

8 n — a 0 + a i +--- + a w> In ~ ^0 + ^1 + 

and let s n and t n be positive , and ^ and ^ divergent , and 

*n~CV (3) 

Then (2) is true . 

For as in § 7.22, for 0 < a: < 1 

/(.t) = (1-r) y ) = (1— .r) f 

77 0 « 0 

and by the previous theorem 

Z ~ c Z *.<*"• 

71 0 7J ~ 0 

Hence the result. 

In particular, if s fl ~ Cn, then 

1 — X 

Examples, (i) Tf p < 1, as x — > 1 


2 a:" T(l— p) 

(1— x) lp ' 


iw. have 0-1- - p^ 1 -, 2 


and we can use the lemma of § 1.87.] 
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(ii) Show that if 

F(a,p,y,x) = l + “‘^x + 
i .y 

then, asir-> 1, 


«(«+l)j8(/J+l) 

1.2.y(y+l) ^ 


F(oc, fi, y, x) 
if oc-f-/3 > y; and that 

P(<x,p.a+p,x) 


T(y)T((x+f}—y) 

r(a)l’(j8) 


r(«+/B) 

' l'(a)V(P) 


1 

(l-.r)«t p--y 


log 


1 

1— x' 


7.51. The converse problem. It is easily seen that there 
is no general converse of the above theorems; from the asymp- 
totic behaviour off(x) we cannot deduce that of a,„ or even of 
s u . Consider, for example, the function 


/(*)“ 


1 

(!+*)■(!-*) 


00 


= (1 — x) 2 

n-0 


= 2 (»+ l){x 2n —x 2n + 1 ). 

n= 0 

Here s 2m+1 ~ while s 2m = m+1; hence s n oscillates infinitely, 
though }(x)~\!(\—x). 

The coefficients in this example are, of course, not all positive; 
and this is, in a sense, the cause of the failure of the converse 
theorem. If we assume that all the coefficients are positive, we 
can state a precise converse of the last result of the previous 
section. 

If a n 7> 0 for all values of n , and as x 1 

/(*)= I a n xn ~ 

71=0 f X 

n 

then as n-> co s n = 2 a v ~ 

This theorem is due to Hardy and Littlewood.* We shall 
give an extremely elegant proof which has recently been ob- 
tained by Karamata.f , 


7.52. In order to appreciate the point of the proof, it may 
be well to see what can be proved by fairly obvious arguments. 
In the first place n 

f{x) > 2 n v x v ^ X n s n 

v^O 


* Hardy and Littlewood (2). 


f Karamata (1). 
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for all values of x and n. Taking x = e~ lln , we obtain, since 


f(x)<A/(l-x), 



A 

1— c -i/» 


<An, 


( 1 ) 


say s n < A x n. 

On the other hand, using (1), we have 

f(x) = (1-x) 2 s m xm 

711 — 0 

< (1— J x m +A 1 (l—x) V »u;" 

7/1 - 0 m~n 

A /)<n+l 

<s n +A 1 nx' l -{- 1 

Taking x — e~^ n , we obtain, since f(x) > A/(l—x) > An/X if 

’■ >2A - ^ 

A 


1—x 
, sine 

. . A , ^4ne~ A 


Hence, if A is sufficiently large, 

s n >A 2 n. (2) 

What we have to show is that A 1 and A 2 can be replaced by 
1+e and 1— e respectively. The above argument is too crude 
to do this, and the method actually used is far from being an 
obvious one. 


7.53. Karamata’s proof. The proof depends on the well- 
known theorem of Weierstrass, that we can approximate uni- 
formly to any continuous function by a sequence of polyno- 
mials.* Let g(x) be continuous in (0, 1), and c a given positive 
number. Then there are polynomials p(x), P(x), such that 

p(*X g(*X P(z), ( 1 ) 

i i 

and J {g(pc)—p(xj) dx^e, J {P(x)—g(x)} dx < e. (2) 
0 0 

This is obviously true if p{x) and P(x) differ by at most from 
g(x )— and 0(2)+^ respectively. 

If g(x) has a discontinuity of the first kind in the interval, 
say at x~c, we can still construct polynomials satisfying (1) 
and (2). Suppose, for example, that g{c— 0) < <7(c-f-0). Let 

* A proof is given in § 13.33. For another proof see Goursat, Cours 
<T Analyse, t. 1, § 206. 
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(f>(x) — g(x)+ ) 2 e for x < c—8 and for x > c; and, for c — 8 < a; c, 
lei (f>(x) = max{Z(.r), 0 (;r)-{-}e}, where l(x) is the linear function 
of x such that l(c— 8 ) = g(c— 8 )-f- k, Z(c) = £(c+ 0 )+ ^€. Then 
<f>(x) is continuous, and <j>(x) > g(x). It is easily seen that, if 8 is 
small enough, a polynomial P(x) which approximates suffi- 
ciently closely to <j>(x) has the required properties. Similarly 
we may construct p(x). 

To prove the theorem of Hardy and Littlewood, we first 
prove that 

lim(l— x) 2 (i n x tl P(x n ) — 

x-i-l ?i — 0 

for any polynomial P(x). It is clearly sufficient to consider the 
case P(x) = x k . Then the left-hand side is 

(!-*) i - 1 ~^ [(!-**+») f a n (x k+1 ) n \ 

71-0 X \ n ~ 0 ) 


f P(t)dl (3) 

0 


0 

and the result follows. 

Next, we have 1 

lim(l— a;) f a n x n g(x 11 ) = f g(t) dt ( 4 ) 

£-*l n = 0 J 

0 

if g(t) is continuous, or has a discontinuity of the first kind. For 
let p(x) and P(x) be polynomials satisfying ( 1 ) and ( 2 ). Then, 
since g(x) < P(x ), and the coefficients are positive, 

oo oo 

lim(l— x) ^ a n x "t){ x ' 1 ) < fim(J — x) J a n x ll P(x n ) 

n=0 


l l 

= jP(t)dt< J g(t)dt+e. 


Making e ->■ 0 , it follows that 


« } 

lim(l— a:) £ a n x n g(x n ) < g{t) dt. 

71 — 0 J 

0 

Similarly, arguing with p(x), we obtain 

* 1 
J a n x n g(x n ) > f g(t) dt, 

n-0 J 


and (4) follows. 
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Now let 

g(t) = 0 (0 < t < e- 1 ), = 1/t (e- 1 < t < 1). 

i i 

Then J g(t) dt = J j = 1. (5) 

0 1/e 

Let x — e~ 1/Ar . Then 

2 a n x"g(x n ) = 2 = 2 

n-0 n<l/log(i/j-) n-0 

and so, by (4) and (5), s N ~ 1/(1— #) ~ AC This proves the 
theorem. 

7.6. Abel’s theorem and its converse. In this section we 
return to a subject already discussed in Chapter I. In § 1.22 
we proved Abel's theorem for real power series: if the series 

oo 

I a n 

n~ o 

converges to the sum s , then 

f(x) - § a n x n -> s 

n = 0 

as a:^l through real values. In §1.23 we proved Tauber's 
theorem, that /Ae converse deduction holds , 'provided that 
a u — o(l/n). We shall now consider a number of generalizations 
of these theorems.* 

7.61. // = (1) 

</ten /(z) =-= 2 a n z ” 5 (2) 

n -- 0 

as z 1 along any path lying between two chords of the unit circle 
wh tch pass through z = 1 . 

As in § 1.22, it is sufficient to show that the power series is 
uniformly convergent, but now we must prove uniform con- 
vergence in a region included between two chords through 2 — 1 , 
and a sufficiently small circle with centre at z = 1 . 

We have to adapt the argument used to prove Abel’s lemma 
(§ 1.131) to the present conditions. Let 

**n,p ~ 

* Landau, Ergebnisse , Ch. Ill, and Hardy and Littlewood (1), (2), (3), (4). 
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so that \s„' V \ <e (n 0 ^n< p). Then 

m 

2 a v zV = n Z n + (*«,«+ 1 ~ «n, n )z n+1 + ... + (*„, m -«„, m-l)z m 

Hence for w > w 0 

I 7rL | /771-1 * 

2 «/kf 2 

1 v n 1 ' v n ' 

<<{ ii-*iii*i r +i) 

v~ 0 


The result now follows as in the previous case, provided that 

1 1-2 1 
l-|z| 

is bounded as z -> 1 on the path considered. It is this that 
makes it necessary to restrict the path, for this function can 
be made large by taking z near to 1, but still nearer to the 
circumference. 

Suppose, then, that 

|l-z|<*(l-|z|) (k> 1). (3) 


This inequality is satisfied in a region bounded by the curve 


Putting 1 


i.e. 


i.e. 


| 1 — = — Is|). 

pe't, the equation becomes 
p = k — £|1 — pe^|, 
(p-k ) 2 = k 2 ( 1 - 2 p cos f +p 2 ), 
k 2 cos <f)—k 

p = 2 - k r_r • 


This represents a curve with two branches through z =~ 1, each 
making an angle arccos(l/&) with the real axis. By choosing 
k sufficiently large we can make the curve include any region 
of the required type. Since (3) is satisfied inside the curve, the 
theorem now follows. 


7.62. We can also obtain a similar extension of Tauber’s 
theorem. 

If f(z) -> s as z -> 1 along a path satisfying the same conditions 
as before , and a n = o(ljn), then 2 a n converges to the sum s. 
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In view of the above analysis, the proof given in § 1.23 now 
requires little modification. We have to prove that 

S!-S 2 = i a u zn-fa n (l-z”)->0, 

n=N I 1 n -0 

where N = [1/(1 — |z|)]. As before, if \na n \ < e for n> N, 


\S X \ 


oo 

2 

N + 1 


Z n 


< 


N+l 




N + 1 


< (N+l)(l-\z\) <fm 


Now \l—z n \ — |(1 — s)(l < |1— z\n. 

Hence, if 7.61 (3) is satisfied, 


\ 8 *\ 


.v 


'I |wa„(f-2)I 

n 1 


:*(i-|s|)2)»Kl - 

/t- i 


k 

N 


2 " 1, 


and this tends to zero, by the lemma of § 1.23. This proves the 
theorem. 


7.63. Tauber’s theorem for regular paths. It is not 

possible to extend Abel’s theorem, at any rate in its obvious 
form, to paths which touch the unit circle; for example, it is 
known* that the series 


2 n- b e in * (0 < a < 1) 

n - 1 

is convergent if b > 1 —a; but, if b < 1 — la, the function 
f(z) = 2 n~ b e in ’z n 

n-l 

does not tend to a limit as z -> 1 along an arc of a circle touching 
the unit circle at z — 1. 

On the other hand, we can obtain an extension of Tauber’s 
theorem to paths which touch the circle, provided that they 
are sufficiently regular. 

A path will be called ‘regular’ if it is defined by equations 
x = x(t), y = y(t ), where x'(t) and y'(t) are continuous and never 
both 0, so that there is a definite tangent at each point. 

If f(z ) s as z -> 1 along a regular path inside the circle , and 

a n = o( 1/n), then 2 a , t converges to the sum, s. 

We may suppose without loss of generality that 6* ~ 0 Let 

* See Hardy and Littlewood (3), p. 207. 

Q 
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C be the path in question. Then the integral 

i 

J f(w) dw, 

Z 

taken along C, exists; and it is o(|l— z\) as z -> 1. For, given c, 
we have \f(w)\ ^ € for w sufficiently near to 1 on C. Hence 

, i 

J f(w) dw\ ^ € l(z), 

where l(z) is the length of C from z to 1. But l(z)~ |1— z\ as 
z -» 1 ; for if t — 0 corresponds to z == 1, 

t 

l - Z f = \ J [K(«)} 2 +{2/'(m)} 2 ]‘ du -> [{x'(0)} 2 +{2/'(0)}^]*, 

0 

x'(u) and y\u) being continuous; and 

X ~ l ->x'(Q), y -*■ 2 /'( 0 ). 

1 

Hence j f(w) dw = o(\l—z\). (1) 

Now if z and z ' are points on C , 

d oo 

| f(w) dw = 2 (z'" +1 -2' i+1 ). 

s n-U ^ 

This series converges uniformly with respect to z' for \z'\ ^ 1 
(since a n = o(l/n)). Hence, making z’ -> 1, 

f f{w) dw = (1— 2 re+1 )- (2) 

z n= o 

Let iV = [1/| 1 — z|]. Then 

J /M = 2 + 2 w +i( 1_s ' 1+1) = 2 i + 2 2 . 

Z 71 = 0 iV+1 

and 2 2 = 2 0 (i) = 0 (^) =;0(|1_z|) - (3) 

Also 

1 — Z n+1 = (l-z)(l + 2-f...+Z”) 

= (l-2)(w+l)-(l-2)> + (re-l)2 + ... + 2»- 1 } 

= (l-2)(«+l)+0(|l-2|W). 



Hence 
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2 1 = (i-*)2ak+o(|i-2| , 2»|o»l) 

= (1-z)s n +o(\1-z\*N) 

= (l-*)s v +o(|l-z|). (4) 

From (1), (3), and (4) it follows that s N = o(l), and this proves 
the theorem. 


7.64. Littlewood’s extension of Tauber’s theorem. We 

now pass to an extension of quite a different kind. In all the 
forms of Tauber’s theorem so far considered, the condition 
a u = o(l/n) has played an apparently essential part. It was, 
however, discovered by Littlewood that it can be replaced by 
the more general condition a n == 0(l/n). Here we shall restrict 
purselves for the sake of simplicity to the real axis, though it 
is possible to prove the theorem for complex paths. 

7.65. We use the following lemma: 

If f(x) is a real function with differential coefficients of the first 
two orders for 0 < x < 1, and, as x -> 1 , 

/(*)=«( i). /■<*>=0{-L j5 ), 

then /'(z) = o( I “). 


Let x' = £+8(1— a;), where 0 < 8 < l. Then 
where x < £ < x\ Hence 

(!-*)/'(*) = f(X ' ] f— + l8(l-x)r(Z) 

= ) + 0(S), 


(1) 


By first choosing 8 sufficiently small, and then x sufficiently 
near to 1, the right-hand side of (1) can be made as small as we 
please. This proves the lemma. 


7.66. Littlewood’s theorem. If f(x) = 2 a n x n ,-> sasx-^l, 
and a n = 0(1 jn), then 2 a n converges to the sum s . 

The proof* depends on the theorem of § 7.51, and in proving 
* Tho original proof, Littlowood (3), was different. 
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that theorem we have really overcome the most serious diffi- 
culties. We may obviously suppose, without loss of generality, 
that the limit s is zero. Then 

/W=Iv' , =®( 1 ) 

n=o 

as x -> 1. Also, since a n = 0(1 /n), 

rw= J” ( ” -1 K *" != o U, ( — “ o (<T-y • 

Hence, by the lemma, 

/'(*) = 2 - o( -f- ) • 

71—1 •*'/ 

Suppose that |mj Then 

y L i_. 

^ \ c / 1 — # c 1 —x 

71=1 x 7 

But the coefficients in this series are all positive, and so, by the 
theorem of § 7.51, n 

2 (*-■?)-«• 


or 


2va„ = o(n). 


(1) 


This is an asymptotic formula for a finite sum, and so is a 
considerable step in the right direction. To get exactly the 
required result, still another argument is required. 

Let w n denote the left-hand side of (1) if n > 0, and let w 0 = 0. 

Then ^ „ 

71 = 1 77=1 X 7 

_ (X n — X n f 1 , X n \ 

^ h U H n+r + n(n+l)j 

= <>->2„2V+ InZW- 

71=1 71 = 1 V 7 

Since w n — o(n), the first term on the right is o(l) as x-> l . 
Hence, since f(x) -> 0, 


2 u 
_n(n+l) 


x n -> — a n 
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But w n /{n(n+l)} = o(l/n), and so, by the ordinary form of 
Tauber’s theorem, oo 


2 

71 . — 1 




n{n-\- 1) 


= —a n 


The left-hand side is 

N 

lim 


A- 


y lim 2 Wn (~ — i i) 

4;»(w+i) jv-, \ n n + 1 ' 


= lim 

N — ► <» 



W N \ 

JV+lJ 


N 

= lim 2 a «> 

A t ->qo n=l 


and the theorem is therefore proved. 


7.7. Partial sums of a power series.* The study of the 
partial sums of a power series is facilitated by the use of the 
formulae of the theory of Fourier series. We shall use some of 
these formulae, and quote them from Chapter XIII; but in each 
case where they are used here the proof is an immediate con- 
sequence of uniform convergence. 


Let 


/(2) = 2v n (M<i)> 

n= 0 


and 

Let 


and 

Then 


sjz) = a Q +a x z+...+a n z n . 

1 — r 2 

2(1 — 2rcos0-)-r 2 ) 

1 __ r 2 _ 2r r * +1 {cos(m + 1 )0— r cos rid} 


Hr, 6) = — ~ ^ a , _ 2V = l+rcoa6 + r 2 cos20+..„ 


k n (r,9) = 


2(1 — 2rcos0+r 2 ) 
J+rcos0+...+r 7, cos7i0. 


*.(«") =--l j npe^)H H (0 < r < p < 1). (1) 

0 

This may be proved directly by term-by-term integration. It 
is a case of Parseval’s formula (§ 13.54). 

Also, by Dirichlet’s integral (§ 13.2), 

2 7T 

( 2 ) 


Landau (2), (3), (4), and Ergebnisse , Ch. I. 
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We can thus express s n as a repeated integral involving /and k, 

2ir 2n 

= & J ** j (3) 

O 0 

We consider also the arithmetic means of the partial sums, 

a ,X z ) = {*o(z)+Si(s)+-+*„-i(2)}/n. 

2 IT 

By (1), *„(«*) = 1 J Kpe^)K„ fc, ^ #, (4) 

0 

, n— 1 

where Z„(r, 0) = - V i„(r, 6) ; 

n 

v=o 

and, by Fejer’s integral (§ 13.31), 


A%M) 


21 

= -f 

2?i7T J 


sin 2 iw(fl— 0) 
sinH(0— <£) 


Z(r, <£) dcj>. 


(5) 


7.71. Bounded power series. Suppose now that f(z) is 
bounded in the unit circle. 

If \f(z) \ < Af for \z J < 1, then \cr. tt {z)\ < Af /or all values of n 
and \z\ < 1; and , conversely , if |<7 n (z)| Af /or afZ n anri jz| < 1, 
then |/( 5 ) |<Af. 

It is clear from the above formulae that Z(r, 0) and A" n (r, 0) 
are positive for r< 1 . Hence, if |/(z)| M , it follows from 
(4) that 2rr 

0 

But the right-hand side is what a n reduces to in the case 
f(z) — M , viz. Af. This ])roves the first part. 

Again s,„(z), and so also a 7l (z), tends to f(z) as n -> 00 . The 
second part follows at once from this. 


7.72. The corresponding results for s n (z) are not so simple. 
This is due to the fact that k ni unlike K ni is not always positive. 
It is not necessarily true that |s n (z)| ^ Af for all values of n 
and z . In fact it is known* that the upper bound of |s ?l (z)|, for 
all functions /(z) such that |/(z)| < Af , tends to infinity with w. 
We have, however, the following result : 


Landau, Ergebnisse , § 2. 



PARTIAL SUMS 

There is an absolute constant A such that 

\s n {z)\<AM\ogn 


for all functions f(z) such that |/(z)| < M. 
If \f(z)\^M, by §7.7 (3), 


**'<SJ*W 


«/») ; 

| sin %(cf>— ip) j 


d4. 


The inner integral is equal to 

w l/(n|-l) TT 

2 rjsin( W +|)«j^ <2 r (n+l)« d<x+2 f 
J Sinfa I J sin let J sin i 

0 1 1 0 1 Hn+i) 

= 0(l)+0(logn); 
and, putting n = 0 in 7.7 (2), 

0 

This proves the theorem. 
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7.73. It is easily seen that s n (z) is bounded in a circle of 
radius r f less than 1; for k n {r,6) is obviously bounded in such 
a circle. The upper bound for s n (z ) depends on M and on r\ 
What is not so obvious is that we can choose r\ independent 
of M , so that the upper bound is exactly M . 

If l/(*)l < then K(z)l < M for |z|< *.* 

It is clear that 


K(r,<f>)>- 


-r 2 — 2r n+1 (l+r) 
2(1— r) 2 ’ 


and if r ^ n ^ 1, the numerator is not less than 


l-i-2.i(l+i) = 0. 

Hence lc n (r , <f>)^0 for r < A, and we can now proceed as in 
§7.71. We have 2?r 

!«.(«*) I d< f> Jp). 

0 

and the right-hand side is what s n (z) reduces to when f(z) = M> 
viz. M. This proves the theorem. 


* Fej<$r (5). 
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The number J is the greatest number with this property. 
For consider the function 

/(*)=?-“, (0<a<l). 

az — I 

Then \f(e i9 ) \ ■= 1, so that |/(z)| <1 for |z| < 1. Also 


5 1 (z) = a+(a 2 — 1)2, 



and the point — l/a where 8 x (z) > 1 is arbitrarily near to \z\ = 
since a is arbitrarily near to 1 . 

7.8. The zeros of partial sums.* Let 

f(*) = ao+a iz+... K ^ 0), 
be a J30 wer series with radius of convergence 1, and let 
s 7l (z) = a 0 +a 1 z+...+a n z”. 

Then s n (z), being a polynomial of degree n, has n zeros. 

If f(z) has zeros inside the circle of convergence, then by 
Hurwitz’s theorem (§ 3.45) every such zero is a limit-jjoint of 
zeros of the polynomials s n (z). 

Now consider the simplest function of the above type, 

/(z)= I =1+2+2*+.... 

1 — z 

1 — 2 n+1 

Here s n (z) = l+ 2 +...-f-z 71 = - 

1 — z 


Hence $ n (z) has zeros distributed evenly round the circle, and 
it is plain that every point of the circle is a limit-point of 
such zeros. 

It is somewhat remarkable that the general case is so nearly 
like this simple case. This was discovered by Jentzsch, who 
proved that, for every power series , every point of the circle of 
convergence is a Umit-pQint of zeros of partial sums . 

We shall deduce this from some quite simple ideas depending 
on the theory of equations. 

Let 8 be a given positive number, n a number such that 



* Jentzsch (1). 
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This is true for arbitrarily large values of n, or the radius of 
convergence would be greater than 1 . 

Let z v z 2 , z n be the zeros of the corresponding 8 n (z). Then 
ZiZ 2 ...z n =(-l)~a 0 K, 

and so \z x z % ...z n \ < (1+S) n . 

Let z 1 ,..., z k be the zeros of s n (z) in the circle \z\ ^ 1 — 8. By 
Hurwitz’s theorem (§ 3.45), k is constant for sufficiently large 
values of n, and , . ^ 

\ Z l Z 2 ”' Z k\ ^ 


where K depends on 8 only. 

Let Zfl-p+i,..., z n be the zeros for which \z\ > l+c. Then 


Hence 


__ * 1*2- Z n 

z l--- z k- z k+l"- z n~p 




(i+sr 

iC(l-8)"-*’ 


7i{lo g( 1 + 8 ) — log ( 1 — 8 )} - log K AnS— log if 

1 ^ log(l-f e)— log(l— 8) Ae 


By choosing first e, then 8, and then n, we can make p[n 
arbitrarily small. 

Hence , for given 8, e, and 77, the number of zeros in the circle 
|z| ^1+e ^ greater than 71(1 — 77), if n is a sufficiently large 
integer for which (1) is true . 


7.81 . It is clear from the above result that the zeros of partial 
sums have at least one limit-point on the circle of convergence. 

We can obtain a little more information by considering the 
sura 


£-4 z v a ft 


Putting z v — r v e id we have 



If 6 y > ln+a, or 6 V < — \tt— a, where a > 0, for every v, the 
left-hand side is less than 


— 71(1 — 77 )sin a 

J+e 

by the above theorem. This is inconsistent with (1), if n is large 
enough. Hence there must be zeros in any angle including 
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(— ^7r, £ 77 -). Similarly there must be zeros in any angle greater 
than 7 t. 

To prove Jentzsch’s theorem we have to replace such an 
angle by an arbitrarily small one. This is done by using a con- 
formal transformation which magnifies the effect of the zeros 
in the immediate neighbourhood of the point considered. 

7 .82 • Let v . . 

__ cosA— z _ w+cosA m 

W z cos A — 1 9 Z 1-f-wcosA’ 

where 0 < A < J77, and where /(cosA) ^ 0. This transforms the 
unit circle in the 2 -plane into the unit circle in the w-plane. 
The point 2=1 becomes w~ 1. The point z = e lA becomes 

w - i( e ~ iX - eiX ) = . g-iA _ e i(,r-A) 

and similarly z = e~ iX becomes w — e~ i{7r ~ x \ Thus, if z = re i0 , 
w = pe^, the arc —A < 8 ^ A of the unit circle is transformed 
into the arc — 77 +A < <f> ^ 77 — A. 

The zeros z v of s n (z) are transformed into the zeros w v = p^e 1 ’^ 
of the function 

(1+^cobA)-*,^^) 

= s n (cosA)+w{n cosA s n (cosA)-fsin 2 A s'/cos A)} -f... 
^b 0 +b 1 w+... y 

say; and corresponding to § 7.81 (1) we have 


—n cosA — sin 2 A R 


«;(cosAn 


Zv P „ \bj (s„(cosA)j 

The last term tends to a limit as n -> 00 , since s n (cosA) ->/( cosA), 
which we have supposed is not 0, and s' n (cos A) ->/'( cosA). Hence 
as n 00 n 

— wcosA. (3) 


Suppose now that the region of the w-plane 

1— €<p<l+€, — ( 77 — A+a) < <f> < 7T— A+a, (4) 

where 0<€<1, 0 < a < A, is free from zeros. Put 

ys2i- = 2+1+2 = Z, + Z, + Z,- ( 5 ) 

Py i-« i-t<p.<i+« p,si+« 

Since p = 1 corresponds to r = 1, it follows from considerations 
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of continuity that the circles p = 1— e, p = 1+c correspond to 
curves (in fact circles) inside and outside r = 1 respectively, 
which can be made as near to it as we please by taking c small 
enough. 

The number of terms in ^ * s less than K = K(8,€,\); and 
p v has a positive lower bound, since the zeros of s n (cosA) in 
question tend to zeros of /(cos A). Hence 


2 1 <K. ( 6 ) 

The number of terms in 2 is> by § 7.8, less than j\n y where 
rj = rj(n, S,c,A) tends to 0 as n oo through a certain sequence 
of values. Hence 


2 3 


rjn 

<!+*• 


( 7 ) 


In 2 2 the number of terms exceeds w(l — rj)— K, and by 

hypothesis cos<f> y < — cos(A— a) for each term of this sum. 

Hence ~ 

n(\ — T))—K 




1 + e 


COS(A— a). 


(8) 


From (5), (6), (7), (8) it follows that 

Km I S 008 cos(A a) 

p v ^ i + € 

This contradicts (3) if a > 0 and e is small enough. There are 
therefore zeros in the region (4), and hence, since c and a may 
be as small as we please, in any region containing the arc p = 1, 
—77+ A <(f>< 77— A. Hence, in the z-plane, there are zeros in 
any region containing the arc r = 1, — A < 0 < A. Finally, since 
A may be as small as we please, it follows that z = 1 is a limit- 
point of zeros. Similarly every point on the unit circle is a 
limit-point of zeros. 1 


MISCELLANEOUS EXAMPLES 
1. If | a n ja H i j| -> R, then the radius of convergence of 2 a » z " is -R* 


2. If 


3 _(,+2 +„(!))* 

a B+1 l n \nj ) 


where c > 1, then 2 a n z " converges absolutely everywhere on its circle 
of convergence. 

3. If aja n i x -> 1, then 


liro 


s»(z) 


z 

z^i 


uniformly for \z\ 1+3 > 1. Hence show that all the limit-points of 

the zeros of partial sums are inside or on the unit circle. [S. Izumi (1).] 


3730 
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4. Show that as x —> 1 




and that, as z — > along the radius vector. 




5. If a w /-w log n, then, as x-> 1, 


n = 0 


— — log — . 
l-x h l-x 


^The right-hand side is ^ l + ^ + -.+ -)a:*]. 

6. If a n ~ 1/log n, then, as a: — > 1, 

n?0 O " X " ~ ( l - 2 )log(l/( 1 -x)} • 

[If 2 P denotes a sum over the range ep/log(l/a:) < n < c(p + l)/log(l/x), 
then x» ee -" 

A logn < log( 1 /x)log( 1 /log( 1 /x)} ’ ® C ' 

7. Show that if a n > 0, and 

/(*) = J . 

n=o l l 

then 8 K - — ' Jn 2 . 


X oo 

[We have /,(x) = J/(<) d< - ^ ^+7 ~ 1-a 

0 n=0 

n 

Hence j ~ n, 

jL* v-f 1 


and the result then follows by partial summation.] 

8. Generally, if a n > 0, and f(x) ^ (1— x)~ a , where a > 1, then 


[We have 


r(*+i)‘ 


“ T&=T) f I*- 1 )*-™ r£+I! ~2S' 

q n=0 n-1 

and, on the other hand, T 


ftx-i( x ) ‘ 


r(a)(l-x) f(aj(i-*)' 
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Hence 


n 

2 0y_ 

1^-1 ' 

v=i 


n 

'r(a)’ 


and the result now follows without difficulty.] 

9. If f(z) is regular in a region including the origin, and /( 0) = 1, 
then f(z) can be expanded in the form 


/(z) = ( 1 + OjS)( 1 + a 2 z a )( 1 + a 3 z 3 ). • . 

for sufficiently small values of z . 

[Ritt (1): Assuming an expansion of the above form, we write 
f'(z)/f(z) — Cj-f C2 z +***» an( ^ determine the numbers a n in succession by 
equating coefficients in the equation 


Ci + C 2 Z+... 


2 

n= 1 


na % z n ~ x 

1 +O h 2 b * 


If fjL n = max|a l ,| l /*' t we deduce from the recurrence relation that 
v^n 

pH < wp" M -f- |cj. Hence is bounded, and the process can be justified.] 

10. Show that the circle of convergence of the above product is the 
same as that of the series 2 a n ztt > but that the power series for/(z) may 
have a larger circle of convergence. 

11. If each of the series 


CO CO GO 

2 Z K ztl > 2 °A 2 " 

n^O n = 0 n=0 

has a radius of convergence equal to 1, then so have the series 

2 a.blz% 2 alb n z". 

n= o n - 0 

12. If each of the series 

/(z) = 2 a.z", 0(2) = 2 K z *> F(z) = 2 

n=0 n=0 tc-o 

has a radius of convergence equal to 1, if/(z) is regular on its circle of 
convergence except at z — 1, and > 0 for all values of n, then F(z) 
has a singularity at z — 1. 

[Bohnenblust (1): the series 

<f>(z) = f |o„| 2 b.z" 
n = 0 

has the radius of convergence 1, and so by § 7.21 has a singularity at 
z = l. By Hadamard’s multiplication theorem (§ 4.6) the singularities 
of <f>(z) are products of those of F(z) and of 

/(z) = 2 <*«z\ 

n = 0 

Thus 1 = a/J, where a is a singularity of F{z) t of f(z ) ; and /3 must be 
1. Hence a = 1.] 
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13. If f(z) — 2 a n z n is regular on its circle of convergence except at 
z 0 , then every series which consists of a selection of terms from 2 
and which has the same radius of convergence, has a singularity at z Q . 


14. Show that the theorem of § 7.21 is still true if the coefficients a u 
are complex, provided that |arga n | < oc < In for all values of n. 

[We have |aj < sec a Ra n .] 


15. The function 



n~ 1 


is continuous in and on the unit circle ; but every point of the circle is 
a singularity. 

16. If f(z) is boundod in the unit circle, then 2 l a i*| 2 * s convergent. 
[See § 2.5.] 


The following examples are on the border -line between theory of power 
series and theory of real, functions. It seems most convenient to insert 
them here, but some of them assume the theory of mean convergence given 
in jj 12.5. 


17. If 2 |ffj 2 is convergent, then 

27 T 

f f \.f(re W )-f{r'e ,e )\- dO = | k.| 2 (r"-r'»f. 

- 7 T J ft -0 

0 

Hence, show that, as r — > \>f(rc'®) converges in mean to a limit-function 
F(6) of the class L 2 (0, 27 t). 

18. If f(z) = u-\-iv, F{6) = U-\-iV in the previous example, show 
that Poisson’s formulae 


v(r, 6) -r(0) 
liold for r < 1 . 


ZTT 

o 

277 

J. f 2rsin{0-<fi) , 

~2n J 1 2roos(0 — 0)-hr- ^ ^ 


19. Show that, in the above examples, u(r, 0) — > U(Q) as r -> 1 for 
every value of 0 in the Lebesgue set of U(6). Deduce that f{re' d ) — * F(9) 
as r --> 1 for almost all values of 8. 

[The analysis is similar to that of § 13.34.] 

20. Show that a bounded analytic function tends to a limit radially at 
almost all points of its circle of convergence. 

21. If U(6) > 0 for all values of 6 , then u{r, 6) > 0 for all values of 

r and 6 . 
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22. If f(z ) is regular and bounded for \z\ < 1, and f(z) -> 0 as r -> 1 
throughout an interval of values of 6 , then f{z) is identically zero. 

[If 0 ^ 0 < 27r/p is part of the interval, consider the function 
g(z) =f(z)f(ze 2i ”l*)...f(ze*<*- 1 » 7r l*).] 

23. More generally, if/(z) is bounded and tends to zero radially for 
values of 6 in a set of positive measure, then f(z) is identically zero. 

[See Bieberbach, ii, p. 156. Let E be the set where /(z) -> 0, and let 
m(E) = ii > 0. Let u^O) = A//x in E , and = — A/(27r— ft) in CE. Let 
g(z) be the corresponding analytic function defined by the formulae of 
ex. 18. Then gr(0) = 0. Let h(z) = e g(z \ so that h{ 0) = 1. Then 

/( 0) =f(0)h(0) = ± f f(z)h(z) - = MHz) 

2m J z 2m J CE z 

\z\=l 

|/( 0 )| < 

Since A may be as large as we please, /( 0) — - 0. Applying the same 
argument to /(z)/z, f'(0) = 0, etc.] 

24. If U(6) is any function integrable in the Lebesgue sense, and 

277 

0 

then f(z) tends to a limit as r -> 1 for almost all values of 6. 

[Plessner (1): We may suppose without loss of generality that 
U(<f>) > 0. Then R{/(z)} > 0. Hence the function l/{l+/(z}} is bounded 
in the unit circle, and so tends to a limit for almost all values of 6. This 
limit is different from zero almost everywhere.] 



CHAPTER VIII 
INTEGRAL FUNCTIONS 

8.1. Factorization of integral functions. An integral 
function is an analytic function which has no singularities 
except at infinity. The simplest such functions are polynomials. 
A polynomial /(z) which has zeros at the points Zj, z 2 ,..., z n can 
be factorized in the form 

The zeros of integral functions in general are equally im- 
portant. An integral function which is not a polynomial may 
have an infinity of zeros z n \ and the product 

n(«~) 

taken over these zeros may be divergent. So we cannot always 
factorize an integral function in the same way as a polynomial, 
and we have to consider less simple factors than 1— z/z„. 

The expressions 

u+ vl 

E\u,0)=l—u, E(u,p) — (1— u)e 2 v (p=l,2,...), 
are called primary factors. Each primary factor vanishes when 
u— 1; but the behaviour of E(u,p) as u -> 0 depends on p. 
For |m| < 1, 

1 VI \ ‘ l ^ p+1 uP+2 

log®(»,!>) = -— 1 - ?)+ - 2 -.... 

Hence, if k > 1, and |m| ^ 1/lc, 

\\ogE{u,p)\ < |m| p+1 + |m| p+2 +... 

It is this inequality which determines the convergence of a pro- 
duct of primary factors. 

8.11. The theorem of Weierstrass. If f(z) is an integral 
function, what can we say about its zeros ? 

Since f(z) is analytic except at infinity, the zeros can have no 
limit-point except at infinity. In general, this is all that we can 
say. This follows from the following theorem of Weierstrass. 
Given any sequence of numbers z v whose sole limiting -point 
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is at infinity , there is an integral function with zeros at these points, 
and these points only . 

We may suppose the zeros arranged so that \z x \ < |z 2 | ... . 

Let | z n \ = r w , and let p v p 2i ... be a sequence of positive integers 
such that the series 



is convergent for all values of r. It is always possible to find 
such a sequence; for r n -> oo, since otherwise the zeros would 
have a limiting-point other than infinity; and we may take 
p n — n , since 

for r n > 2 r, and the series is therefore convergent. 



Let 


/<=>-n «(,>-■)• 

71-1 Wi ' 


(1) 


This function has the required property; for, if \z n \ > 2jz|, 

(2, 

hence the scries ^ log E I — ,jj w — 1 1 
|c n |>2R ' 

is uniformly convergent for \z\ ^ R, and hence* so is the product 


n e 

Hence /(z) is regular for \z\ ^ R, and its only zeros in this region 
are those of 

l*J*~2K ^ ,l ' 

i.e. the points z v z 2 ,... . Since R may be as large as we please, 
this proves the theorem. 

The function f(z) is, of course, not uniquely determined by 
the zeros, since we have a wide choice of the numbers p n . 

8.12. It is possible to factorize any given integral function 
in the following way. 

If f(z) is an integral function , and f( 0) ^=. 0, then ' 
f(z)=f(0)P(z)e«* 





R 


* See’§ 1.43, end. 
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where P(z) is a product of primary factors, and g(z) is an integral 
function . 


We form P(z) as in the above theorem from the zeros of 


f(z). Let 




m 

m 


P'(z) 

P{z)- 


Then <f>(z) is an integral function, since the poles of one term 
are cancelled by those of the other. Hence also 


z 

g(z) = J 4>{t) dt = log/( 2 )—log/( 0 )— log P(z) 

0 

is an integral function, and the result stated follows on taking 
exponentials. 

If f(z) has a zero of order p at z = 0, a factor z p has to be 
inserted. 

This factorization is not unique. 

8.2. Functions of finite order. The general factorization 
theorem is not precise enough to be of much use; in general the 
numbers p n increase indefinitely with n , and we can say little 
about the function g(z). There is, however, one case in which 
we can put the theorem into a perfectly definite form, that of 
functions of finite order. 

An integral function f(z) is said to be of finite order if there 
is a positive number A such that, as \z\ = r-> oo, 

f(z) = 0(0. 

The lower bound p of numbers A for which this is true is called 
the order of the function. Thus, if f(z) is of order p, 

/(z) = 0(O 

for every positive value of e, but not for any negative value. 
In this, and similar statements throughout the chapter, e is 
thought of as taking arbitrarily small values, and the constant 
implied in the 0 depends in general one. If it were independent 
of e, we could replace * by 0 in the formula. 

Functions of finite order are, after polynomials, the simplest 
integral functions. A polynomial is of order zero; some of the 
properties of functions of small order are similar to those of 
polynomials. 

Many familiar functions are easily seen to be of finite order; 
e z is of order 1 ; so are sin z and cos z; cos Vz is an integral function 
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of order \ ; e z is an integral function of order k y if k is a positive 
integer (if k is not an integer, it is not an integral function). 
The function e c * is of infinite order. 

In what follows we shall suppose generally that /( 0) is not 0. 
This simplifies the analysis a little, and division by a factor z k 
does not affect the order. 


8.21. The function n(r). Let n{r) denote the number of 
zeros z v z 2 ,... of an integral function f(z) for which | z n \ ^ r. 
Then n(r) is a non-decreasing function of r which is constant 
in intervals; it is zero for r < | z x \, if /(0) is not zero. 

This function is, as we have seen in § 3.61, connected with 
f(z) by means of Jensen’s formula. In fact 


r 2 it 

/ ^'X dX = hr J 1Og ^ (re ' 0)l d0 — lo Sl/(°)l- ( 1 ) 
0 0 

If f(z) is an integral function, this holds for all values of r. 
IfJ(z) is of order p , thenn(r) = 0{rP +c ). For 
log|/(re^)i < KrP +c , 

K depending ome. only. Hence, by (1), 

J n{ -f dx < AV +e . (2) 

0 

But, since n(r) is non-decreasing, 


Hence 


f V{X) dx > n(r) f — = n(r )log 2. 
J X J X 

H.i 


n(r) , V, f dx < AV He 


by (2). 

We may thus say, roughly, that the higher the order of a 
function is, the more zeros it may have in a given region. 


8.22. If r ly r 2 ,... are the moduli of the zeros of /(z), then the 
series 2 r n a convergent if ol> p. 

Let j8 be a number between a and p. Then n(r) < ArP. 
Putting r = r 7J , this gives 

n < Ar%. 
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Hence r~“ < An-^P, 

and the result follows. 

The lower bound of positive numbers a for which 2 r n a * s 
convergent is called the exponent of convergence of the zeros , and 
is denoted by p v What we have just proved is that p x < p . We 
may have p x <P'> for example, if f(z) = e s , p = 1; but there are 
no zeros, so that = 0. 

Notice that p x = 0 for any function with a finite number of 
zeros; thus > 0 implies that there are an infinity of zeros. 


8.23. Canonical products. An important consequence of 
the above theorem is that, if f(z) is of finite order, then there 
is an integer p , independent of n, such that the product 


M”) 


(i) 


is convergent for all values of 2 ; for by 8.11 (1), with p n = p+1, 
this product is convergent if 

z(r' 

is convergent;* and this is true for all values of r if p+ 1 >Pi> 

and so it is certainly true if p + 1 > p. 

If p is the smallest integer for which (2) is convergent, the 

product (1) is called the canonical product formed with the zeros 

of f(z)\ and p is called its genus. 

If p x is not an integer, then p = [pj]; if p x is an integer, p = p 1 

if ^r'P' is divergent, while p = p v — 1 if it is convergent. In 

any case ^ ^ ^ 

J P<Pi<P- 


8.24. Hadamard’s factorization theorem. If f(z) is an 
integral function of order p, with zeros z v z 2 ,... (/( 0) ^ 0), then 

f(z) = e Q{z) P(z), 

where P(z) is the canonical product formed with the zeros of f(z) y 
and Q(z) is a polynomial of degree not greater than p. 

We can now take the P(z) of § 8.12 to be the canonical pro- 
duct. It follows from the factorization theorem of § 8.12 that 
there is an expression for f(z) in the above form, in which Q(z) 
is an integral function. What we have to prove is that in this 
case Q{z) is a polynomial. 

* Compare § 1.43, ex. (vii). 
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Let v = [p], so that p ^ v. Taking logarithms and differen- 
tiating v -\- 1 times, we obtain 

/dV Jf(z)i Qd'+i)(z)_ v! V 1 

W\/(*)i u Zip.-** 

To prove that Q(z) is a polynomial of degree v at most, we have 
to prove that Q (lMl) (z) = 0. 


Let 


—XrK'-r 


Since |1— z/zj ^ 1 for \z\ — 2 R, \z n \ < R, we have 

ifl'uWi < \mm\ = o(e(*«) p+ ‘) (i) 

for |z| = 2R. Since g R (z) is an integral function, this holds for 
\z\<2R also. 

Let h R (z) = log g R (z), the logarithm being determined so that 
7^(0) = 0. Then h R (z) is regular for \z\ < R, and, by (1), 

R {h n (z)}<KRP*. (2) 

Hence, by § 5.51, 

We + 1 , (z)l ^-^pi RKRP+( 

for |z| — r < R\ and for |z| ~ | R this gives 

^+»(z) = 0(RP+ e ~ v - 1 ). (3) 


Hence 0 (v+1) (z) « ^ +1> (z)+v! V — ~ , 

= 0(iJp+e _ K _ 1) + 0 ( ^ | 2 J-r-l\ 

for \z | = \R , and so also for |z| < \R. The first term on the 
right tends to 0 as R -> oo if e is small enough, since v+ 1 > p; 
and the second term tends to 0 since 2 convergent. 

Since the left-hand side is independent of R it must be zero, 
and the theorem follows.* 


8.25. The order of a canonical product is equal to the exponent 
of convergence of its zeros. 

We know that, for any function, p x < p. Henge we have to 
prove that, for a canonical product P(z ), p^p r Let r v r 2 ,... 


• Hadamard (2). This proof is due to Landau (5). For an alternative proof 
see § 8.72. 
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be the moduli of the zeros, and k a constant greater than unity. 

Let 

iogiP( Z )i= 2 io gi^(^.p)|+ 2 

Tn'^fCT T n J>kr 

In 2 2 we use inequality 8.11 (2), and obtain 



If p — pj— 1, this is 0(r p+1 ) = 0(rP'). Otherwise Pi+eCp+l 
if € is small enough, and then 

r v + 1 ^ r~ TJ ~ 1 = r p+1 2 r£ ,+€_p ~ 1 r~P i “ € 

r n >kr r n >kr 

< r p+1 {kr)f >x + € ~ p ~‘ 1 2 r n f>l ~ € = 0(rP'+ € ). 

Again in wc have terms involving E(u,p ), where \u\ ^ 1/A:, 
so that 

log|A>, 2 >)Klog(l + |«|)+|w|+...+ ^-< K\u\p, 

P 

where K depends on k only. Hence 

2, < °{ rP 2 r;A = Olr» £ 

v r n - At / V r n ''kr ' 

= 0{r^(Arr)^+ € -^ J — 0(rP*+ € ). 

Hence log|P(c)| < 0(rP i+t ), 

and the result follows. 

8.26. If p is not an integer , p x = p. 

We have in any case p 1 < p. Suppose that p x < p. Then P(z) 
is of order p 1? i.e. of order less than p. Also, if Q(z) is of degree 
q, e Q(z) is of order q\ and q < p, and in this case q < p, since q is 
an integer and p is not. Hence f(z) is the product of two func- 
tions, each of order less than p. Hence f(z) is of order less than 
p, which gives a contradiction. Hence p a = p. 

In particular, a function of non-integral order must have an 
infinity of zeros. In fact, if the order is not an integer, the 
function is dominated by the canonical product P(z ); whereas, 
if the order is an integer, P(z) may reduce to a polynomial or 
a constant, and the order then depends entirely on the factor e Q ^ s K 

In any case, since P(z) is of order p v and e Q{z) of order q 9 

we have , . 

p = max(g,p 1 ). 
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8.27. Genus. The genus of the integral function f(z) is the 
greater of the two integers p and q , and is therefore an integer. 

Since p < p and q < p, the genus does not exceed the order. 
The actual determination of the genus of a given function is 
sometimes not easy. 

Example. Prove that the genus is not less than p— 1. 

8.3. The coefficients in the expansion of a function of 
finite order. A necessary and sufficient condition that 


f(z) = £ a n z n 


71—0 


( 1 ) 


should be an integral function of finite order p is that 

Hm lo gU/KIK 1 
nlogn p' 

The argument depends on the fact that 2 \ a n zYl \ does n °t 
differ very much from its greatest term, and that \f(z)\ lies 
between the two. This is further illustrated by the example 
which follows. 


(i) Let 


ItaW/KJ) 

— n log n 


where p is 0, positive, or infinite. Then, for every positive e, 
log(i/KI) > (/a € )ti log n (n > n 0 ), 

i.e. \a n \ <n~ n ^~ € \ 

If p > 0, it follows that (1) converges for all values of z , so that 
f(z) is an integral function. Also, if p is finite, 

\f(z) | < 4r n °+ 2 r n n~ n ^~ €) (r > 1). 

n=n # +i 

j _ 

Let 2i denote the part of the last series for which n ^ (2r)/ A - c , 
2 2 the remainder. Then in 2 2 

r n ^ exp{(2r)^~ € log r}, 

so that 

i 

2 X < exp{(2r)/ z ” e logr} 2 n- n( ^~ €) < K exp{(2r)^- f logr}. 

In 2 2 , rn-^- €) < £, so that 

2 2 <2(*) n <i- 

1 

Hence \f( z ) \ < ^ exp{(2r)A A -« logr}, 

i.e. p ^ 1 /(/x — e). Making e->0, In the case p = co f 



254 


INTEGRAL FUNCTIONS 


the argument, with an arbitrarily large number instead of /lx, 
shows that p = 0. 

On the other hand, given e, there is a sequence of values of 


n for which 


l°g(VKI) <(/*+*)» log ra, 


i.e. 


| a n | > %-»</*+*>, 


i.e. \ a n\ rn > {rn _<M+f) } Tl . 

Taking r = this gives 

| a n \r n > 2^+ €)ri = exp|^(/x+e)log 

Since by Cauchy’s inequality M(r) > |a n |r n , it follows that, for 
a sequence of values of r tending to infinity, 


M(r) > exp{^4r 1/( ^ +€) }. 

Hence p ^ 1 /(/z+c), and, making 6 -> 0 , p ^ l//z. If p. = 0, the 
argument shows that f(z) is of infinite order. 

(ii) Let f(z) be a function of finite order p. Then a n -> 0, so 
that /x, defined as before, is not negative. The argument then 
shows that /z = 1/p. 
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8.4. Examples, (i) Prove that the order of the function 

»=o* 

is 1/a. 

[We may use the above theorem, or proceed more directly as follows. 
Suppose z real and positive. The terms of the series increase until n is 
approximately z 1 /®, and then decrease. Hence, if z = n®, we get a 
maximum term 

n n« n r»« C "“ e®* l/ “ 

(n!)“ (n n4i e- n 2*7r^“ n4o, (2*7r*)“ 2 *( 2*7 r)® 

Since |/(z)| is greater than this term, its order is at least 1 /a. 

On the other hand, |/(z)| < /(|z|), and if z is real 

71-0 JV + 1 

N OO 

V Z" 

(n!)" + ^ {(iV-t-l)! JV— 

71“ 0 N+l 

. # 2*+^ 

< Z + {(N +1 )!}o(T-2/A'«‘) ’ 

provided that N a > z. Taking N = [(2Z) 1 /®], we obtain 
/( 2) = 0(2*) = 0{2^>''“} = 0(e*‘'“ H ), 

so that the order does not exceed 1/a. Hence p = 1/a. (See Hardy’s 
Orders of Infinity, ed. 1, p. 55.)] 

(ii) Discuss in a similar way the function 

qo 

V Z" 

Z-rf n an 

n= l 

(iii) If A 0, and p(z) is a polynomial, e Xz — p(z) has an infinity of 
zeros. 

[If not, e x *—p{z) = e az + b P(z), where P(z) is a polynomial. By com- 
paring rates of increase in various directions we find that a = A, then 
e Az = rational function.] 

(iv) If /(z) is of order p, and g(z) of order p < p , and the zeros of 
g(z) are all zeros of /(z), then f(z)/g(z) is of order p at most. 

[For /(z) = P 1 (z)e c i ( ‘ , ,g(z) = P 2 {z)e q » (,) , and Pi/P 2 is either the canonical 
product formed with the zeros of fi/f 2 , or this product multiplied by an 
exponential factor of order not exceeding p. Hence the order of PJP % 
does not exceed p.] 

(v) cosz and sinz are of order 1; the product formulae (§ 3.23) are 
cases of Hadamard ’s theorem. 

(vi) l/r(z) is of order 1; deduce the product formula (§4.41) from 
Hadamard ’s theorem. 
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^With the notation of § 4.41, /(l— z) = — 2 i 7 r/T(z) t and 

f(z) = + J = 0{e* r l , l(|z| + l)l'l +1 }. 

(vii) £(8) = 18(8— l)7r -i VF( £*)£(*) is an integral function with p = 1, 
Pi = 1- 

[To prove that p < 1, use § 4.43 (3) and ex. (iv), and p ;> 1 since 
log£(a) ~ 2~ f , log f($) ^ logs as 5 — * oo by real values. Next the 
functional equation gives £(s) = f(l —s). Hence S(z) = is even, 

and E(Vz) is an integral function of order J, and so has convergence- 
exponent J.] 

(viii) z~ v J v (z) is an integral function with p = I, p x — 1. Verify the 
result of § 8.3 in this case. [See p. 60, ex. 5.] 

00 

(ix) F a (z ) = J e _<0, cos zt dt (a > 1) is of order a/(a — 1). 

0 

[Either directly from the integral, or from the power-series.] 

(x) &i(z) = — i 2 ( — l) n g (,lf * ,,g(2,l+1)h » where |g| < 1, is an integral 

— 00 

function with p = 2, p x = 2. 

[If A= (2|z| !-iog2)/log|l/ ? |-i, 

fl,(z) <21 | 9 |(-+‘V , -+ 1 )W + 2 J (i)* + ‘ = 0(e (W+1> W) = O(e'l'l’). 
n^A n> A 

5j(z) has simple zeros at z = m77--f n7rr, where m and n run through all 
integers (see e.g. Whittaker and Watson, Modem Analysis , §21.12). 
Hence p x = 2.] 

(xi) 9 x (z) is an integral function of sinz of order 0. 

[If 2 sinz — w, & x (z) — g(w), then 

g(w) = J 

71 "0 

= of £ \w\ + 1 )2"4 1 ] = Ofe^W+D}. 

‘n-0 I 

It was proved by P61ya (2) that if g and h are integral functions, and 
g{h(z)} of finite order, then either ^-is a polynomial and g of finite order, 
or h is not a polynomial but of finite order, and g of zero order.] 



(xii) If 


( r„ > 0 ) 
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is of order p, 0 < p < 1, then for p < a < 1 

VI f log|/(-*)| * V 1 

Z*r°„’ J ax atanira rj' 


/ 

0 

[ 


log fW dx * 

a?+ l a sin 7 


We have 


C]og(l+x} dx = ^ L _ f lo^*l 1 

J x*° +1 o sin 7 to J a^ +l otanTro J 


8.5. The derived function. Many of the properties of the 
derived function of an integral function are the same as those 
of the primitive function. The following theorems are examples 
of this. 


8.51. The derived, function f'(z) is of the same order as f(z). 
Let M'(r) — max | f\z) | . Then 

|z| = r 


M(r)- \m <M , M(R) 

r V 1 "" R—r ’ 


(1) 


For 


f(z)=jr(t)dt+m, 


the integral being taken along the straight line. Hence 
M(r)^rM’(r)+\f(0)\. 

On the other hand, 

i fw = * . r 

2 m Jc ( w—z ) a 

where C is the circle \w—z\ = R—r (\z\=r<R): Hence, 
choosing z so that |/'(z)| = M'(r), we have 


The result stated now follows on taking, say, R = 2r in (1). 

8.52. The well-known theorem, that if f(z) is' a polynomial 
with all its roots real, then f'{z) has the same property, can be 


* P61ya (2). 
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extended to a certain class of integral functions. The result is 
expressed by the following theorem of Laguerre : 

If f( z ) ** an integral function, real for real z, of order less than 2, 
with real zeros , then the zeros of f(z) are also all real, and are 
separated from each other by the zeros of f(z). 


We have f(z) = cz k e az ^ 1 — 2- j e 2 *, 


where k is zero or a positive integer, and c, a , and z Jf z 2 ,.- are 
all real. Taking logarithms and differentiating, 




Hence, if z = x-j-iy, 

! {m) = ~ ty L*+y 2+ 2 (x-z n )*^y*}’ 

which is zero if y = 0 only. Hence f'(z) cannot be zero except 
on the real axis. 

a * d f f'(z)\ k yr' 1 

gam> dil/Wi (z-zj 2 ’ 

which is real and negative if z is real. Hence f'(z)/f(z) decreases 
steadily as z increases through real values from z„ to z w+1 , and 
so it cannot vanish more than once between z u and z nfl . Clearly 
it changes sign, and so vanishes just once in this interval. This 
proves the theorem. 

It is clear from the above result that, if the zeros of f'(z) are 
z' v Zg,..., then the series 


2 teji* 2 iZp 


converge or diverge together. Hence the zeros of f(z) have the 
same exponent of convergence as those of /(z). It may be shown 
further that/(z) and/'(z) have the same genus, but this is not 
quite so easy to prove (see ex. 16 at the end of the chapter). 

Since /'(z) is of the same order as /(z), and has real zeros only, 
the theorem may now be applied to it, and we see that f”(z) 
has real zeros only; and so for f'"(z), etc. 

The proof also applies to a function f(z) of order 2, but of 
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genus 1. In this case, however, we cannot extend the result to 
/*(z),... without considering the problem of the genus of f'(z). 

It is easily seen by means of examples that the theorem is 
not true for functions of genus 2. For example, in the case 

f(z) = ze*, f(z) = (2z 2 +l )e z \ 
the zeros of/'(z) are complex; and in the case 

f(z) = (z*-4)e>*\ f'(z) = §Z(Z*-I)e**, 

the zeros of f'(z) are real, but are not separated by those of /(z). 
Example. The differential equation 

y^y = -Bin’* 

3 dt * 

has no real solution, other than y = ^sin /, which is an integral func- 
tion of finite order. 

[Suppose that y is a function of finite order p. Then 

y = eMP(t), 

where P(t) is a canonical product, and Q(t) a polynomial of degree not 
greater than p. Since the zeros of P(t) are zeros of sin 2 /, P(t) is of order 1 
at most. 

Now = e*<'{P'(t)+P(t)Q'm 

S = + 2P'(t)Q'(t)+P(t)Q'\t) + P(OQ'«)} = e w 7(<). 

dt “ 

where /(/) is of order 1 at most. Hence 

/(*) = e at + b P 1 (t), 

where P x (t) is a canonical product. Hence 

e 2 Cd) = -sin 2 /, 

i.e. e 2Q w +at+b P(t) — —si nH/P x (t) 

is of order 1 at most (§ 8.4, ex. (iv)). Hence P(t) is of order 1 and Q(t) 
is linear. 

Hence y is a function of order 1. 

We can now use Laguerre’s theorem, y is a function of order 1 with 

real zeros. The zeros of ~ are separated by those of y, so that, as y has 
dt 

no triple zeros, all the zeros of ~ are simple. So all the zeros of are 

simple. Hence y has zeros at all the zeros of sin /. Suppose y has a double 

zero at / = kir. Then ~ has a zero between (k—\)v and kir, a zero at 
dt 

d 2< ii 

kir, and a zero between krr and (k -\- 1 )tt. Hence — ^ has two zeros between 
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(1c— 1 ) 7 r and (fc-f- 1 )7T, which is impossible. Hence y has all the zeros of sin t 

just once. Hence M . a . 

J y e ai+a sin t. 

Inserting this in the differential equation, we obtain 

(a 2 — l)sin$-}-2a cos 2 = — e~ 2a,_20 sinL 

Since the left-hand side is bounded for real t , so is the right-hand side, 

and hence a = 0. Then fi — 0 or ni.] 

8.6. Functions with real zeros only. A number of im- 
portant functions have no complex zeros; for example, all the 
zeros of l/r(z) are real. On the other hand it is sometimes very 
difficult to decide whether the zeros are real or not; for example, 
it was conjectured by Riemann, in 1859, that all the zeros of 
the function E(z) of § 8.45 are real, but this has never been 
proved. 


8.61. The theorems of Laguerre. In some cases the ques- 
tion can be decided by the following theorems of Laguerre.* 
Let f(z) be a polynomial , 


f(z) = a Q +a x z+...+a p zP, 

all of whose zeros are real ; and let <f>(w) be an integral function of 
genus 0 or I, which is real for real w, and all the zeros of which 
are real and negative. Then the polynomial 


g(z) = a Q <f>(Q)+a 1 <f>(l)z+...+a p <f>(p)zP 


has all it s zeros real , and as many positive , zero and negative zeros 
as f(z). 


Let 


<t>(w) = ae kw 



where cx n > 0 for all values of n. Consider the function 


</!(*) =/(*)+ -/'(*) 
aq uZ 

= a 0 +a^l + l.y+...+a v ^l+^y. 

Obviously g x (z) has as many zeros at z = 0 as /(z); and the 
second expression for it shows, by Rolle’s theorem, that it has 


* (Euvres, t. 1, p. 200. 
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the same number of positive zeros as f(z). Similarly it has the 
same number of negative zeros. 

By repeating the argument, we can obtain the same result 
for the function 

9n(2) = %+ai<l>n( l )z + -+ a P <f>n(P)z P , 
where <j> n (w) = + “J.. +^- 

V 

Next, the transformation z = e kn z where k n — k— 2 l/a„, 
shows that the same result holds for 1 


®n( Z ) ~ a 0®n(^) + a X < ^n(l) 2: + ---+ a i)^ ) n(2 ? ) 2P > 

71 > \ W 

where $> n ( w ) = aekw | J ^1 + — j e = ae k * w <f> n (w). 

Finally, O n (w) -> <f>(w) uniformly in any finite region. Hence 
G n (z)->g(z) uniformly in any finite region; by Hurwitz’s 
theorem (§ 3.45) the zeros of g(z) are the limits of the zeros of 
G n (z)\ it is clear that g(z) has the same number of zeros at 
2 = 0 as /(z); and this completes the proof. 

8.62. Suppose that <f>(w) satisfies the conditions of the previous 
theorem , and that f(z) is an integral function of the form 

f(z) = e^f j(l + 0 

71 = 1 n 

the numbers a and z n being all positive. Let 

f(z) = f a n z n . 

71=0 

00 

Then g(z) = 2 a n <f>(n)z n 

71 = 0 

is an integral function , all of whose zeros are real and negative. 

In the first place, g(z) is an integral function; for, since 
(\-\-x)e~ x < 1 for x ^ 0, 

\<f,(n)\ < \a\e kn , 

and so the series for g(z) is everywhere convergent. 


"‘>=4 + !)*nK) 



n=0 


Let 
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All the zeros of this are real and negative, and hence, by the 

previous theorem, so are the zeros of 

n - 0 


Finally, g p (z) -> g(z) uniformly in any finite region. In fact it 
is clear from the expression 


K)’=‘+-H) 


a 2 z 2 aPz v 

2! + "‘ + p» 


that a n p -> a n as p -> oo for every fixed n, while \a n%v \ < a n for 
all values of n and p. Hence, if N < 2 p, 


l0(*)-0p(*)K K a n-a n ,p)z n \+ f V"|+ it a n .pZ" 


N+l 


' xV + 1 




N 

2 fart ^Tt, p)Z 
n= 1 


+ 2 2 I a n 
N+l 


We can now choose N so large that the second term is less than 
any given e, and then, having fixed N, the first term tends 
to zero. Hence g p (z)-+g(z). 

As in the previous proof, the result now follows from Hur- 
witz’s theorem. 


8.63. The simplest case is that of the function f(z) — e z . 
From this we deduce that if <f>(w) satisfies the conditions of the 
previous theorems , then 

n=o 

is an integral function , and all of its zeros are real and negative . 
Examples, (i) Let 

<j>(w) = i/r(w-\-v+ 1) (v > — i). 

This is an integral function of genus 1, with zeros at w = — v— 1, 
— v— 2,... . These are all real and negative, and hence the zeros of 


i 


z" 

rjn+v+l) 


J„(2iVz) 

(Wz)*' 


are all real and negative. Hence the zeros of J v (z) are all real, 
(n) The function* 


F a (z) = f 


e-‘* cos zt dt 


P61ya (1). 
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has no zeros if a ^ 2, and an infinity of real zeros, but no complex 
zeros, if a = 4, 6, 8,... . 

[We have, by $ 8.47, j 

F (z\ = - V ( — 1 )« TT- 2 

a{ ) aZ , 1 * ' TWTTj ' 


If a — 2, we have, as in § 8.47, 

F^z) = iVrre- 1 * 2 , 

which has no zeros. 

If ol = 2 where A; is a positive integer, let 

<f>(w) - r{(2w+l)l2k}T(w {- l)/r(2w-\~ 1 ). 

Then is an integral function satisfying the conditions of Laguerre’s 
theorems of § 8.0. Hence the zeros of 


n^O 

are all real and negative, so that the zeros of F 2k (z) are all real. Also 
(§ 8.47) p — 2kj2k—\ i so that 1 < p < 2, and there must be an infinity 
of zeros. 

If a is not an even integer, it can be proved that there are an infinity 
of complex zeros, ami a finite number of real zeros.] 


8.64. Functions with real negative zeros. If all the zeros 
of a function are real and negative, the modulus of the function 
is related to the distribution of its zeros in a specially simple way. 

Suppose that f(z) is such a function, and that its order p is 
less than 1 . Then «, 

Hence, if 2 is real, 

log/w- |iog(. +£)-§ -M'+rJ-M' + Z J 



zdt 

t\z+i) 


r n(t) di 

J t(z+t)' 


where n(t) has its usual meaning. 

Suppose now that as t -> oo, n(t ) ~ XtP. Then 


log f(x)~ nX cosec up xp. 
For we have (A— e)tP < n{t) < (A+e)^ 


* The reader should justify this step, which is a simple example of partia 1 
summation. 


S 
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for t > t 0 (e). Hence 


to 

log f(x)<x j 
0 



0 


»«) dt ,, r 

<(*+0 J 

<o 

»(0 — (A+e)^ 
/(*+0 




dl -f - x 


/ 


o 


(A + e)/P 
t(x~\~t) 


dt. 


The first term is plainly 0(1), and, putting t = aw in the second 
integral, we obtain 

oo 

./X , V f U?- 1 du , x 

e) I = xP (A-)- e)n cosec np 

0 

by § 3.123. A similar result holds with A— e, and the theorem 
follows. 

More generally * 

log f(re l& ) ~ e l P®nX cosec np rP 

for any fixed 6 in (— n, n), log f(z) denoting the branch which is 
real on the positue real axis. 

In fact the above expression for log/(s) as an integral, obtained 
for real z, holds by analytic continuation for — n < argz < n. 
Hence we obtain as before 

CO 

logftre' 6 ) ~re iB I ^ 

’ J l(re'0+t) 

0 

Turning the line of integration to t = ue' e t we obtain 


A reP ld f UPdu = XrPeP id 7T cosec np 
J u(r+u) 

0 

as before. 

It is also possible to prove theorems of the converse type, 
viz. to deduce the asymptotic behaviour of n(r) from that of 
log|/(z)|. The most interesting is that if , as oo by real 
values , \ogf(x)~nXcosecnpxP, then n(r)~XrP. This theorem! 
is closely connected with the Tauberian results of §§ 7.41-7.44, 
but the proof is too complicated to give here. 


* Polya and Szego, Aufgaben, IV Abachn., no. 61. 
t See Valiron (1), Titchmarsh (5), (6). 
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8.7. The minimum modulus. Let m(r) denote the mini- 
mum of |/( 2 ) | on the circle \z\ = r. 

The function m(r) cannot be expected to behave in as simple 
a way as M(r), since it vanishes whenever r is the modulus of 
a zero of f(z). But we shall see that, if we exclude the immediate 
neighbourhood of these exceptional points, we can set a lower 
limit to m(r); and, in general, m(r) tends to zero in somewhat 
the same way as 1 /M(r). 


8.71. Consider first a canonical product P(z) of order p, with 
zeros • 

If about each zero z n (\z n \ > 1) we describe a circle of radius 
\z n \~ h , where h > p, then in the region excluded from these circles 

|P( Z )|>e-* f * (r>r 0 («)). 

Following the method of § 8.25, it is clear that 




r= J lQ S 
Tn- kr 


Z | 


— 0(rP -« € ). 


Since 2 r h h convergent, the sum of the radii of the circles 
is finite, and so there are circles with centre the origin and 
arbitrarily large radius which lie entirely in the excluded region. 
Now if z lies outside every circle | z — z n | -= r~ h , and r n ^ kr. 


Hence 


2 log 
l<r n zkkr 




>r^- h >(kr)~'-\ 

> — (l+fr)log kr.n(kr) 


> — K log kr.rP* c > — r^ +2e . 


2 log 


1 — —I > 0 

Z„\ 


(r > 2), 


Finally 

r„^l 

and the result follows. 

8.711. If f(z) is a function of order p, then 
m(r) > e _rP+6 

on circles of arbitrarily large radius. 

For f(z) = P(z)e<**\ 
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where Q(z) is a polynomial of degree q^p; hence 
\ e Q(z)\ > e -Ar* > e -ArP } 

for sufficiently large values of r; and by the previous result 
\P(z)\>e~ Tfll+t >e- rPi - e 

on circles of arbitrarily large radius. Hence the result. 

8.72. Another proof of Hadamard’s factorization 
theorem. The theorem of § 8.71 leads to an alternative proof 
of Hadamard’s factorization theorem. Let 

J(z) = P(z)e Q(z) 

where P(z) is the canonical product formed with the zeros of 
f(z). Then Q(z) is an integral function. Let p be the order of 
f(z ), p x the exponent of convergence. Then P(z) is of order p v 
and p 1 < p. Hence 

\P(z )\ > c~ rPl,e > e _rP '* 
on circles of arbitrarily large radius. Also 

m=o( o- 

Hence R{Q(z)} = log = log {0(«T '')} < KrP" 

P( Z ) 

on circles of arbitrarily large radius. Hence, by the theorem of 
§ 2.54, Q(z) is a polynomial of degree ^ p. 

8.73. In special cases it is possible to prove much more pre- 
cise results than the theorem of § 8.711. 

If p < there is a sequence of values of r tending to infinity 
through which m(r) -» oo. 

In the first place, there is no line argz = constant on which 
f(z) is bounded; for the whole plane, bounded by this line, forms 
an angle 2 rr, and 2tt < ir/p if p < i. Hence, by § 5.61, if f(z ) is 
bounded on this line it is bounded everywhere, and so reduces 
to a constant. 

Suppose now that 

/(z ) = <a *n(i-£), 
, (2) =c 2 *n(i+£), 


and let 
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where r n — |zj. Then 

min|/(z)| > \<f>(-r)l 

\z \ -r 



for every n. Also <f>( — r) is unbounded, since (f>(z) is an integral 
function of the same order as/(z). This proves the theorem. 

8.74. The following result is still more precise. 

Ifo < p < 1, there are arbitrarily large values of r for which 
m{r) > {M(r)} COS7r P- € . 

The following proof is due to Polya (3). Define f(z) and <j>(z) 
as before, and we may plainly take c — 1, k = 0. It is sufficient 
to prove the theorem for If 0 </><£, i.e. cos77y> > 0, 

this follows at once from the relations m(r) 'M-r) |. 
M(r) < f)(r ). In any case, if z' is a j>oint where \f(z')\ = m(r), 
we have 

\<f>{r)<f>(—r)\ = jj~J < \f(z')f(-z’)\ < m{r)M(r). 

Hence, if the theorem is true for </>(z), then 

m(r)M(r) > \<f>(r)\ 1+COS7r P- € > {M(r)} 1+COSi7r P- € 

for arbitrarily large r, and the result for f(z) follows. 

If the theorem is false for <f>(z), there are positive constants 
€ and a such that 

log|<£(— *)| < ( cosrrp — e)log<^(ar) (x > a). 

By § 8 . 4 , ex. (xii), for p < s < 1, and so also for p < R(s) < 1, 

ao 

J {eos7rs Jog</>(x) — log |0( — a:)!}#-*- 1 dx = 0. 

o 

Since the integral over (0, a) is regular for 0 < R(.s) < 1, so is 
the integral over (a, ao). Hence 

ao 

F{s) = J rff 

< x 

where 

<f> x {x) = (cosTrp— e)\og<f>(x) — \og\<f>(-x)\, <f> 2 (x) = log <f>(x), 

lfj(s) = COS TTS — COS 7Tp ~ €, OL = logo, 

is regular for 0 < R(^) < 1, and in particular at s = p. Here 
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(f> l and <f> 2 are positive for x > a, and is positive for s real 

and sufficiently near to p. 

Let h > 0, D = d/ds. Then 


(i-— )”>w 

— 

\ rnj 



m 

2 

^0 


(—hy m(m— l)...(m— /x+1) 






1^(*) 




say, the series being convergent for sufficiently small positive 
h and s—p. Also 

- e-^l + ^yV) 

Since |^ /x (s)l ^ ^ for real $, this plainly exceeds 

if A is small enough. Hence 

*(«#,(«*)}( 1 + ^y'V^rff 

LX 

In particular for any to > oc 

w 

(X 

Making w -> oo, tlien o> -> oo, it follows that 

a « 

is convergent for a value of s — h less than p. Hence 2 r n 8 + /l i® 
convergent, contrary to § 8.26. This proves the theorem. 


8.75. A similar result holds for functions of order 1 and exponential 
type, i.e. such that f(z) — 0(e Kl 2| ). 
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If f( z ) — 0(e* lzl ), then m(r) > e~ {kU)r for some arbitrarily large r. If 
r lf r 2 ,... are the moduli of the zeros of f(z ), we find as in § 8.21 that 
n(r) = 0(r), l/r n < K/n. Hence 




sinh(7r/£' Vr) 
7 tK \ r 


»= 1 n=l 

Define /i(0) (§ 5.7) for <^(z) witli F(r) — Vr. Then Z*(0) ^ rrK for all $. 
Since |^(z)| > 1 if R(z) > 0, h(0) is finite for - \tt 6 < £ 77 % and so 
everywhere (§ 5.712). Also h(—6) = h(6 ) ; and § 5.713, with d 1 = —tt, 
0 2 — 0, 0 3 — 7T, p -- J, gives h(rr ) ^ 0. Hence 

|/(2)/(— 2)| > |/0»)| 2 |<£(-r 2 )| > 
for some arbitrarily large values of r, and the result follows. 


8.8. The a-points of an integral function. Our discussion 
of integral functions has so far centred round the distribution of 
the zeros of the function. A more general question is that of 
the distribution of the points where the function takes any given 
value a — the ‘a-points’, as we may call them. 

There is one case in which we have already obtained fairly 
precise results, namely, that of functions of finite non-integral 
order. If f(z) is of order p, where p is not an integer, then it 
has an infinity of zeros, and the exponent of convergence of the 
zeros is p. But clearly f(z)— a is also of order p, where a is any 
constant. Hence f(z) has an infinity of a-points, and their 
exponent of convergence is p ; i.e. their density is roughly the 


same for all values of a. 

A similar argument may be applied to functions of zero order. 
Such a function has an infinity of zeros unless it reduces to 
a polynomial; and f(z)—a is a polynomial for every value of 
a q,r for none. 

If f(z) is of positive integral order, and 7^ a, then f(z) -~a = e Qiz \ 
where Q(z) is a polynomial. If 6 t 4 a, then Q(z) = log(6— a) for 
some 2, i.e. f(z) — b for some z. Hence f(z) takes every value 
with one possible exception. 


8.81. Picard’s theorem. The main theorem of the subject 
is due to Picard; it is independent of any considerations of 
order. 

An integral function which is not a polynomial tak$s every value , 
with one possible exception , an infinity of times . 

Picard’s proof of the theorem depends on the properties of 
the elliptic modular function. This function, which we shall 
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denote by m(z), has the following properties: it is regular every- 
where except at z = 0 , 1 , and oo; and its imaginary part is never 
negative . 

By means of this function we can easily prove that an integral 
function which is not a constant takes every value , with one possible 
exception , at least once. 

Suppose that f(z) is an integral function which does not take 
either of the values a or b> where a ^ b. Then 


?(*)= 


/(*)_—« 

b—a 


is an integral function, which does not take either of the values 
0 or 1. Consider the function m{g(z)}. It is regular except at 
infinity, since g(z) does not take either of the finite values for 
which vr is singular. Also its imaginary part is positive. Hence, 
by § 2.54, it is a constant. But m is not constant, and so g(z) 
must be constant. This proves the theorem. 

As we have not discussed the construction of the modular 
function, we shall not complete this proof, but shall give a more 
direct proof, depending on a theorem of Sehottky.* 

8 . 82 . The characteristic feature of Picard’s theorem is that 
it admits the possibility of there being an exceptional value. 
This exceptional value may actually exist; for example, the 
function e z never takes the value 0. A value with this property 
is said to be ‘exceptional P\ 

There is another sense in which a value may be exceptional. 
A function may take the value a, but only at points which have 
a convergence-exponent less than p. For example, the function 
e z cos Vz, of order 1, has zeros, but their convergence exponent 
is i. A value with this property is said to be ‘exceptional B\ 
i.e. exceptional in the sense of Borel. It is clear that a value 
which is exceptional P is a fortiori exceptional B. 

8 . 83 . For functions of positive integral order, Picard’s 
theorem is a consequence of the following theorem of Borel, 
which shows not merely that there is at most one value ‘excep- 
tional P\ but at most one ‘exceptional B\ 

* Another direct proof, depending on a theorem of Bloch, is given by 
Landau, Ergebnisse . . ., od. 2 (1929), Ch. VII, and by Dienes, The Taylor Series , 

Ch. VIII. 
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Borel *s theorem . If the order of f(z) is a positive integer, 
then the exponent of convergence of the a-points of f(z) is equal to 
the order , except possibly for one value of a. 

Suppose that there are two exceptional values, a and 6. Then 
f(z)—a = z^e^P^z) (1) 

and f( z )—b = z kt e Q ^ z) P 2 (z) i (2) 

where Qi(z) and Q 2 (z) are polynomials of degree p , and P t (z) 
and P 2 (z) are canonical products of order less than p . 
Subtracting, we have 

6— a = z ki e Ql{e) P 1 (z)—z k *e Q *( z) P 2 (z), (3) 

or z kl P 1 (z)e Q = z k *P 2 ( Z )-\-(b—a)e~ Q *( z K 

Since Q 2 {z) is of degree p, the right-hand side is of order p . 
Hence so is the left-hand side, and so Qi(z)—Q 2 (z) is of degree 
p, since Pj(z) is of order less than p. 

Differentiating (3), we have 

(z k ^P 1 Q[ + k x z kl “ 1 P 1 + z ki P\ )e Ql 

= (« fc *P a <?i+i,z k >- 1 P 2 +2 fc *P;)e^. (4) 

Now the order of P' is the same as that of P v and so is less 
than p. Hence the coefficient of e Ql is of order less than p, and, 
similarly, so is that of e^ 2 . Hence we may write (4) in the form 

z k *P 3 e Ql+Q 3 = z k *P 4 e Q * +Qt , 

where Q 3 and Q 4 are polynomials of degree p — 1 at most, and 
P 3 and P 4 are canonical products. The two sides must have the 
same zeros, so that fc 3 = fc 4 , P 3 = P 4 , and so Qi +(?3 = © 2 +^ 4 * 
i.e. Q 1 —Q 2 = Q 4 — Q 3 , which is of degree less than p. This con- 
tradicts the previous result, that Q x — Q 2 is of degree p, and so 
proves the theorem. 


8.84. For the proof of Schottky’s theorem we require the 
following lemma: 

Let <f>(r) be a real function of r for 0 < r ^ R v and let 


and also 


0 < <j>(r) < M 

«r)<W 

9K ’ ( R-r ) 2 


#•)< 


AC 2 

(R~--r)* 


(0 < r s$ Rj), 
(0<r<R<: RJ, 


( 1 ) 

( 2 ) 


Then 


(0 < r < -R,). 


( 3 ) 
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The actual form of the result (3) is not particularly important. 
What is important is that it depends only on r, R v and C , and 
not on M. 

From (1) and (2) we obtain 
nJM 

* (r)< ( R-r)* (0 <r<R^R 1 ), (4) 


so that the upper bound M given in (1) is reduced at once to 
a multiple of \!M. If we repeat the process, using first (4) with 
r l3 r 2 for r, R , and then (2) with r Y for R , we obtain 
C 


So generally 

(f>(r)< 






c 


0 


*1 )l \( r ,- r u~>)l 


(»1— r)~ l(r 2 — r 
Taking r 1 — A( J K 1 +r), r 2 — this gives 

1 + 1 + 2 +...+ -/-J ( C 1 HJ +-4 -L 

<A(r)<4 ^ 

and, making n -> oo, the result follows. 


8.85. Schottky’s theorem. If f(z) is regular and does not 
take either of the values 0 or 1 for \z\ < R v then for \z \ < R < R 1 

where K depends on /( 0) only. For all functions which satisfy the 
given conditions and are such that 8 < |/(0)| < 1/S, |1— /(0)| > S, 
we can take K to depend on 8 only. 

We shall not require the actual form of the upper bound for 
f(z ), which could be considerably improved if necessary ; what 
is important is that it depends only on /( 0) in the manner 
stated, and on R/R v 

Let g x (z) = log{/(z)}, g 2 (z) = log{l — /(z)}, 

where each logarithm has its principal value at z — 0. Then 
< 7 x (z) and g 2 (z) are regular for |z| < R v Let M^r) and M 2 (r) be 
the maxima of \g x (z)\ and | gr 2 (z)| respectively on [z| —r, and let 

M{r) = ma,x{M 1 (r) 9 M 2 (r)}. 

Bi (r) = -minRfo^z)} = max log - 4 . 

I*l=r M-r l/( z )l 


Let 
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Then Caratheodory’s theorem (§ 5.5), applied to g x (z) y gives 


M,( P ) ^ + |^(0) | (0 < p < r). (1) 

r — p r — p 

There are now two possibilities. Either B x (r) is not large — 
say B L (r) < 1, in which case (1) is a result of the required type; 
or B^r) is large, in which case there is a point z’ on \z\=r 
where |/(z')| is small. But if \f(z')\ is small, g 2 (z') is (apart from 
a term 2mri) approximately equal to — f{z')\ and then Cara- 
theodory’s theorem, applied to log g 2 , gives on the left (not 
log M x as we should in general expect), and on the right 
lo gM 2 =0(\lM 2 ). We thus obtain an inequality of the type 
considered in the elementary lemma. This is the general plan 
of the proof, and wc now proceed to fill in the details. 

Suppose that B x {r) > 1, and let z' be a point where 
B t (r) -- log 1 /!/(-') | . 

Then |/(^')| = < e~ x < l ( 2 ) 

There is therefore an integer n such that 


oo 

<Ji{ z ) — '~niri — — 2 


{f 

m 


Hence IfoO 3 )” 2fwri| < V 2~ m — 1, 

m — 1 

and so 2Ja|7r< l+lfoCOI < \-\~M 2 (r). (3) 

Let h(z) — log{g 2 (z)~2nni}. 


where the logarithm has its principal value at z — 0. Then h(z) 
is regular for \z\ sC since f(z ) 7^ 0 and so g 2 (z) 7^ 2mri ; and 
Carat he odory’s theorem gives 


max \h(z)\ 

lc|-r ' 


_ max log|0r 2 (z)- 
R—r \ s \~n 


l n7T i\ + R ±l\h(0)\. (4) 

K — r 


The left-hand side is not less than 


log 


g 2 (z') — 2mri 


:1 ° g i/(=')i+l/(=')r+i/(s 7 )i’+- 


5l0g 2|/(/)| = B,(r)_,OS2 ’ 


by (2). On the right we have 

max log |gr 2 (z) — 2mri | log{lf 2 (i?) + 2|n.|7r} < log{2M 2 (R)+l), 

1 * 1 =* 
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by ( 3 ); if n =£ 0 , |< 7 2 ( 0 )— 2 rm| ^ ir > 1, and so 

|A(0)| < Iog|<7 2 (0) — 2nm\+TT < log{|gr 2 (0)|-fl+J/ 2 (r)}+77. 

If n = 0 , \h(0)\ < |log|sr 2 ( 0 )||+ 77 . Hence (4) gives 

9 D 

Bfr) < ^[21og{2ilf 2 ( J R)-H ?2 (0)|+l}+|log| 92 (0)||+^]+log2 
U — r 


< [log{ 2 Ar 2 (,K)+ if 7 2 ( 0 )| + 1}+ |log|^ 2 ( 0 ) 1 1 (5) 

it — r 


This inequality, proved for B x (r) > 1, is obviously true for 
B x (r) ^ 1 . Hence ( 1 ) and (5) give in any case 

Mfp) < , [log{2JI/ 2 (ii) + 1<7 2 (0) | + 1}+ 

(R—r)(r—p) 

+ |log |g 2 (0) 1 1 + 1^(0) | +tt]. 

Since we may interchange g x {z) and g 2 (z) in the whole argu- 
ment, the inequality is still true if the suffixes 1 and 2 are 
interchanged. Combining the two results, we have 


"M < {***<«>+*>. 

where A' depends on |< 7 X ( 0 )| and | 0 2 (O) | only. Takingr = \(R+p), 
we obtain 


M(p) < 


32 K{ 


{\ogM{R)-r K) < 


KR^M(R) 


(R-p ) 2 ^ (R-p) 2 

since log M(R) = 0{yJM(R)}. Hence, by the lemma, 


M{ P )< 


KR\ 

(R-p)*’ 


and |/(z) | < e M <r) < exp • 

Since K depends on |j/j( 0 )| and |</ 2 ( 0 )| only, the last part of 
the theorem also is true. 


8.86. Picard’s first theorem. An integral function which 
is not constant takes every value, with one possible exception, at 
least once. 

Suppose that f(z) does not take either of the values a or b 
(a ^ 6 ). Then g(z) — {f(z)—a}/(b—a) does not take either of the 
values 0 or 1 . Hence, by Schottky’s theorem, 

\g(z) | < exp ( |z| R < A,). 

Taking R 1 = 2 R, \g{z) | < K. Hence g(z) is a constant. 
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8.87. We can also prove the following generalization of 
Picard’s theorem. 


Landau’s theorem.* If oc is any number , and p any number 
other than 0, there is a number R = R(ol,P) such that every function 
f{z) = oL+pz+a 2 z 2 +a 3 z*+..., 

regular for \z\ ^ P, takes in this circle one of the values 0 or 1 . 

We may suppose that a 0, a ^ 1, for otherwise we have the 
result at once. If f(z) does not take either of the values 0 or 1, 
then by Schottky’s theorem |/(z)| < K(a) for \z\ < &R. Hence 


Ha J 


and the result follows. 


B<2K(*)/ \PU 


8.88. We have so far stated Picard’s theorem in terms of 


integral functions, i.e. functions with an essential singularity at 
infinity. But a corresponding theorem holds for any function 
with an isolated essential singularity. 


Picard’s second theorem. In the neighbourhood of an iso- 
lated essential singularity , a one-valued function takes every value , 
with one possible exception , an infinity of times. 

In other words, if f(z) is regular for 0 < \z— z 0 \ < />, and there 
are two unequal numbers a, 6, such that f(z) ^ a, f(z) b , for 
\z — z 0 \ < p, then z 0 is not an essential singularity. 

We may suppose that z 0 = 0, p = 1 , a — 0, and b — 1 . We 
prove that there is a sequence of circles |z| = r n , where r v -> 0, 
on which /(z) is bounded. By § 2.71 this precludes the existence 
of a singularity at z = 0. 

We start from Weierstrass’s theorem that, in the neighbour- 
hood of an essential singularity, a function approaches arbi- 
trarily near to any given value an infinity of times. Thus there 
is a sequence of points z lf z 2 ,... such that \z x \ > |z 2 | > ...» 


0, and 




It is clear that Schottky’s theorem would enable us to con- 
struct a sequence of circles, with these points as centres, in 
which f(z) is bounded. These circles do not, of course, include 


Landau (1), and Ergebnisae , § 25. 
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the origin; but this is, so to speak, an accident arising from the 
fact that we have proved Schottky’s theorem for a class of 
convex curves (viz. circles). We can remove the difficulty, by 
making a conformal transformation, which has the effect of 
replacing a circle by an elongated curve which, though it 
excludes the origin, passes right round it and overlaps itself on 
the far side. 

Let z = e w (w = and consider the half-strip of the 

w-plane u< 0, — 7t^v^7t. This corresponds to the interior 
of the circle \z\ = 1. Let w n = logz /{ (— 77 < I (w 1t ) < 77), so that 
R(w n ) -> — oo; and let f(z) = g(w). 

We apply Schottky’s theorem to the function 
h(w') = g(iv n +w'). 

This is regular for \w'\ < 477 if n is large enough, and it does 
not take either of the values 0 or 1. Hence 

\h(w’)\ <K = K{h( 0)} (|w'|< 2 t t) ; 

and, the numbers h(0) = g(w n ) =f(z n ) satisfying (1), we can 
replace the right-hand side by an absolute constant. Hence 
\g(w)\ <A for \w—w n | ^ 2tt , and in particular for ^ = 

—77 ^ v ^ 77. Hence 

\m\<A (\z\ = \z H \) 9 

and the result follows. 

8.89. Asymptotic values. A number a is said to be an 
asymptotic value of an integral function f(z) if there is a con- 
tinuous curve from a given point to infinity, i.e. along which 
\z | — >■ oo, and along which f(z)-*a as z -> oo. Thus 0 is an 
asymptotic value of e*, since e z -> 0 as z -> oo along the negative 
real axis. The function z 

| e~* dt, 

0 

where q is a positive integer, has the q asymptotic values 

2 rrik ® 

e q Je-^dt (k = 0, 1), 

o 

as z -> oo along the lines arg z = e 27riklq . 

We may define the 'asymptotic value oo’ similarly. 

We shall now prove the following theorems. 
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Every function with an isolated essential singularity at infinity , 
which is not a constant , has the asymptotic value infinity. 

JJy Laurent’s theorem, such a function is of the form 
f( z )+9( z )> where f(z) is an integral function, and g(z) tends uni- 
formly to a limit as \z\ -> oo. Hence it is sufficient to consider 
integral functions. For an integral function not a constant, the 
maximum modulus M(r) tends steadily to infinity. Consider an 
indefinitely increasing sequence of numbers X 1 = X 2 ,... . 

It follows from Liouville’s theorem that there is a point outside 
the circle \z\ = at which |/(z)| > X 1 . The set of points where 
\f(z)\ > X x constitutes the interior of one or more regions 
bounded by curves on which |/(z)| = X x \ and these regions 
must be exterior to the circle \z\ = r v Let one such region be 
D v Now D x must extend to infinity; for otherwise we should 
have a finite region with |/(z)| = X x on the boundary and 
I/to I > X 1 inside, contrary to the maximum-modulus theorem. 
Further, f(z) is unbounded in D v For otherwise the principle 
of Phragmen and Lindelof would also show that |/(z)| X x 
at all points inside D v In fact, the argument of § 5.6 applies 
with P at infinity and u)(z) = rjz. Hence there is a point of D x 
at which |/(z)| > X 2 , and consequently a domain D 2 , interior 
to D v such that |/(z)| > X 2 at all points of Z> 2 . We can now 

repeat the argument with X 3 Hence there is a sequence of 

infinite regions D v Z> 2 ,..., each interior to the preceding one and 
such that |/( 2 ) | > X m in D m , and |/( 2 )| = X m on its boundary. 
Now, take a point on the boundary of D v and join it to a point 
on the boundary of D 2 by a continuous curve lying in D x \ then 
this point to a point of D 3 by a continuous curve lying in D 2 , 
and so on. We clearly obtain a continuous curve along which 

m - >o °' 

If an integral function does not take the value a, then a is an 
asymptotic value. 

For l/{f(z)— a) is an integral function, and so has the asymp- 
totic value 00 . 

The argument of § 5.64 shows that if an integral function 
has asymptotic values on two curves, and is bounded between 
the curves, then these asymptotic values must be the same. 
Asymptotic values not so connected we should consider as 
distinct, whether they are equal or not. 
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It was conjectured by Denjoy that an integral function of 
finite order p can have at most 2 p asymptotic values . The theorem 
with 5p instead of 2 p was proved by Carleman; and Denjoy’s 
conjecture was finally proved by Ahlfors. The general proof is 
not easy. It is, however, easy to see that there can be at most 
2 p straight lines from 0 to oo along which a function of order p 
has distinct asymptotic values. For by § 5.61 the angle between 
two such lines must be at least equal to tt jp. 

8.9. Meromorphic functions. We shall now give a short 
introduction to the theory of meromorphic functions, i.e. func- 
tions whose only singularities, except at infinity, are poles. 

The theory depends largely on the general Jensen formula 
(§ 3.61 (4)). Let f(z) be a meromorphic function, with zeros 
a v a 2 ,... and poles b v 6 2 ,... (other than 0) arranged with non- 
decreasing moduli. Suppose that in the neighbourhood of the 
origin it is of the form cz*+..., where k may be any integer. 
Then Jensen’s formula for z~ k f(z) is 


log 


b l- b n 


\ a i— a m 

As in § 3.61 


2n 

- w + Iog|c| = - l - j log|/(re ,0 )| dd — fclogr. 


r rn ™ 1 r dx , f da 
1 |aj \<lm\ 

Let n(r , 0) be the number of zeros of f(z ) in \z\ < r. If k > 0, 
v = n (x,0 ) — k for | a v \ < x <|a„ a |; hence 


o 

l«i,+il 


dx 


log 


If w(r, oo ) is the number of poles of f(z) in \z\ < r, we obtain 
similarly 


\K-K\ J x 


If k is negative, it appears in the second integral instead of the 
first. Writing r 

N(r,a) = J ix -f w(0,o)logr 


X 
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we obtain in any case 2n 

N(r,0)—N(r,cc) = J log |/(re ie ) | dd — log|c|. (1) 

0 

Let us write log+a = max(log a, 0) 
for any positive a. Thus 

log a = log+a: — log+l/a. 

2 7T 

Let m(r,a) - ± f log*^— | d» 

0 

2t r 

and m(r, oo) = m(rj ) = j log+| f(re !0 )\ dd. 

0 

Then (1) may also be written 

m(r, 0)+iV(r, 0) = m(r, oo)+j\ 7 (r, oo) — log |cj. (2) 

Now apply this formula to f(z)—a , where a is any number. 
If f(z)~a = c„ z*+... in the neighbourhood of the origin, we 
obtain 

m{r,a)+N(r,a) = m(rj— a) +N(r, oo)— log jcj, 

the term N(r,oo) being unaltered since the poles of f(z)—a are 
the same for each a. 

Now we have 

\f\+\a\ $ 2\fa\, 2\f |, 2|aj or 2 

according as |/| > 1 and \a\ ^ 1, \f\ >1 and \a\ < 1, |/| < 1 
and \a\ > 1, or |/| <1 and \a\ < 1. Hence 

log(l/|+l«l) < log 4 |/|+log 4 |a| + log2. 

Hence log+|/-a| < log + |/ |+log + |a|+log2, 

and similarly 

log + |/| ^ log+|/— a|+log+|a|+log2. 

Hence \?n(r ) f—a)—m(r,f)\ < log f |a|+log2. 

It follows that 

m(r,a)+N(r,a) = m(r, co)+N(r, co)+(f>(r, a), 
where |^(r,a)| ^ |l°g K( 1 1 + l°g + l a I + log 2. 

Hence if f(z ) is a meromorphic function and not a constant, the 
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values of the sum m(r , a )+N(r,a) 

for two given values of a differ by a bounded function of r. 

All the sums being to this extent equivalent, we can represent 
them all, e.g. by the one with a = oo. Thus if we put 

T(r) = m(r,oo)+N(r,co), ( 3 ) 


we have for all values of a 

7 n(r, a)~\~N (r,a) = T(r)+<f>(r,a), 


where <f>(r , a) is ( for each a) bounded as r -> oo. 

T(r) is called the characteristic function of f(z). 

We shall next show that T(r) is an increasing convex function 
of log r. 

Jensen’s formula for f(z)—e ** (A real) is 


271 


2\ T (r,e lA )— A T (r,oo) = 2- f log [ f(re i 9 )—e lX 

~ 7T J 

0 

if /(0) 7^ e'A Also, for any a, 


I d$ -log|/(0)-e ,A |, 

( 4 ) 


2 TT 


- 1 - J logic'®— «| cZ0 = log* 


!«l, 


0 

e.g. by Jensen's theorem with f(z) = z—a , r — 1 . Hence, multi- 
ptying (4) by l/( 27 r), and integrating with respect to A over 
(0, 27r ), we obtain 


A f N<r - e ' A '> ^ — N(r,cc) = 2 - J log+|/(re'®)| cZ0 — log+|/(0)|, 
o a 

2tt 

i.e. T(r) = f N(r,e'*) dX +log + |/(0)|. 

J 

0 

Now, for any a, N(r,a ) is an increasing convex function of r, 


since 


dN(r, a) , 

-rr — - = *('>« ). 
a logr 


which is non-negative and non-decreasing. Hence T(r) has the 
same property. 

In the above formulae N(r , a) measures the number of times 
the function f(z) takes the value a. Since the largest contribu- 
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tions to ra(r, a) come from arcs where /(z) is nearly equal to a, 
ra(r, a) measures in a sense the intensity of the approximation 
of f(z) to a. We could describe ‘m(r, a)-\-N(r,a) as the total 
affinity of the function f(z) for the value a. 

For a given function, certain values may be exceptional, e.g. 
in the sense that the function does not take these values. The 
above theorem shows that there can be no exceptional values 
in the sense that the total affinity of the function for every 
value is the same, apart from bounded functions of r. 

Examples, (i) Let f(z) be a rational function, say = P(z)/Q(z) f 
where P(z) is of degree jx y Q(z) of degree v, P and Q having no common 
factor. If fx > v y then 

m(r y a) = 0(1), N(r y a) — ^ilogr-f 0(1) 
for every finite a, while 

m(r y oo ) -- (/A—v;iogr+ 0(1), N(r y oo) = idogr+0(l). 

If fi < v, then 

m(r y a) = 0(1), N(r y a) -- ylogr-f 0(1) 
for a ^ 0, while 

m(r,0) - (i/-/x)logr-f 0(1), N(r, 0) = pdogr-f 0(1). 

If p = v, lot a 0 and b 0 be the coefficients of in P and Q. Then if 

a ^ a o/^o» m(r y a) --- 0(1), N(r y a) = /xlogr-f 0(1), 
whilo, if a 0 Q — b 0 P is of degree a, 

m(r,^) = (fi — a)logr-hO(l), — alogr-fO(l). 

In any caso T(r) - O(logr). 

(ii) The function e 2 does not tako the values 0 or oo; on the other 
hand these are limiting values of the function as z oo. Here 

N(r y 0) — N(r y oo) ==_ 0, ?n(r. 0) ~ m(r y co) =- - , 

7 T 

while for a / 0, oo, 

rn(r y a) = 0(1), 2V(r,e)=--| 0(1). 

IT 

Here T(r) — t/tt. 

(iii) Consider similarly tanz ( aro exceptional values). 

8.91. Order of a meromorphic function. The mero- 
morphic function /(z) is said to be of order p if 

T^-log T(r) 
lim ~f — — = p, 
r— logr 

T(r) = 0(rf>+ e ) 


so that 
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for every positive €, but not for c < 0. 

To show that this agrees with the definition of order in the 
case of an integral function, we shall prove: 

If f(z) is an integral function, 

T(r) ^ log 4 jl/ (r) ^ T(R) 

for 0 < r < i?. 

For an integral function, N(r,cc) = 0, and T{r) — m(r, oo). 
The left-hand inequality is thus 

27 T 

2^ J log 4 |/(re ifl )j (19 < log 4 max|/(re'' fl )|, 

0 

which is plainly true. Also by the Poisson -Jensen formula 


27 

]og;/(re'")| = A J 


R 2 —r 2 

— log | fiRe**) I d6 — 

R 2 —2Rr cos(0 — <f>)-{-r 2 ^ 


2 , 11“— a u re"' 

m=i ° 8 RW^-%) • 

Each term in £ is negative, and 

i? 2 — 2jRr cos(0— ^ (f?— r) 2 . 

Hence, taking 6 so that the left-hand side is a maximum, 

27T 

log I M(r)\ < ~ J logi/(«e^)| d<f> 

0 

< 15 ^) 

and the second inequality follows. 

Taking R = 2r, the identity of the two definitions of the 
order of an integral function is clear. 

Now let r n (a) be the moduli of the zeros of f(z)—a, r n { oo) the 
moduli of the poles of f(z). Then we have the following results. 
If f(z) is of order p, then for every a 

m\r,a) = 0(r^+ e ), N(r f a) = 0(rf> +€ ), n(r,a) = 0(rP+ € ) 




and 

is convergent. 
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The first two results are immediate since 

m(r,a) ^ T(r) + 0 ( 1), N{r,a) < T{r)+ 0 { 1). 

The remaining results then follow from that on N(r, a) as in the 
case of an integral function. 

More precise results of the same kind are given by Nevan- 
linna, Fonctions Meromorphes , Ch. II. 

8.92. Factorization of meromorphic functions. Let f(z) 
be a meromorphic function of order p, with zeros a n and poles 
b n (/( 0 ) 7^ 0 ). Then it follows from the above results that there 
are integers p x and p 2 not exceeding p such that 

™=r>(;f.4 

n- 1 “ ' n-1 n ' 

are convergent for all values of z. Hence P x (z) and P 2 (z) are 
integral functions of order not exceeding p. Also 

aw =fm*) 

is an integral function. Now 

T(r,f 1) = m(r, 00,/j) < m(r,co,/)+m(r,oo,P 2 ) 

< T(rJ)+T{r,P 2 ) = 0(rP +( )+0(ri>+ f ). 

Hence f x (z) is of order p at most, and hence 

fi(z] = e m Pi(z), 

where Q(z) is a polynomial of degree not exceeding p. 

W e have thus proved that 

f(z) = e Q(z P 1 (z)jP 2 {z), 

an extension of Hadamard’s factorization theorem to mero- 
morphic functions. 

A slightly deeper theorem, in which the numerator and de- 
nominator do not necessarily converge separately, is proved by 
Nevanlinna, Fonctions Meromorphes , Ch. III. 

Further developments of the theory of meromorphic func j 
tions are largely concerned with extensions of the theorems of 
Picard and Borel. For these we must refer to the books of 
Nevanlinna. 
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MISCELLANEOUS EXAMPLES 

1. Prove that, if a is not a multiple of n, 

00 ^ 
sin(a — z) == sin ae~‘ eota | | ^1 — 

n- —oo 

2. Show that the equations 

sin z — z 2 , log z — z 3 , tan c =- az -f b, 
where a and b are any complex numbers, each have an infinity of roots. 

3. Find all the zeros of the function 

e'*— 1 , 

and show that they have no finite exponent of convergence. 

oo 

4 * If/(~) = 2 a n z ’ 1 is a function of non-integral order, show that the 
no 

coefficients in the polynomial (?(z) — b x z-\- ... -f b g z 9 of Hadamard’s theorem 

can be expressed in terms of a l9 a 2 a q . 

[If p is not an integer, q < p+1, and P(z) 1 -fO^u) as ~ 0. 

Hence on ecpiating coefficients P(z) is not involved.] 


5* If f( z ) 2 a n z " °f order p, what is the order of F(z) - 2 \ a nV zn ? 

6. The generalized hypergeometric function is defined by the formula 

OO 

” - 2 W^(p,)Vnr 

n 0 

where (ol) h — a(a-h l)...(a-fn), (a) 0 — 1. Show that it is an integral 
function if q > p, and find its order. 

7. Show that v 

/(-) = 2 

n - - <x 

is an integral function if \q\ < 1, k > 1, and find its order. 

8. If a > 1, the function 

fi, =>-n( i+ ,7-) 

n~ 1 

is an integral function of order \ /a. [For further properties of the 
function see Hardy (4).] 

9. The function ’ <*> 

no+5) 


is an integral function of r /ero order. 

10. Show that, if a > 0, 


" s >- !!('■£) 
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is an integral function of order 1+1 /a; and express it in the standard 
factor form in the cases a = 1, a = 2. 

11. If a > 0, the function 

71-0 

is an integral function of order 1 ja. [Several memoirs on this function 
are to be found in Acta Math. 29. J 

12. If a is real, all the roots of the equation r'(z) — aT(z) are real. 

13. Show that ^ 

cosh >Jn _ 

2* 

n! 

n - o 

is an integral function of order 1, and that it has an infinity of zeros, 
all of them being real and negative. 

14. A function f(z) of ordor £ has all its zeros real and negative, and 
such that n(r) ~ Mr logr. Determine the asymptotic behaviour of M(r). 

[Use the method of § 8.64.] 

15. Show that, if f(z) is a canonical product with zeros z n such that 
2 l/|z„| is convergent, then f(z) = 0(e e,zl ), and |/(z)| > e * 1 * 1 on circles 
of arbitrarily large radius. 

[We have N 

l /(‘) k []( 1 + 

n - 1 

whence the first result easily follows. The second part then follows from 
§ 8.75.1 

16. In Laguerre’s theorem of § 8.52, show that j'(z) has the same 
genus as f(z). 

[The only case in which there is anything to prove is the caso p — 1, 
when the genus may be 0 or 1. Then we use the fact that the series 
V l/\z H \ and ^ 1/| 2 «| converge or diverge together, compare M(r) and 
M'(r) by § 8.51, and apply the previous example.] 

17. Show that the genus of a function of exponential type (§ 8.75) is 1. 

co 

18. Show that, if/(z) = 2 a % z ” i s °f exponential type, / (n) (0) = 0(c An ), 

o 

and hence that <f>(z) 2 n\a n z u has a finite ratlins of convergence. 

19. In order that /(z) should be of exponential type, it is necessary 
and sufficient that it should be expressible in the form 

/(-) = T | c^xM dw, 

J C 

where x( w ) regular for sufficiently large values of w (including infinity), 
and C is a circle with centre the origin and sufficiently large radius. 

[We have x( w ) ” 1 /w<f>(l jw). -where <f> is the function defined in the 
previous example.] 


|) exp (2 | rj )’ 

W+l 7 
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20. Let /(z) be of exponential type, and let h(9), supposed > 0, be 
the Phragm6n-Lindelof function associated with /(z), with V(r) = r. 
Consider the radii vectored of length h(8) making angles — 6 with the 
real axis, and the perpendiculars to these radii vectores at their ends 
(cf. § 5.72), Then x( w ) regular if w lies on the side of one of these 
perpendiculars opposite to the origin. 

[We have « 

<f>(z) = J e-tfizt) dt 

o 

by term-by-term integration, if \z\ is small enough; turning the contour 
through an angle A, oo 

4>(z) = J e-^ K f{zle^)e' K dt. 

0 

Here the integrand is 0( e -ico_A+r*{*(0+A)+«}) > 
and the integral is convergent if 

rA(0-fA) < cos A. (1) 


Hence <f>(z) is regular at z = re ie if (1) holds for some value of A. If 
w = r'e ie \ then %(w) is regular if r f > h(X — 6')aec\ for some A. This is 
equivalent to the above statement. 

For a detailed discussion see P61ya (4).] 


21. The function 


2 

n=0 


Z» 

(n+a)Vt* 


is of exponential type. [For further properties of the function see 
Hardy (2).] 

22. Show that the function 

b 

f(z) = J e^git) dt, 


where g[t) is continuous, is of exponential type, and that the corre- 
sponding function x(w) is regular except in the interval (ia, ib ) of the 
imaginary axis. 

23. Show that the function /(z) of the above example tends to zero 
as z — ► oo in either direction along the real axis, and deduce that f(z) 
has an infinity of zeros. * 

24. A function /(z) is said to be of zero type if f(z) = 0(e €r ). 

In order that /(z) should be of zero type, it is necessary and sufficient 


that 



I 


e*"x( w ) dw. 


where %(w) is an integral function of — . 
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[The situation is similar to that of examples 18-19, except that here 
/<">( 0) = 0(e«*).] 

00 

25. A necessary and sufficient condition that f(z) = 2 V should 

n= o 

be an integral function of 1/(1 — z) is that there should be an integral 
function g(z) of zero type such that a H = g(n) for n = 1 , 2 ,... . 

[Carlson (1), Wigert (1), Hardy (14). If there is such a function g{z) f 

,et i r 

g( z ) = 2iri I &"x( w ) dw - 

Then /(z)-o 0 = £ <V" = f - ZC -~„x( u ’) dw > 

n=l *Tri J c l—ze w 

if C is a contour enclosing the origin, and on which R (w) <log|l/z|. 
This is an integral of the type used in § 4.6, and by deforming it we can 
show that any branch of f(z) is regular except at z = 1 (where the 
contour is nipped between 0 and log 1/z). Also 

m- a „ = x(io 4)+~ J r rS^ (w> dw ’ 

where C' is a contour enclosing w — log 1/z. This shows that f(z) is 
one-valued near 2 — 1, and so an integral function of 1/(1— 2 ). 
Conversely, if f[z) is of the type prescribed, we have 



and we can put z — e~ w , and deform the resulting contour into any 
simple closed contour which encloses the origin but lies entirely inside 
the circle |w| = 2n. Finally f(e~ v ) is regular except for w = 0 and 
w = ±2 Jerri ( k = 1, 2,...), and so = g(w)+ip(w), where g(w) is an 

integral function of 1 jw, and \ft(w) is regular for |w| < 277. Hence the 
result.] 




CHAPTER IX 
DIRICHLET SERIES 


9.1. Introduction. By a Dirichlet series we mean, in this 
chapter, a series of the form 


oo 



71 = 1 


where the coefficients a n are any given numbers, and s is a com- 
plex variable. The more general type of series 

2 V A "" 

is also known as a Dirichlet series. The special type is obtained by 
putting X n = log For the theory of the general type we must 
refer to Hardy and Riesz’s General Theory of Dirichlet’ s Series . 

Throughout the chapter we shall write s = o-\-it , where o and 
t are real. If the Dirichlet series is convergent, we shall denote 
its sum by f(s). We have already had one important example 
of a Dirichlet series, the zeta-function of Riemann, 

w-Zs- « 

71 ~ 1 

Dirichlet series are not of such importance in general analysis 
as power series because they only represent a very special class 
of analytic functions. They are, however, of great importance 
in applications of analysis to theory of numbers. In several 
ways their theor} 7 is more complicated than that of power series. 
For example, the circle of convergence, circle of absolute con- 
vergence, and circle of regularity of sum-function are all the 
same for a power series. In the theory of Dirichlet series, in 
which ‘circle’ must be replaced by ‘half -plane’, the three corre- 
sponding half-planes may be all different. 

9.11. The association of half -planes with a Dirichlet series 
depends on the following theorem: 

If the Dirichlet series is convergent for s = s 0 > then it is uni- 
formly convergent throughout the angular region in the s-plane 
defined by the inequality 

|arg(«— 

where 8 is any positive number less than Iv. 
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It is sufficient to consider the case where $ 0 = 0; for 

n s n 8 

where ^' n = a n n- 8 °, 8 ' = s ~ s o^ 

and the latter series is convergent for s' = 0. 

We suppose, then, that 2 a n convergent. Let 

r n == a n+\ J t~ a n+2~^~ ••• 

so that r n 0. Then 

2 A ^ = VVr^ = V, f 1 r*r_ m 

n 8 n 8 ^ uw+l)* W M s (iV+i) s 

n=M M M u ‘ ' ; \i/ 

Now 


1 1 


n + l 

. f 

71 + 1 

^1,1 f — JfJ J 

f 1 i ) 

(n+l)» n * 


J 

n 

u 8+1 

'' 

n 

U a>tl o 

[n°- (»+lH 


and |rj<<r for n > n 0 = n 0 (e), being independent of 5. 
Hence for M >n 0 

V a ji ^ lill V (JL L_ | i c I e _ 

I Z, w ‘ 'a Z, i 71“ (J1 + 1) CT ) ‘ r jfcf‘'" r "(iV+l) ff 


n-M 

€\s\f 1 


in a (n+1) 4 
1 ) . 


< 2ei*|/c7+2e. 

If |arg«| ^ ^77 — 8, i.e. tjo < tan(j7r— 8) — cot 8, we have 
|s|/a = J(l-\-t 2 /o 2 ) ^ cosecS. 

iV 

Hence V ~< 2e(cosecS+l). 

Z-w 71 s 
n=M 

The right-hand side is independent of s, and tends to 0 with c] 
and this establishes uniform convergence. 

In particular, if the series is convergent for s 0 = cr 0 +it 0i it is 
convergent for 8 = o-^it, provided that a > cr 0 . For we can choose 
the 8 of the above proof so small that |arg(s— s 0 )| < £77— -8. 


9.12. The region of convergence of the series is a half -plane. 
For we can divide values of o' into two classes, those for which 
the series is convergent for o > o', and other values of o'. By 
the above theorem, every member of the first class lies to the 
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right of every member of the second class. Let or 0 be the real 
number defined by this section. Then the series is convergent 
for <7 > a 0 , divergent for a < cr 0 . 

The number a 0 is called the abscissa of convergence of the series. 

The series may converge for all values of s (e.g. a n = l/n\), or 
for no values of s (e.g. a n — n\). 

The sum f(s) of the series is an analytic function of s , regular 
for a > o- 0 . For every term of the series is analytic, and any point 
s with a > <j 0 is included in a domain of uniform convergence. 

The questions of the convergence of the series, and the regu- 
larity of the function, on the line o — a 0 , remain open; and (as 
in the case of power series) various different cases are possible. 

We have, however, the following analogue of Abel’s theorem 
for power series: 

If the series is convergent for s = s 0 , and has the sum f(s Q ), then 
f(s) -> f(s Q ) when s -> s 0 along any 'path lying entirely inside the 
region |arg(s — s 0 )| < \tt— 8. 

This follows at once from the theorem of uniform convergence. 

9.13. Absolute convergence. The region of absolute con- 
vergence of the Dirichlet series is a half -plane. 

For the series is absolutely convergent if the series 



is convergent. If this is convergent for a particular value of cr, 
it is clearly convergent for any greater value. Hence, as in the 
case of convergence, there is a number 5 such that it is con- 
vergent for cr > <7, and divergent for a < d. 

Hence the original series is absolutely convergent for a > or, and 
not absolutely convergent for cr < cr. 

The number 5 is called the abscissa of absolute convergence. 

The numbers cr 0 and 6 are not necessarily equal , i.e. there may 
be a strip of the plane in which the series is convergent, but 
not absolutely convergent. 

This is shown by the following example. If cr > 1, we have 

(* - 2 ii)^ (a) = (t* + &+T > + -) - 2 (^+^+-) 

1* 2' 3 1 4 s 



292 


DIRICHLET SERIES 
The last series, as it is arranged here, is convergent for a > 0 
(and uniformly convergent in any finite region to the right of 
a = 0). For, by a well-known theorem ( P M . § 188), it is con- 
vergent if s is real and positive. Hence, by the theory of 
analytic continuation, the formula holds for a > 0. 

In this case u 0 — 0, d = 1. 

In any case d— cr 0 ^ 1. 

For if ^a v n~ s is convergent, \a n \n~ a is bounded as n ->oo, 
and hence ^ ^ 

is absolutely convergent if S > 0, which gives the result. 

In the above example, d—a 0 — 1, so that the strip of non- 
absolute convergence may be as wide as 1, though it can be 
no wider. 

9.14. The abscissa of convergence. The formula for <r 0 , 
analogous to the formula (§7.1) for the radius of convergence 
of a power series, takes slightly different forms according to 
whether 2 a n convergent or not. Let 

S n = a l~t a 2 + 

and, if 2 a n is convergent, let r n = a n+1 +a n + z +... . Let 

0 = E5 1 °S&. 1 , 

n— oo log n n— oo log ft 

/} being defined only if 2 a n convergent. 

Then cr 0 = oc if ^a n is divergent , and otherwise a 0 — /?. 

In the former case cr 0 ^ 0, and in the latter case a 0 < 0; for 
2 a n is convergent if a 0 < 0. 

(i) Let 2 a n be divergent, and let s have a real positive value 
for which the Dirichlet series is convergent. Let 

b n — a n u ~ 8 ’ ' B n = ^ 1 +^ 2 + B 0 — 0 , 
so that B n is bounded, say |J3 n | < B. Then 

«n= 1 b n n°= J (B n ~B n -i)n g 

71 = 1 71 = 1 

— 2 B n {n*—{n+\ )*} + B n N*. 
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Hence |%|< B 2 {(n-f l) s — n 8 }+BN a < 2 BN 8 , 

n^i 

lo g |«A-| < s log A T -f log 2B, 
and soa^fi. Hence a ^ <j 0 . 

A similar argument holds if 2 * s convergent. If s has a real 
negative value for which the Dirichlet series is convergent, 

r .v = 2 &»«* = f (B n — B^n* 

n=N-t-i n=W+i 

= 2 B n {n s —(n+l) a }—B N N s , 

n-N 

so that {n 8 — (w+ 1 ) 8 }+ BN 8 = 2BN S . 

n - N 

Hence, as in the other case, j8 < ct 0 . 

(ii) Since s n = 0(n a + c ), and, if s is real, 


we have 


n-t-i 


iV JV 

^ X' s n — f! r ,-l 

~ Z-i n s 


n~ M M n- A/H l 


V 5 (I 1 \ i fiL- a) 

71 W (w+iH + (iv+i) s (M+iy y 1 


= V 0( }l “+ c - , - :l ) + 0(iV“+ 8 - 8 )+0(ilf“+ f - 8 ) 

AiTi 

= 0(jJ/ a + e -*) = o(l) 

if 5 >a and e is small enough. Hence the Dirichlet series is 
convergent if s > a; hence cr 0 a. Since a n ~ r fl _ 1 —r n if 2 a n 
is convergent, wc find similarly that cr 0 ^ /3. This proves the 
theorem. 

If a — oo, the series is nowhere convergent, and if /3 — — oo 
it is everywhere convergent. This easily follows from the above 
argument. 

9.15. The abscissa of absolute convergence. We have 

- _ l°gU°l I +K I + •••+ l®n J) ; - 

° n-+*> logW 
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according to whether |aj is divergent or convergent. This 
is a particular case of the previous result. 

Example. Determine cr 0 and u for the series in which a n — 1, ( — 1 )**, 
n _ l, ( — a"(0 < a < 1), logn, 1/Iogn, respectively; and for the 

series in which a n = 1 (n a perfect square), a n — 0 otherwise. 


9.2. Convergence of the series and regularity of the 
function. The region of convergence of a power series is deter- 
mined in a perfectly simple way by the analytic character of 
the function which it represents — the circle of convergence 
passes through the singularity nearest to the centre. There is 
no such simple relation in the case of Dirichlet series. There 
is not necessarily any singularity on the line of convergence, 
and in fact f(s) may be an integral function even though the 
abscissa of convergence of the series is finite. This is shown by 
the above example of the series for (1 — 2 1 “*)£(«). This is an 
integral function, since the pole of £(s) at s = 1 is cancelled by 
the zero of 1 — 2 1 ~\ But the corresponding series converges for 
a > 0 only. 

On the other hand, the series for £( s ), § 9.1 (2), has a singu- 
larity on its line of convergence. This is a particular case of the 
following theorem: 

If a n ^ 0 for all values of n, then the real point of the line of 
convergence is a singularity of f(s). 

The proof is similar to that of the corresponding theorem for 
power series (§7.21). 

We may suppose without loss of generality that <r 0 = 0. Then 
if s = 0 is a regular point, the Taylor’s series for f(s), at the 
point 5=1, has a radius of convergence greater than 1. Hence 
we can find a negative value of s for which 


oo 

/w=2 


5 — 1)’ 


V 


1)= 


V (!-«)' 

Z, v\ 


2 (log?i) , ’a n 

71 


v 0 n=i 

But every term in this repeated series is positive. Hence the 
order of summation may be inverted, and we obtain 


*>-ZV 2 

n = i v-n 


(l-sHlogw)*' 

v\ 



— 8 ) log 77 


n~l 


00 



71 - 1 
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Thus the Dirichlet series is convergent for a negative value of 
s , contrary to hypothesis. 

9.3. Asymptotic behaviour of the function as t -> oo. The 

function f(s) is bounded in any half-plane included in the half- 
plane of absolute convergence. 


For 


l/MI <2 

n-l 



n= 1 


for a > ol > <7, and all values of t. 


If the series 



n b 


n-l 


is convergent, we can take <*--< 7 , and the function is bounded 
in the half-plane of absolute convergence. This is true, for 
example, of the function 

/(«)=§ *r~2— 

log 2 ??, 

u = 2 & 


Eut in general the half-plane of absolute convergence is not 
a region where f(s) is bounded, even if we exclude the neigh- 
bourhood of singularities on the line cr = 5 (see § 9.32). 

Even in the half -plane of absolute convergence, the behaviour 
of f(a-\-it) as t -> 00 is, in general, rather complicated. Take, for 
example, a series with real positive coefficients in which 


00 


1 a H n 

n=3 


— a 


< a 2 2- a 


for a certain value of a. Then 


R/M - 2 


a v cos (/ log n) 
n° 


00 



71-3 


for t — 2m77/log 2, m~ 1 , 2 ,... . Also 


R/M «h-g+ 2 jj= 


for ( 2 m+l) 7 r/log 2 , m= 1, 2 ,.... Hence R f(s) oscillates as 
t -> 00 . 


9.31 . The following theorem is due to Dirichlet: Given N real 
numbers c 19 c 2 ,..., c A , a positive integer q , and a positive number r. 


u 
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we can find a number t in the range r ^ t ^ rq N y and integers 
x ly ... y x N} such that 

|fc«— *«l<£ (n=l,2,...,N). 

The proof is based on the argument that if there are ra+1 
points in m regions, there must be at least one region which 
contains at least two points. 

Consider the ^-dimensional unit cube with a vertex at the 
origin and edges along the coordinate axes. Divide each edge 
into q equal parts, and thus the cube into q N equal compart- 
ments. Consider the g^+l points in the cube 

(Aci [ AcJ , Ac 2 [ Ac 2 ] , . . . , [. Ac/v]) » 
where A takes the values 0, r,..., rq N . At least two of these 
points must lie in the same compartment. If they are given by 
A = A x , A = A 2 (Aj < A 2 ), then there are integers x l9 x 2f ... such that 
(A 2 — \)c n — x n < l/q (n = 1, 2 ,..., N), 

and so t = A 2 — X 1 gives the required result. 

9.32. We can now deduce the following theorem. 

If f(s) — 2 a n n ~ 8 > where a n ^ 0 for every value of n, and where 
2 o, n n ~ Q i s divergent , the function f(s) is not bounded in the region 
o > o, |£| ^ t$ 9. 

That there may be no singularities on the boundary of this 
region is shown by the function £(s) = 2 n ~ 8 > which is regular 
except at .9 = 1. We make \t \ ^t 0 to exclude the neighbourhood 
of the point s = o, where there is a singularity. 

We have, for every value of N , and o > o, 


/w-25 e "“‘-+2S' 


»nd60 I/(*)IS=R2^ c "“'"*"- 

n= 1 N + l 

^2S cos(<log7i) ~ 25- 

n=l N+l 

By Dirichlet’s theorem there is, for given N and q t a number 
t (r< t < rq N ) and integers x v ..., x N , such that 


<log n 
~2n~ 




( n = 1, 2,..., N). 
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Hence cos(£ log 7&)^ 008 ( 277 /( 7 ) for these values of n, and so 


N 

2 


— cos (t log n) ^ cos — y — 
n° q sL,n a 

* n-\ 


> l 


cos — /(o-)— y 
q £-1 n° 

* n + 1 

Hence, taking q — 6, say, so that cos 2irlq = 

n 17 


-V4 1 


Given any positive number //, we can choose cr — <7 so small 
that f(a) > 4 H (since /(cr) -> 00 as a d). Having fixed cr, we 
can choose N so large that 


y^dH. 

^-4 n a 


N + 1 

Then |/(<s)| > //, and the result follows. 

9.33. In the half-plane of convergence, the function may, for 
certain values of t , become as large as a power of t. For example, 
the function f(s) — (1 — 2 1 * ~ s )£(s), referred to in §9.13, satisfies 
the inequality |/(, s )| > At^ a 

for some arbitrarily large values of t , and values of a between 
0 and £.* 

On the other hand, the function cannot have values greater 
than every power of t. This is shown by the following theorem. 
We have / ( s ) =■ 0(|<|i-«'-fo)+«) 

as |£| -> 00 , for any value of 0 between <r 0 and ct 0 +1; and also 
uniformly in the half -plane to the right of any such line . 

Suppose first that 2 a n * s convergent. Then a n and s n are 
bounded. Now (§ 9.14 (1) ) 

V Y s — L \ _ . «at . 

n 8 ^ n s (?i+l) 8 j (Jf+l) a (iV+l) 8 * 

If o > 0, the last term tends to zero as N 00 , and we obtain 

M 




1 


i- 




(n+iyj (M+iy 


1 M+ 1 

* See Miscellaneous Examples, no. 18. 
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Hence, by § 9.11 (2), if 0 < cr < 1 , 




1 M+\ 

< AM 1 -°+AtM- a +A. 


A 

(M+ 1 ')» 


Taking M = [£], we obtain 

/(«) = 0(t'-°) (0 < a < 1), 

and similarly /(«) =0(t 1 ~ a ) (0< a< 1, a^oc). In the general 
case, the series a n n ~ 8 * s convergent for 5 = a 0 +€, and we 
obtain the above case by changing the origin to this point. 
Hence the general result follows. 


9.4. Functions of finite order. At this point we adopt a 
slightly different point of view. We have so far considered f(s) 
as being defined by the series and we have confined 

our attention to the half-plane of convergence of the series. It 
may, however, be possible to continue the function outside this 
half-plane. The function, so defined, may be regular in a wider 
half -plane; or it may be regular in a wider half -plane except for 
a certain finite region. We shall now consider the relations 
between a function defined in this way, and the Dirichlet series 
from which it originated. 

The theorem of § 9.33 suggests that it will be particularly 
interesting to consider functions which satisfy the condition 

m=om A ) 

for some positive value of A. A function which satisfies this 
condition for a particular value of o is said to be of finite order 
for that value; if the condition is satisfied uniformly for 
°i a 2 > we say that the function is of finite order in 

this strip. Similarly we can define a function of finite order 
in a half -plane a ^ a v 

We have seen that any function defined by a Dirichlet series 
is of finite order in a half-plane included in the half-plane of 
convergence. It may be of finite order outside this half -plane; 
for £(s), for example, cr 0 = 1 ; but (§ 9.13) 


n=l 


( -i)" 

n 8 


(o > 0 ), 
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and hence, by § 9.33, 

£(s) = 0(|^| 1 ~ a + 6 ) (0<a<l). 

9.41. The function /x(cr). The lower bound /x of numbers £ 
such that f(s) — 0(\t\£) is called the order of f(s) for that par- 
ticular value of o . Thus fx is a function of a. 

The main properties of the function jx(o) follow from the 
Phragmen-Lindelof theorem proved in § 5.65. Suppose that /(a) 
is regular and of finite order for cr 1 < cr ^ cr 2 , t ^ t 0 , and let 
/x(a i) — - fi v /x(cr 2 ) — /x 2 . Then, if e is any positive number, 

M+i*) = 0(^ +€ ), M+«) - 

Hence, by the theorem referred to, 

/(*) = 0 (t k W) ( ct , < a a 2 ), 

where k(a) = ^ Z^l±ll±^Z . 

(T 2 — (Jj 

Making c -> 0, it follows that 

M (a) < (ffi ^ w ^ a2) . (1) 

°2 CT J 

Hence the function /x(ct) is convex downward s. 

It follows also that /x(cj) is continuous (§5.31). 

Secondly, /x(ct) -- 0 for sufficiently large values of a\ for since 
f(s) is bounded for a > <j, /x(o-) < 0 for a > <j; on the other hand, 
if a m is tlie first coefficient in the Dirich let series which does 
not vanish, and 5 < a < a, 

* — (til -f J ) a 

n — m i 1 /i - m f 1 

which can be made positive by taking a large enough. Thus 
|/(5) | , considered as a function of t y has a positive lower bound 
if a is large enough. Hence fi{o) ^ 0, so that in fact fi(o) — 0. 

If now' /z(cj) were negative for any value crj in the region where 
f(s) is of finite order, it would follow from (1), with cr 2 so large 
that /z 2 = 0, that /z(cr) < 0 for < a < a 2 ; and we have shown 
that this is impossible if o 2 is large enough. Hence fi(o) is never 
negative . 

In particular, fi(o) ~ 0 for a > <j; for we have already shown 
that n(o) < 0 for a > 5. 



\f(s)\ > K'l_ v > l a « 

u n m a Z* n ° in' 
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Again, take a 2 > 5 in (1), so that = 0. Then if ^ > 0, 


n(o) < 


Mi < Mi ( a > *i)- 


Hence p(o) is a steadily decreasing function of cr. 

9 .42 . Perron ’s formula . We next require an expression for 
the sum s n as an integral. This is a particular case of the 
following theorem. 

If x is not an integer , c is any positive number , and a > a Q — c, 
then c+ioo 

"V — = . f f(s+w) — dw. (1) 

^ n 8 2m J w 

n < x c~*» 

Suppose first that a ><7— c. Then the series for f{s~\-w) is 
absolutely and uniformly convergent, and we have 

c+iT c+iT , 


X w 

n 8 + W W 


hi I *’ +w) ii dw= L S 

c—iU c-iU 1 

„ c+iT 

= '.T 2 * f (-1 

2m n* J \nj 


dw 


x\ w dw 

w ' 


(2) 


Now by § 3.12G c+ . x 

1 f M* *£ _ 1 

2m J \n) w 0 


c-iU 


(n < x) 
(n>x). 


It is therefore sufficient to prove that we can replace U and T 
in (2) by oc; that is, we want 

00 4 iT 


limt-I f (?)'*?- 0 , 

r — qo n B J \nj w 

1 /. _L. -i 'T 


c + iT 

with a similar result for U. 

Now for a fixed x, ' 

c+ico 

1 +- 1 - 

W (log x/n)(c-{-iT) log x/n 


#\ dw 
n) w 


c + ioo 


x\ w dw 


nj w* 


c+iT 


C + iT 



Hence 


PERRON’S FORMULA 

oo C + <00, ^ 

V f M” *f = 0 /Iv K \\ 
^4 n 8 J \tt/ w \T £4 n a+c j 

n ~ 1 c+iT n=1 
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and the result (for a > d — c) follows. 

Suppose next that cr 0 — c < <r ^ d — c. Let a > d — cr, and con- 
sider the integral r w 

f(s+w) — dw 

J w 


taken round the rectangle formed by the lines R (w) = c, 
R(itf) = a, l(w) = — £7, I (w) — r l\ By the theorem of § 9.33, the 
integrand is 0(H „ +c _ 0o)+t)) 


and so the integrals along the horizontal sides tend to zero as 
U -> oo, T -> oo. The integrand is regular inside the rectangle, 
and so, by Cauchy's theorem, 

c+ioo ! a 4- too 

* • f f(s+u>) — 1 . f f(s+w)~ dw. 

2m J w 2m J w 

C — too a —130 

Since a > d— a, the right-hand side is equal to 2 a n n ~*> by the 

n<x 

first part. This completes the proof. 

The particular case s = 0 is 

C + /oo 

1 «» = 0 1 . f f(w)^-dw (c>a 0 ). (3) 

n<a: "77^ J ^ 

c— foo 

This is Perron’s formula. 


9.43. There are several other formulae of the same type as 
Perron’s. One which we shall use later is 


55 * e -(nb) K 

n 8 


C+ioo 

c—i<x> 


where S > 0, A > 0, and c > 0, c > d — a. To prove this, write 
the right-hand side as 


1 

27rtA 




J r (i)|, 

"- 1 


S~ w dw, ' 

n s+w 


and observe that we can invert the order of summation and 
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integration by ‘absolute convergence*. Wc therefore obtain 

c+ioo 


25 *^ / 

n=1 e-l- 


and the result follows by the calculus of residues. 


9 . 44 . The theorem of §9.42 enables us to obtain a result of 
the opposite type to the previous ones — we can pass from the 
order of the function to the convergence of the series. 

The IHrichlet series is convergent in the half-plane where f(s) 
is regular and p(a) = 0. 

Let s be a point in the interior of this half-plane, and let 8 be 
a positive number so small that o — 8 is still in the same half -plane. 
Let c > 5 — <7 — J“ 1 (so that the simpler case of the theorem of § 9.42 
can be used). We deform the contour of § 9.42 (1) into the form 
c—i oo, c—iT, — 8 — iT, —8 + iT y c-\-iT , c-j-ico , 
where T > \t\. ]n doing so we pass over a pole at ?^= 0, with 
residue f(s). Hence 


C—iT —Z-iT — 8W7’ c+»T r Wc© 


dw. 


2 W«> 

n<x 

= 2 L{ J + J + J + J + J } f(s+w) 

V-,00 c-iT -8-i T -8+iT c-l- 1 T ' 

Since we are in the half-plane where p(o) — 0, we have 
f(s) = 0(\l\*) for every positive €. Hence 
-8-wt t 5 


-8~iT 


c+iT 


and J f(s-\-w) — dw -- j 0(T C ) ~ du — 0(^‘ T c ~ 1 ). 

-8-wr -8 

A similar result holds for the integral over (c—iT, —8 — IT). 
Finally, as in § 9.42, 

c+i<x> r4 joo 


j *+<*-25 / 


c+iT 


r+i r 


=opy i°»i V 

>i <7 ' +c |loga:/n|/ 
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We may suppose without loss of generality that x is half an 
odd integer. Then 

|log xjn\ >\og{{n+l)ln}>Ajn. 

Hence the above expression is 

' 71 “ 1 ' ' ' 

since a-f c— 1 >5. 

A similar result holds for the integral over (c—ico,c—iT)\ 
and adding, we obtain 

2 a n n-'-f(s ) = 0(x-*T‘)+0(tfT <- »). 

n<x 

Taking T = x 2c , this is 

0(x-*+ 2cc )+0(x- c + 2c ‘), 

which tends to zero as x -> oo if e < 8/2c and e < l. This proves 
the theorem. 

A more general theorem of the same type is given in Landau’s 
Handbuch , § 238, Satz 57. 


9.45. Let <t £ be the abscissa limiting the half-plane where 
f(s) is regular and of the form 0(t € ). Then we have proved that 

£7 0 ^ ^ <j. 


It is not easy to give an example where these numbers are 
all different. There is some reason to suppose that, for the 
function (1 — 2 1 ~*)£(.s), we have cr c -- J, so that the three numbers 
are 0, -J-, and 1 respectively. But this has not been proved. 


9.5. The mean-value formula. If a >5, 

?f I/Ml 1 *- 2 

Jm n- 1 

I 

Fot i/mf=2^«2^ 



the series being absolutely convergent, and uniformly con- 
vergent in any finite f -range. Hence we may integrate term by 
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term, and obtain 

T 


2 ^+ 223 ^ 

_rp n^l m^n 


a m a n 2 sm(Tlogn/m) 
2 T log n/m 


(1) 


The factor involving T is bounded for all T , ra, and n, so that 
the double series converges uniformly with respect to T\ and 
each term tends to zero as T -> oo. Hence the sum tends to 
zero as T -> oo, and the result follows. 

9.51. The mean -value half-plane. Let a m be the least 
number such that f(s) is regular and of finite order, and the 
mean-value formula holds, for every a greater than o m . We 
shall call the half -plane a > o m the mean-value half-plane. This 
expression is justified by the following theorem:* 

If f(s) is regular and of finite order for a ^ a, and 

T 

± J \f(oc+il)\*dt 

— T 

is bounded as T -> oo, then 

T oo 

ji 71-1 

far a > ac, and uniformly in any strip a < o x ^ a ^ ct 2 . 

Starting with the formula of § 9.43, and moving the contour 
to R {w) = a— cr, where a > a, we pass a pole at w = 0, with 
residue A f(s); and if A > a— a, no other pole is passed. Hence 

oo Ot-a+ioo 

= f r$f(s +w ) 8 -» dw 

n 1 a— CT—ioo 

= ojs a_a J e~ A]vl \f{(x-\-i(t-\-v)}\ dv^j 

by the asymptotic formula for the T-function (§ 4.42, ex. (i)). 
Now if |£| < T, 

oo oo 

J e-^|/{a+i(i+t>)}| dv=o( f e~ Av v A dv\ = 0(e~ AT ), 


2 T 


* Carlson (1). The theorem is analogous to Parsoval’s theorem for Fourier 
series (§ 13.54). 
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and a similar result holds for the integral over (— oo, — 2T). 
Also, by Schwarz’s inequality,* 

{ 2 t 2 

J e~ A ^ |/{a+i(f + «)} | 

-2T > 

2 T 2T 

< J e- Alv '\f{ot-\-i(t-\-v )}\ 2 dv J e~ Alv{ dv 

-2 T —2T 

2 T 

<A f e~ A w\f{oc-{-i(t-\-v )}\ 2 dv. 

-2 T 

Hence 


n 

<AS 2a ~ 2a J e~ A wif{a+i(t+v)}l 2 dv +AS 1<r - 2a e - AT , 


2 T 


-2 T 


and, integrating with respect to t over (— T, T), 

— T 

2 T T 

< ^8 to - 2 “ J e-^'i rfv J |/{a+i(/+i>)}| 2 ttt + 0(8 2a_2 “). 


Now 


-2 T 


— T 
T+v 


I lil«+<(l+.)}|-*- | |/(«+ft)|»*=0(T) 

—T -T+v 

uniformly for |v| < 2 T h Hence 
T 


- f V* 

2 T J \^n° 

-T 


c-(«® >*-/(«) 


dt =-- 0(S 2a -' 2a ) 


uniformly with respect to T. Hencef 
r m , r 


(ir 1 1 2 5 1 l/WI ‘ ' *)'" 0(8 ’" ) <3) 


uniformly with respect to T. 


* See PJlf. Ch. VII, ex. 42; or § 12.41 below. 

t By Minkowski's inequality (§ 12.43), but only in the case where p — 2 
and the functions are continuous. 
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If 8 > 0, the series 2 a u n ~ 8 e- {n ^ is absolutely convergent, 
and so, by § 9.5, 

T 


lira 
t^2T 


1 f y^ e ^ 2 dt= y \3 l 

\T J 4n‘ 4-4 n 2 ' 


e -a(nSr 


(4) 


Taking, say, 8 = 1, it follows from (3) and (4) that 


1 

2 T J 

- T 


2 dt<A. 


Hence by (3), with any positive 8, 


y Ki 2 e ~2^ <A 

4-4 n 2a 


and so, since 8 may be as small as we please, 


V Kl 2 
4-4 n 2a 


is convergent, and 

i im yM‘ r w = yK 

^ n 2a n 2< 


5-+0 n n * 

Given c, we can choose 8 so that the absolute value of the 
left-hand side of (3) is less than e, for all values of T, and so 

** |j 2 ^.-r-(2^Ti<- 

Having fixed 8, we can, by (4), choose T 0 so large that 


for T > T q . Then 




< 6 . 


~T J 


<3e 


for T > T 0 , and the theorem is proved. 

9.52. If |/(*)| 2 has a mean-value for a = ot, then the Dirichlet 
series is absolutely convergent for a > a+|. In symbols , 
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It follows from the above theorem that 

V 


307 


Z, 7&2«+2c 

is convergent for every positive c. Now 

I Z* \n 8 I Z, W 2 a +2c n 2a-2<x-2c 
' n= 1 1 17 n - 1 n=l 

and this is bounded if <? is small enough and a— a > £. This 
result was obtained in another way by Hardy (10). 

9.53. If f(s) is bounded for cr>a, then £ \a n \ 2 n’- 2fx is con- 
vergent ; e/ |/(5) | < if, then 

Kl 2 


2 


n 


2a 


<if 2 . 


This also follows from the theorem of § 9 . 51 . For 

T 

-T 

for every <7 > a; and making <7 a the result follows. 

If we assume that f(s) is bounded, the analysis of § 9.51 can, 
of course, be very much simplified. 

9.54. Another consequence of these theorems is that a strip 
in which f(s) is bounded, but in which the Dirichlet series is not 
absolutely convergent, can be at most of breadth 

9.55. The Dirichlet series converges in the half -plane in which 
f(s) is regular and of finite order , and 

T 

$rJ ' t! ' m,d> 

-T 

exists . That is, <j 0 ^ o m . 

We have first to deduce an ‘order’ result for f(s) from the 
given mean-value result. 

We havef(s) = 0(|2|*) uniformly in any strip a < 0 ^ j8, where 

a>(7 m . 

Let 8 be a point of the strip (a, /?), R a number less than 1 and 
less than a— a w , independent of t. Then, if 0 < p < R, 

2 n 

/W = 2S / 

\z s| = p 0 
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Hence, by Schwarz’s inequality, 

2if 21T 2 if 

l/(,)|,< 4^ J # J l/(*+pe*)l»^ = ^ / |/(«+pe^)| 2 ^. 

0 0 0 

Multiplying by />, and integrating with respect to p from 0 to 
R f we have R 2w 

j J |/(a+pe*)| 2 p<W 

0 0 

a+i2 t+R a+iZ 10+1 

J J \f(x+iy)\ 2 dxdy <~ j* dx J |/(x+t'i/)| 2 rfy. 

O-Ii t-R a-R -10-1 

w+i 

Now f \f(x+iy)\ 2 dy=0(t) 

— W— i 


uniformly in x\ hence 


p 2 |/(s)l 2 = 0(i), 


which gives the required result. 

We use the same contour integral as in § 9.44, s and <7—8 
now being in the half-plane a > a m . Then 


-8+iT 

f f(s+w) 

-8-iT 


ryV) 

— dw 
w 



\f(8 +w) \ 2 

V(3 2 +« 2 ) 


*/ 

— T 


dv ]* 

V(8 2 +® 2 )J ‘ 


Let 

Then 


= j I /(<*+«+*» \ 2 dy= 0(v). 
0 


f J/Ji_ 
J V(« 2 +« 2 ) 


cfo = 


V(8 2 +T 2 ) 


+ 


/ 


vi(v) 

(8 2 +u 2 )* 


dv 


-T 


Similarly the integral over (— T , 0) is 0(log T). Hence 

-8+iT 

f f(8+w) — dw= 0(ar 8 log T). 

J w * 

—h—iT 



309 


THE UNIQUENESS THEOREM 
Also, by the lemma, 

c+<r c 

J f(8+w) ^-dw— j O(VT) ^ du = 0[&T-*), 

-8 +iT -8 

with a similar result for the integral over (c—iT, —S—iT). As 
in § 9.44, the remaining integrals are 0(x c T~ 1 ). Hence 

2 = °(*~ 8l °g T)+0(?T-i), 

n<x 

and, taking T = x 2c+1 , this tends to 0 as x -> oo, so that the 
result follows. 

9.6. The uniqueness theorem. A function /(a) can have 
at most one representation as a Dirichlet series. More pre- 
cisely, if oo 00 , 

7l 8 7l a 

1 1 

in any region of values of s , then a n = b n far all values of n. 

For the series 2 ( a n—b n )n- B is uniformly convergent in a 
region including part of the given region and extending arbi- 
trarily far to the right; and so its sum is the same analytic 
function, viz. 0, in the whole region. But, if m is the first value 
of n for which a n b n > 

12 (Pn-K)n-*\ > \a m -b m \rn-°- f \a n -b n \n~°, 

771 + 1 

and, as in § 9 . 41 , this is positive if o is large enough. This leads 
to a contradiction, and so proves the theorem. 

9.61. The zeros of f(s). The above argument shows that 
f(s) always has a half -plane free from zeros . 

The problem of the distribution of the zeros of any given f(s) 
is usually a very difficult one, and the results for different func- 
tions may be very different. For example, it is supposed that 
all the complex zeros of the function 

T~¥+*—- = 

lie on the lines a = 1 (zeros of 1 — 2 1 -®) and a = \ (zeros of f(s) ); 
the zeros on a = 1 are easily identified, but the remaining state- 
ment has never been proved. 

On the other hand, it is known that the function £'(*)/£(*), 
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which is represented by an absolutely convergent Dirichlet 
series for a>l, has no zeros in a certain half -plane c>E 
(E > 1), and zeros on lines cr = a' which are dense everywhere 
in the interval 1 < a < E. 

It is interesting to compare the general problem with the 
particular case where a n = 0 except when n is a power of 2. 
Then the function is of the form 


/w = 2|r.= S'-- 2 ”. 


n=0 


where z = 2~*. The series is a power series as well as a Dirichlet 
series. To each zero z v of the power series corresponds a sequence 
of zeros 




log z y -\-2fjL7ri 

log2 


(fi — 0 , ± 1 , 


of f{s). If z 0 is the zero of smallest modulus (other than 0), f(s) 
has no zero to the right of the line 


logl/| 2 0 | 
lo g 2 ’ 

there being an infinity of zeros on this line. 


9.62. The function N(a f T). Let t 0 be a positive number 
such that f(s) is regular for t t 0 and a sufficiently large, and 
let N(a , T) be the number of zeros ' of f(s) such that 

a' > a, t Q < t' < T. Then we have the following theorems: 

9.621 . If f(s) is of finite order for a ^ a, then 
N{<i y T)=0(T\ogT) {a > a). 

We can find a number /? so large that |/(s)| has positive lower 
and upper bounds on the line a = /3. Let 0 < 8 < i(/J— a). We 
apply Jensen’s theorem to the circle with centre j8-fmS and 
radius j3— a. If n(r) is the number of zeros of f(s) in the circle 
|«-03-fiw8)| Jensen’s theorem gives 

P-ol 27 r 

J 7 — ) dr = i-J logl/^+mS+O-^l^-logl/OS+mS)!. 

0 0 

Now /(«) = 0(t A ) for a ^ a, and so 

logl/{]8+*«S+03-a)e ie }| = log 1 0{ (nS +^3— a)^} | < A'logn, 
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where K depends on a, 8,... only. Also log|/(0+mS)| = 0(1); 
hence p _ a 

J dr < K log n. 

0 

But 

fi-oc f$-at 

j -~dr^n(p — a — 8) j — > Kn(fi — a — 8), 

0 P-ot-h 

and n(f$— a— 8) is, if 8 is small enough, greater than the number 
of zeros in the strip 

a a+28, (w— i)8 ^ £ < (w+i)S- 

Denoting this number by r„, we have therefore 

>'«< A' log 71. 

Hence N (a+ 28, T) ^ 2 < A " T log T, 

l 0 !8^n<Tlh 

and the theorem follows. 

9 . 622 . // /(s) is bounded for a a, 

A>,T) = 0(T) (a > a). 

The proof is similar to the previous one, but here the factor 
log T obviously does not occur. The example at the end of 
§ 9.61 shows that we may have N(o , T) >AT. 

9 . 623 . If f{s) has a mean value for a = a, and is of finite order 

for c^a, then jv r ((r, T) — 0(T) (o>«). 

We use the following lemma: 

If <f>(t) is a positive continuous function in (a, b). 



Divide the interval (a,b) into n equal parts by the points 
a — x 0 , Xj , . . . , x n ~ b. We have 

{<f>(x 1 )<f>(x 2 )...^(x„)y ln < {4>{x 1 )+<t>{x z )+‘...+4>{x„)}‘n. 

Hence 1 2 lo 6 MO < l°g 2 ’ 

x 


I 
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i.e. 

b ]_ a 2 (*,— *»~i)iog (t>(x v ) < log { b ]_ a 2 (*»— *,-i w*,)J- 

Making n -> oo, the result follows. 

The theorem may be deduced from Jensen’s theorem by an 
elaboration of the argument of § 9.621, but it is more con- 
venient to use the theorem of § 3.8. Applying it to the function 
f(s) and the rectangle (rx,/3;/ 0 , T ), we have, on taking real parts, 

P T 

277 J N(o, T) da — j log|/(a+&)| dt — 

a t 0 

T P P 

— | I°g|/(j8+t7)| dt + j wgf(a+iT) do — j arg f(a+it 0 ) da. 

(1) 

Applying the lemma to the first term on the right of (1), 
we have 

r t 

T-t J 1 °Sl/( a +*OI <tt = ! - T j_4 J lo g|/(«+i<)l 2 ^ 

\ \ 



<A 


by hypothesis. Thus the term in question is less than AT. 

Secondly, as in § 9.621, log|/(j9+i/)j is bounded if /3 is large 
enough. Hence, if is suitably chosen, the second term on the 
right of (1) is O(T). 

To deal with the third term, suppose first that /(a) is real for 
real s. We can take jS so large that R{f(s)} does not vanish on 
a = fi. Then, as in § 3.56, arg/(s) is bounded on a = j3, and, on 
t = T , arg f(s) = 0(g), where q is the number of times R {/(«$)} 
vanishes on t = T, a ^ a < p. Now on t=T 


R {/«} = i {/(a+iT)+/(a- *T)} - 9r(or), 


say, and q is the number of zeros of g(z) on the real 2 -axis such 
that 3. Since g(z) 0(7^), it follows from Jensen’s 

theorem as in § 9.621 that q = 0(log T). Hence the third term 
on the right of (1) is 0( log T). 
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If /(.s) is not real on the real axis, we can consider instead 
the function 

and apply the same proof to this. 

Finally, the last term on the right of (1) is a constant. Hence 
P 

J N(a, T) da = 0(T). 

a. 

P a+8 

But jN(o,T)(1o^- J N(a, T) da > 8xV( a +S, T), 

ac a 

and the result now follows. 


9.7. Representation of functions by Dirichlct series. 

What sort of function can be represented by a Dirichlct series ? 

It would take us much too far to give anything like an 
adequate answer to this question, but we can give some indica- 
tions. It is not difficult to see that a Diriehlet series can only 
represent functions of a very special kind . 

If f(s) is representable by a Diriehlet series, it must, in the 
first place, be regular and bounded in a certain half-plan' 1 viz. 
o ^ a+c). Further, it must have a mean-value 

T 

ton J \f(o+U)\ 2 dl 

- T 

for all sufficiently large values of a, and the value of the limit 
must decrease steadily as cr increases. 

Again, if f(s) = 2 a n n ~ s > an< ^ x rea ^ then f° r (T >° 



„ J-T a V a -0L 2si n ( r l °g X / W ) 

x Z* n a 2T\ogxln 

nl-x 


the term a x occurring if # is a positive integer only. The last 
series, being uniformly convergent in T , tends to zero as T -> oo. 
Hence T 

(x a positive integer), 
(otherwise). 
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This, therefore, is a necessary condition for f(s) to have the form 
2 a n n ~ 8 (^he formulae are due to Hadamard). It is, however, 
not sufficient. But it shows what special properties a function 
representable by a Dirichlet series must have. 

If the Dirichlet series reduces to a single term, say /(a) = ak~ 8 , 
then /(a) is periodic, with period 27rt’/log k. The general Dirichlet 

QO 

series with period 27rt‘/log k is b n k~ ns . If we insert other terms, 

n - 0 

the property of periodicity disappears; but f(s) always retains 
a certain more general property, which resembles that of 
periodicity, and any such function is said to be ‘almost periodic’. 
It is in the study of almost periodic functions that answers to 
the question which we have raised are to be found. We have 
no space to go into this question further. But we may say 
roughly that, if an almost periodic function takes a certain 
value, it repeats this value, not exactly , but approximately , an 
infinity of times; and the points where it does this are distri- 
buted in much the same way as the periods (a, 2a, 3a,...) of a 
periodic function. 

The theory of almost periodic functions is due to H. Bohr 
(1), (2), (3)/ 


MISCELLANEOUS EXAMPLES 

oo 

1. Prove that, if <f>(x) — 2 a n R “> then 


/(*) 


= J_ |Vt 

J 


~ 1 </y(x) dx 


(i) for cr > 0, <7 > a, (ii) for a > 0, a > <r 0 . 

2. If 0 < 6 < 277, the function /(«), defined for a > 0 by the equation 

. ■ 

n= l 

is an integral function. 

[Use ex. 1 and proceed as in the case of £(s).] 

3. The functions defined for a > 1 by the series 


2 f,ain b ^r— '> ^oidog n)> 

— (a > 0, 0 < b < 1), > (a > 0), 

7i* Zw n* 

n=l n= 1 

are both integral functions. [Hardy (7), (10).] 
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4. A function represented by a Dirichlet series cannot tend to a limit 
(in the half -plane of absolute convergence) as t — ► oo, unless it is a 
constant. 

Jlf f(s) = J then for a > a 

T T 

lim It J dt ' = ® 1 ’ lim J dt = ^ 

-r -r 

Hence, if f(s) -> a, a x = a 9 2 l a n | 2 = |°| 2 * 

Hence |a 2 | 2 -f |a 3 | 2 -f... = 0, 

i.e. a 2 = 0, o 3 = 0, — Hence f(s) — a r J 

5. Show that w 

on, 

£(«) n* 

n=l 

where /x(l) = 1, /z(n) = (— l) r if n is the product of r different primes, 
and otherwise fi(n) — 0. Show also that 

j(«) = V IM W )I 

?) Zf 7l‘ 




n=l 


[The infinite product for £(s) is given in § 1.44, ex. 1.] 

6. Verify the formulae* 

m V iM! = V {£WL 4 = V {d{n) ? 

{£(*)) - 2L, rtf 9 {(2a) Z, n‘ ’ {(2s) Z, n- ’ 

n= 1 n=l n=l 

where d(n) denotes the number of divisors of n, and or > 1. 

Jlf the expression of n in prime factors is 


then 

d(«) = (m 1 +l)(m*+l)...(w,.+ l). 

ao 

Hence 

•sr d(n-) _ ITT -y (2m+l) 

Zr n • 11 Z* p™ 


P 771 = 0 

and 

V W")}* - FT V < w + 1)2 1 

Zr n* 1 1 Z, p™ J 

p 771 = 0 


7. Verify the formulae 

OP 

£( s )C(8— a ) = ^ ^ (a > 1, a > a+ 1), 

jLmt n* 
n= l 

* A number of other formulae of this kind are given by Polya and Szegd, 
Aufgaben, VIII. Abschn., nos. 49-64. 
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£(8)£(8-a)£(9-b)£(8-~a~b) 


o a {n)(j b (n) 


n* 


£(2$ — a — b) 

n - 1 

(a > 1, cr ~> (i- f-1, a > fo-j-l, o > <z — & — |— 1 ), 
where cr a {n) denotes the sum of the ath powers of the divisors of n. 

|The second formula follows from the identity 

l~ P a ^ - 2< 

(1-P -)(]-/>» '){l-p b ')(l-p*» ") 

“ (T~p*)Ci-P b ) Z >"■ J 

m- 0 J 

8. Let d k {n), where k — 2, 3,..., denote the number of ways of ex- 
pressing nasa product of k factors, the order of the factors being taken 
into account. Then 


and 


V ^ = {£(«)}* (cr > 1); 
Zw 7l g 
11 = 1 

v i V N 7 ' 


1), 


where p runs through all prime numbers, and P 9 (z) is the Legendre 
polynomial of degree n. jTitchmarsh (8).] 

9. Show that, if f{s) has the period 27ri/logZ:, Hadarnnrd’s formulae 
for the coefficients a n (§ 9.7) are equivalent to Laurent's formulae for 
the coefficients in a power series. 

10. A necessary and sufficient condition Hint a function f(s) should 

be of the form _ 


y-~ 

Z, /t« 


is that /(«) should be regular and bounded for sufficiently large values 
of cr. and have the period 27n/logfc. 

11. If a n - 0 unless n is a power of k, then 


a o - O’ o; - ct jh . 

' 00 

12. The function /(*) — 2 2~ m]t has the line a = 0 as a natural 

m o 

boundary. [See § 4.71.] 

13. The function f(s) = 2 where p runs through all prime num- 
bers, has the line a = 0 ns a natural boundary. 

[This is a more recondite example than the previous one; see Landau 
and Walfisz (1).] 

* Ramanujan (1). B. M. Wilson (1). 
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14. The function 

/( .)-y («.(»)!• 

Tl 

n-l 

is meromorphic if r — 1, or if r — 2, k — 2; for other values of r and 
A: it has the line a = 0 as a natural boundary. [Estermann (1).] 

15. Show that, for the function £(s), 

p(o-) - 0 (<r > 1), = 1 — 2cr (<t < 0), 

and that fi{cr) < l—or for 0 < cr < 1. 

[The result for cr < 0 follows from the functional equation for £(«). 
The actual value of p(cr) for 0 < a < 1 is not known.] 

16. Calculate the mean value 

r 

lirn ^/’ f > !) 

A-L J 

-T 

for the functions J{s) — £(«), l /£(«), 

17. Show that, if /(.v) is unbounded on any line cr — a in the half- 
plane where it is of finite order, it is also unbounded on every line 
a — P < c% in tho same half-plane. 

18. Show that the function f(s) (1 — 2 1 -')£(«) is unbounded on every 
line cr — at < 1 ; and that t <r ~ i f(s) is unbounded on every line a = a, 
where 0 < a < 

[Tho theorem of § 9.32 shows that £(s), and so also (1 — 2 1 ~')£(a), is 
unbounded for or > 1, |t| > 1. Tho theorem of § 9.41 then gives the first 
result, and the second result then follows from the functional equation 
for f(s), § 4.44, and tho asymptotic formula for the F-function, § 4.42.] 

n 

19. If s n = 2 a » i s bounded, then J(s) = 2 a » n ~* regular for cr > 0; 

V -1 

and, if/(s) has a pole on a = 0, it is at most of the first order. 

[ If </>(u) = 2 Om we have 
Ku 

m = * J tS du - 0 (• J Z) = 0 6) '] 

l ' l 

20. If s n ~n, then f(s) ~ l/(a— 1) as «->l by real values greater 
than l. 

If s u n log*n, where A; is a positive integer, then 

kl 



CHAPTER X 


THE THEORY OF MEASURE AND THE 
LEBESGUE INTEGRAL 

10.1. Riemann integration. In the theory of analytic 
functions we have used the familiar definition of an integral 
due to Riemann. In the theory of functions of a real variable, 
however, Riemann’s definition has been almost entirely super- 
seded by a more general one, due to Lebesgue. 

Lebesgue’ s definition enables us to integrate functions for 
which Riemann’s method fails; but this is only one of its 
advantages. The new theory gives us a command over the 
whole subject which was previously lacking. It deals, so to 
speak, automatically with many of the limiting processes which 
present difficulties in the Riemann theory. At this early stage 
it is difficult to say anything more precise. 

Let us begin by recalling the definition of the Riemann 
integral of a bounded function. Suppose that f(x) is bounded 
in the interval (a,b); we subdivide this interval by means of the 
points x 0 , x v ... 9 x r , so that 

a = x 0 < Zj < ... < < x n = b. 

Let m„, M v be the lower and upper bounds off(x) in the interval 
x v < x sC x v+1 , and let 

* = 2 m v (x v+1 -x v ), S=f M v (x v+l -x v ). 

v=0 v=0 

When the number of division-points is increased indefinitely so 
that the greatest interval x v+1 —x v tends to zero, each of the 
sums s and S tends to a limit. If the limits are the same, their 
common value is the Riemann integral 

b 

J f(x) dx. 

In certain cases, e.g. if f(x) is continuous, we can say definitely 
that this integral exists. 

Suppose in particular that f(x) takes the values 0 and 1 only, 
say f(x) — 1 in a set E, and f(x) — 0 elsewhere. Then it is easily 
seen that « is equal to the sum of the lengths of those intervals 
throughout which f(x) = 1, i.e. intervals consisting entirely of 
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points of E; while S is the sum of lengths of intervals which 
include any point of E . If the set E consists of a finite number 
of intervals, there is no difficulty in proving that s and 8 tend 
to the same limit, viz. the sum of the lengths of the intervals 
of E. 

The Riemann integral of such a function (f(x) = 1 in E, 
0 elsewhere) may be called the extent of the set E . Extent is 
thus a generalization of the length of an interval. The extent 
of E , if it exists, is written e(E), so that 

b 

e(E) = j f(x) dx. 

a 

Whether the extent exists or not, the limits of s and 8 exist. 
These limits are called the interior and exterior extents* of E , 
and are written e { (E ), e e (E). 

The function f(x) is called the characteristic function of the 
set E. 

It is easy to define a set which has no extent. Let E be the 
set of all rational values of x in (a, b). Since every interval con- 
tains both rational and irrational numbers, we have ra„ = 0, 
M v = 1, for all modes of division and all values of v. Hence 
s — 0, 8 = b—a, and consequently 

e i(E) = 0, e e (E) = b—a. 

The extent of this set is therefore undefined, and the charac- 
teristic function f(x) has no Riemann integral. 

In the general case we may say that the definition of the 
extent of E depends on the consideration of certain sets of 
intervals related to E > the number of such intervals being 
always finite. 

Lebesgue’s generalization is in the first place a generalization 
of extent; and it consists fundamentally in removing the restric- 
tion that our sets of intervals must be finite. Before we can 
introduce it formally we must make some further remarks about 
sets of points. 

10.2. Sets of points. For the fundamental ideas concerning 
sets of points we refer to Hardy’s Pure Mathematics , Chapter I. 

We usually denote sets of points by E , E v ... and suppose 


♦ The exterior extent is sometimes called the content. 
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them all to lie within a finite interval (a, b). We denote by CE 
the complement of E , i.e. the set of all points of the interval 
(a, b) which do not belong to E. 

If E x and E 2 are two sets, we denote by E x + E 2 the set of 
all points belonging to E x or E 2 , and by E X E 2 the set of all 
points belonging to both E x and E 2 . The notation is suggested 
by the fact that, if f x (x ), f 2 (x) are the characteristic functions 
of E x and E 2) then f x {x)f 2 (x) is the characteristic function of 
E x E 2 \ while, if E x and E 2 have no common points, f x (x) +/ 2 (x) 
is the characteristic function of E x -\-E 2 . 

Note that C(E X + E 2 ) — CE X . CE 2 . 

The notation extends in an obvious way to any finite number 
of sets; also, if there are an infinity of given sets E v J? 2 ,..., then 
£ 1 +jB 2 +... denotes the set of points belonging to any of the 
given sets, and E X E 2 ... denotes the set of points belonging to 
each of the given sets. 

By E x < E 2 we mean that every point of E x is a point of E 2 . 
Two sets are said to ‘overlap’ if they have common points. 

An infinite set of points is said to be enumerable if it is possible 
to define a one-to-one correspondence between the points of the 
set and the integers 1, 2, 3,... ; that is, we must be able to arrange 
the points in a sequence z x , x 2 , x 3 ,... such that every point 
occupies a definite place in the sequence. For example, the set 
of numbers 1, J, £,... is enumerable; so is the set i, J, J 

The set of all proper rational fractions is enumerable: for we 
can arrange them as follows: 

x x 2 3 

2> 3> 3’ 4> 

taking the denominators in order of magnitude, then the 
numerators. 

The ‘sum’ of two enumerable sets is enumerable; for if E x 
consists of the points x v x 2 ,..., and E 2 of £ v £ 2 v> then all points 
of E x -\-E 2 are given by the sequence 

£l> *^2’ • 

A similar argument applies to any finite number of enumer- 
able sets. Further, the sum of an enumerable infinity of enumerable 
sets is enumerable ; for let the sets be E v A 7 2 ,..., and let E v consist 
of the points T ~ 

x l,n> 
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We can arrange the double infinity of points x m n as a single 
infinity in various ways, e.g. by taking together points for which 
m-\-n~k (k = 2, 3,...), and in each such group taking m in- 
creasing; thus 

X l,l> X l,2* X 2,V X l t 3 > X 2,2> X 3,V X l, *>•••• 

This proves the theorem. 

Finally a subset of an enumerable set is enumerable. For any 
sub-set of x v x 2 , # 3 v clearly has a first member, a second 
member, a third member, and so on, and this gives the required 
enumeration. 

10 . 201 . The reader might begin to suspect that all sets were 
enumerable; but this is not the case. The set of all numbers 
between 0 and 1 is not enumerable. 

To prove this, suppose on the contrary it were possible to 
arrange all such numbers in a sequence x ly x 2 ,... . Suppose each 
such number expressed as an infinite decimal (‘terminating’ 
decimals end with an infinity of 0’s; we exclude a recurring 9). 
We then form a new decimal f , such that, for every value of n, 
the nth term in the decimal for £ exceeds by 1 the nth term in 
the decimal for x n , if it is 0, 1,..., 7, and is 0 if it is 8 or 9. This 
rule defines £ completely, and £ does not end with a recurring 
9. But f is a number between 0 and 1, and is different from 
any of the numbers x n . This contradicts the assumption that 
the sequence x n contains all the numbers between 0 and 1. 

A similar argument applies to any interval. We call all the 
points of an interval a continuum. Our result is that a continuum 
is not enumerable. 

10 . 202 . A point £ is called a ‘limit-point’ of a set E if, how- 
ever small S may be, there are points of E y other than f , in the 
interval (f— 8,f+8). (See P.M., p. 30, where a limit-point is 
called a ‘point of accumulation’.) 

A set which contains all its limit-points is called a closed set. 
Thus an interval together with its end-points is a closed set. 
Such an interval is called a closed interval. 

An open interval is an interval without its end-points. An 
open set is the complement of a closed set with respect to an 
open interval. 

An open set consists of an enumerable set of non-overlapping 
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open intervals . For let E be an open set, and let a; be a point 
of E . Then, for sufficiently small values of S, the interval (x y a;+8) 
consists entirely of points of E\ for otherwise x would be a limit- 
point of CE , so that CE would not be closed. Let 8 X be the 
upper bound of values of 8 with this property. Then $ belongs 
to E for x < f but s+Si is not a point of E , since, if 

it were, the interval of points of E would extend beyond it, by 
the above argument. 

Similarly there is a number S 2 such that £ is in E for 
a;— 8 2 < f < x y while x— S 2 is not in E. 

Thus a; is a point of an open interval (#— 8 2 ,a;+8 1 ) of points 
of E . 

Similarly all points of E fall into open intervals. To arrange 
these intervals as an enumerable sequence, take first the inter- 
val, if there is one, greater than £(b—a); next, in the order in 
which they occur on the line, those whose length is < \{b—a) 
and >\{b—a)\ and so on. Every interval of E has a definite 
place in this enumeration. 

The e 8um ’ of two open sets is an open set. For if E — E x +E 2 , 
and E x and E 2 are open, every point of E is an interior point 
of an interval of points of E. 

The same argument shows that the sum of any finite number , 
or of an enumerable infinity , of open sets is open. In particular 
(the converse of the above theorem), the sum of an infinity of 
open intervals is an open set. 

Also if E x and E 2 are open sets , then E X E 2 is open. For a 
point of E x E 2 is an interior point of intervals both of E x and 
of E 2 \ and so it is not a limit-point of C(E X E 2 ), which consists 
of points of either CE X or CE 2 . 

This argument cannot be extended to an infinity of sets; 
e.g. if E n is the open interval — 1 jn < x < 1 \n y then E X E 2 ... is 
the single point x = 0. 

10.21. The measure of a set of points. We are now in a 
position to define a new generalization of ‘length’. Instead of 
starting from a finite number of intervals, we start from an 
open set, which may contain an infinity of intervals. 

The measure of an open set is defined to be the sum of the 
lengths of its intervals. This sum is, in general, the sum of an 
infinite series. It is always convergent, since the sum of any 
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finite number of terms is the sum of the lengths of a finite 

number of non-overlapping intervals, all contained in an interval 

(a, b), and so is not greater than b—a. Hence the measure of 

any open set contained in (a, 6) does not exceed 6— a. 

The exterior measure of a set E is the lower bound of the measures 

of all open sets which contain E . It is denoted by m e (E). It is 

clear that a / jp\ / » 

0 < m e (E) < b—a, 

and that, if E ± < E 2 , then m e [E 1 ) < m e (E 2 ). 

The interior measure , m^E), is defined by the formula 


m^E) = b—a—m e (CE). 

If m^E) = m e (E), then the set E is said to be measurable , and 
the common value of m^E) and m e (E) is called its measure , and is 
denoted by m(E). 

We have also /iOEn , , 

m^CE) — b—a—m, e (E). 


If E is measurable, so that m { (E) = m e (E), it follows that 
m^CE) = m c (CE). Hence CE is measurable, and 
m(E) J r m(CE) = b—a. 


Notice that we have given two definitions of the measure of 
an open set, one direct and one indirect. It will appear before 
long that they are equivalent. Meanwhile, in arguments in- 
volving open sets, we use the direct definition. 


10.22. For any set E we have 

m %{E) < m e (E). 

For, by the definition of exterior measure, there are open sets 
O and O', including E and CE respectively, and such that 
m(0)<m e (E)+e , 
m(O') < m, e (CE)+e. 

If € > 0, every point of the interval (a-f e,6— e) is an interior 
point of an interval of 0 or of O'; and so, by the Heine-Borel 
theorem,* we can select from these intervals a finite set, say Q , 
which together include (a+e,6— e). Then plainly 
m(Q) ^ b—a—2e 

and rn{Q) < m(0)+m(0'). 


* P.M . § 105. In the proof there given we start with an interval ending at 
a, whereas here there is an interval including a. This does not affect the proof. 
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Combining these inequalities we have 

6 — a < m e (E)-\- m e (CE)-\- 4t. 

Making c -* 0, it follows that 

b-a < m e (E)+m e (CE), 

which is equivalent to the result stated. 

If m e (E) = 0, itfollow8 that m { (E) = 0. Hence E is measurable, 
and its measure is zero. 

10 . 23 . We now come to the two fundamental theorems in 
the theory of measure. 

First fundamental theorem. If E v E 2 ,..., E n> ... are 
measurable sets, then the set E — E 1 -\-E 2 +E 3 -\-... is measurable, 

aru ^ m(E) ^ m(E 1 )-\-m(E ^)-\-... . 

IfE v E„... do not overlap , then the equality holds. (Otherwise the 
series may diverge.) 

Second fundamental theorem. If E v E 2 ,... are measurable 
sets , then the set E 1 E 2 E 3 ... is measurable. 

That is, the set of points belonging to any of the sets E v E 2i ... 
is measurable, and so is the set of points belonging to all of them. 

We shall begin by proving two lemmas on open sets, the first 
of which is the first fundamental theorem for open sets. We 
next prove a general theorem on exterior measure, and deduce 
from it the first fundamental theorem for the case where the 
sets do not overlap. Then we obtain the second theorem for 
two sets, and use it to complete the first theorem. Finally we 
use this result to complete the second theorem. 

10 . 24 . If O v 0 2 ,... are open sets (overlapping or not), and 

0 = + ..., 

then m(0)< m(0 1 )+m(0 2 )+... . (1) 

We assume the convergence of the series on the right, since 
otherwise the theorem is meaningless. 

Let the intervals of O n be (a m n ,6 m 7l ) (m= 1,2,...), and 
let those of 0 be (A k ,B k ) (k= 1, 2,...). Let 6 be a positive 
number less than \(B k —A k ). Then every point of the interval 
(A k -\-e, B k —€) is an interior point of one of the intervals 
(a m n ,6 m J which make up (A k ,B k ). If denotes a summa- 
tion over these intervals, it follows from the Heine-Borel 
theorem, as in the previous proof, that 
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3 25 


B k ~A k -2e < 2 k 
Making € -> 0, we obtain 

B k -A k ^2 k K.n-a m , n ), ( 2 ) 

and, summing with respect to k, 

MO)< k ll k (b mtn -a min ). (3) 

Since a convergent double series of positive terms can be 
summed in any manner, the right-hand side of (3) can be re- 
arranged in the form 

2 f f ™(O n ). 

7i—l rn—l 

This proves the theorem. 

If none of the sets overlap, each interval ( A k ,B k ) coincides 
with one interval (a m n , b m n ), and the inequalities (2) and (3), 
and so also (1), become equalities. 

An enumerable set is measurable , and its measure is zero. For 
let the set be x l9 . Include x } in an open interval of length e. 
If this does not include x 2 , we can include x 2 in an interval of 
length ie; and so generally x n in an interval of length e/2 n . Thus 
the given set can be included in an open set of measure not greater 
than 2e. Since e may be as small as we please, the exterior 
measure of the set is zero. Hence its measure is zero. 

10.241. If O and O' are open sets which together include all 
points of the interval (a, b), then 

ra(OO') < m(0)+m(0')— (6— a). 

By the Heine-Borel theorem we can select finite sets of the 
intervals of O and O', say Q from 0 and Q' from O', such that 
Q and Q' together include the whole interval (a+e, 6 — c); and 
we may, by adding further intervals if necessary, suppose that 

0- Q+R, O' == Q'+B'y 
where m{R) < c, m(R') < e. Now 

00' < QQ'+R+R'>' 

so that by the previous lemma 

m(OO') ^ m(QQ')+m(R)+m(R') < m(QQ')+2€. 
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But m(Q)+m(Q')— m{QQ') ^ 6—a— 2e, from elementary con- 
siderations, and m(0) ^ m(Q), m(O') ^ m(Q'). Making e -> 0, 
the result follows.* 

10 . 25 . If E v E 2i ... are an?/ sete, and 

E — E 1 -\-E 2 -{-... 9 

then M e (E) ^ m c (2? 1 ) + Wl e (2? 2 )-|-... • 

We can enclose E n in an open set O n such that 

m(O n )<m e {E n )+-^ i • 

Summing with respect to n, and using the result of § 10.24, 

m(0) < w(0 1 )+m(0 2 )+... < m £ (jP 1 )+m e (£ , 2 )+...+e. 

But 0 is an open set which includes E. Hence 

m e (E) < ra(O). 

Hence m e {E) < m e (£i)+m e (^ 2 )+...+c, 

and, making e -> 0, the result follows. 

10 . 26 . If E v E are non-overlapping measurable sets , and 

E = E 1 -\- E 2 -\-..., 
then E is measurable , and 

m(E) = m(/? 1 )+ra(i? 2 ) + ... . 

We may suppose that all the sets are included in (a, 6). 

(i) Consider first the case of two sets, E — Ej-{-E z . We know 
already that 

m e (E) < m e (Ei)+m t (Ez) - m{K x )-\-m(EJ. 

Hence it is sufficient to prove that 

m^E) > w(E 1 )-\ r m{E 2 ), 

i.e. that m e (CE) ^ m(CjS? 1 )+m(C'jE 2 )— (6— o). 

Now we can include CE V CE Z , in open sets O l , 0 2 , such that 

m(0j ) < m^EJ+e, ra(0 2 ) < m(CE z )-\-e. 

Since E 1 and E., have no common points, CE 1 and CE 2 together 
include the whole interval, and henue so do 0, and 0 2 . Hence 

w(0!0 2 ) Sj m(0 1 )-|-m(0 2 )— (6— o). 

* Actually the two sides are equal. This follows in due course from the 
first fundamental theorem. 
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But 0 X 0 2 includes CE. Hence 

m e (CE) < m(0 x 0 2 ) < w(0 1 )+^(0 2 )— (6— a) 

< m(CE 1 )~\-m(CE 2 )+^€— (6— a), 
and, making e 0, the result follows. 

(ii) The theorem for any finite number of sets follows by 
repeated application of (i). 

(iii) In the case of an infinity of sets, we have, for all values 
of n, 

m(E 1 )+m{E 2 ) + ...+m(E n ) = m(E 1 + ... + E n ) < b— a. 
Hence 2 ni(E n ) is convergent. 

Let S n = E ,+... + E, r Then CE < C8„, so that 
rn e (CE) < m e (CS n ) = m(CS n ) = b— a— m{E 1 )— m(E n ). 
Making n -> oo we obtain 

m e (CE) < b—a— 2 w(J87 w ), 
i.e. 

Combining this with § 10.25, the result follows. 

In particular, taking JE7 X , A 7 2 ,... to be open intervals, it follows 
that any open set is measurable in the general sense, and that 
the two definitions of the measure of an open set agree. Also 
any closed set, as the complement of an open set, is measurable. 

If E x and E 2 are measurable sets, E x being included in E 2 , then 
E 2 —E x is measurable . 

For C(E 2 —E 1 ) = E^+CE* 

10.27. If E and F are measurable seU s, so is EF. 

Let both sets be included in (a,b), and suppose first that F is 
an interval (a,/J). Let E x be the part of E in (a,/3), E 2 the 
remainder. Similarly, if O is an open set containing E , let 
0~ 0 x -{-0 2 . O x and 0 2 are open sets containing respectively 
E x and E 2> if we neglect the points a and /}, as we obviously 
may; and clearly 

m(0) — ?n(0 1 )+m(0 2 ). 

Taking lower bounds, 

m f (E) = tn e (E 1 )+m f (E i ,). ' (1) 

Similarly, if e = CE = ej+e 2 , 
m e (e) = 


Y 


(2) 
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But, since E is measurable, 

m e (E)+m e (e) = b—a, (3) 

and by § 10.25 

m e (E 2 )+m e (e 2 ) ^ m e (E 2 +e 2 ) = b—a—(p—oc). (4) 

From (1), (2), (3) and (4) it follows that 

m^EJ+m^eJ^p— a, 
and hence E 1 is measurable. 

The result is therefore proved if F is an interval, and so, by 
the previous theorem, if F is an open set. In the general case 
we can include F in an open set 0, and CF in O', so that 
m(0)-\~m(0') < b— a-j-e. Then 

EF < EO , C{EF)=CF+F.CE < O'+O.CE, 

so that 

m e (E F)+m e {C(E F)} < m(E0)-\-m(0')-\-m{0 . CE) 

= m(0)+m(0') < 6— a+e. 

Making € -> 0, m e [EF)r\~m e {C{EF)} < b—a, whence the result. 

If E x and E 2 are measurable , the set E of points belonging to 
E 2 but not to E x is measurable. 

For E = E 2 . CE v 

10.28. We can now complete the proofs of the fundamental 
theorems. Let E v E 2 ,... be any sets, overlapping or not, and 
let E be their sum. Let 

E 2 =E 2 . CE v E’ 3 = E 3 . C(£\+^), 

E', = E,.C{E 1 +E' 2 +E' 3 ), 

and so on. Then E v E 2 , E 3 ,... are non-overlapping measurable 
sets, and E = E x -\-E 2 -\-E' 3 -{-... . Hence E is measurable, by 
§ 10.26, and the proof of the first fundamental theorem is com- 
pleted, the inequality then stated following from § 10.25. 
Again, if F — E X E 2 E 3 ..., then 

CF^CE^CE^.... 

Hence, by what has just been proved, CF is measurable, and so 
F is measurable. This proves the second fundamental theorem. 

10.29. Limiting sets. If E v E 2 ,... are measurable sets , each 
contained in the following one , and E is their sum, then 

lim m(E n ) — m(E). 
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For the sets E 2 —E v E 2 —E 2 ,... are measurable and non- 
overlapping, and 

E = E 1 +(E 2 —E 1 )-\-(E 3 —E 2 )~\-..., 

so that 

m(E) = m(E 1 )+m(E 2 —E 1 )-{-... 

= lim { m (E l )+m{E 2 -Ef) + ...+m{E n —E n _f)} = lim m{E n ). 

The set E is called the outer limiting set of the sets E v E 2i ... . 
If each of the sets E x , E 2j ... contains the next , and E — £ \E 2 ..., 

then \\mm(K n ) — m(E). 

This follows by complementary sets from the previous 
theorem. In this case the set E is called the inner limiting set. 

Unlike most of the theorems on the measure of sets, the first of 
these results holds if ‘measure’ is replaced by ‘exterior measure’, 
whether the sets are measurable or not. This remark will be 
useful in the next chapter, where it happens to be inconvenient 
to verify that certain sets are measurable. 

If E is the outer limiting set of a sequence E 7V then 

lim m c ( E n ) ~ m e ( E ) . 

n— ►» 

Let E n be included in an open set O n such that 
m(O n ) <m c (E n )+e. 

Let S n = O u O n+1 O n+2 ..., and let S = S t +S Then 
E n < S n < O in E < 8, and 8 n < S w+1 , so that S is the outer 
limiting set of the sets 8 n (this is not necessarily true for O n , 
which is why w r e introduce 8 n ). Hence 

m e (E) < m(S) — limm(/S T w ) < lim 7/z c (£ , ?? )-f-e, 

and, making € *-> 0, m f (E) < lim m e (E n ). But since a set which 
includes E also includes E n , ni c (E) ^m c (E It ) for every n. This 
proves the theorem. 

10.291. Cantor’s ternary set. The following set of points, 
defined by Cantor, has many interesting properties. 

Divide the interval (0, 1 ) into three equal parts, and remove 
the interior of the middle part. Next subdivide each of the two 
remaining parts into three equal parts, and remove the interiors 
of the middle parts of each of them; and repeat this process 
indefinitely. Thus at the ^th step we remove 2 p ~ 1 intervals. 
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We denote these intervals, from left to right, by S Pt ki where 
k runs from 1 to 2^- 1 . For each k the length of is 3“^. 

Let E be the set of points which remain. Then E is the set 
of points represented by the infinite decimals 

' a i a 2 

in the scale of 3 (indicated by the final figure), where the 
numbers a l9 a 2 ,... take the values 0 or 2 only, never the value 1; 
for example, E includes | = -200..., and also J, which can be 
represented as *0222... . In fact the first step described above 
removes from the interval all points for which the first figure 
is a 1 (except -100... — *022...); the second step removes all 
remaining points for which the second figure is a 1 (except 
•010... = -0022..., and -210... — -2022...); and so on. Notice also 
that the end-points of the intervals S p k consist of all decimals 
• a ^ 2 .. .(3), where the digits after a certain point are all 0’s or 
all 2’s. This is obviously true for a ; then S 2>1 , 8 2 2 are obtained 
by taking the first decimal as 0 or 2 and then the rest as the 
decimals corresponding to the ends of S M ; and so on. Thus the 
general form of the end-points of a S p k is 

•a 1 ...a m 0222...(3), •a 1 ...<z //l 2000...(3). 

The set E is not enumerable; this may be proved in the same 
way that it was proved that the continuum was not enumerable. 
On the other hand, the measure of E is zero; for 

m(E) = 1-2 m( 8 p>k ) = 1- ^ ^ = 0. 

P=l 

We shall refer to this set again in § 11.72. 

Example. Prove that the measure of the set of points in the interval 
(0, 1) representing numbers whose expressions as infinite decimals do 
not contain some particular digit (say 7) is zero. 

10.3. Measurable functions. Let /(a) be a bounded func- 
tion of x in the interval a ^ x ^ b. We denote by E(f > c) the 
set of points in (a, 6) where f(x) >c; and similarly with other 
inequalities. 

The function f(x) is said to be measurable if any one of the sets 
E(f^c), E(f < c), E(f > c), E(f < c) 
is measurable for all values of c. 

Any one of these four conditions implies the other three . 
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Suppose, for example, that the first holds. The second follows 
by complementary sets. Hence also the sets 

E n = E {f<c + ^j (»= 1 , 2 ,...) 

are all measurable. Hence the set 

(Ei — E 2 )-\-(E 2 — i? 3 )+... = E(c </ < c+1) 
is measurable. Hence 

E(f=c)=--E[f^c)-E(f^c+1)-E(c<f<c+1) 
is measurable, and the result clearly follows from this. 

10.31. General properties of measurable functions. 

(i) Let f be a measurable function, k a constant. Then k-\-f , kf, 
and in particular — /, are measurable. 

This is obvious. 

(ii) If f and (f> are measurable functions, the set E(f ><f>) is 
measurable. 

Iff (f>, there is a rational number r such that f r (j>. 
Hence E(f > 0) = 2 E(f > r ) . E((f> < r) 

r 

where r runs through all rational numbers. Hence the result. 

(iii) If f and <f> are measurable , so are f-\-<f> and f—<f>. 

For E(f+<f> > c) = E(f > c-(f>) 

and the result follows from (ii). Similarly for /— <f). 

(iv) If f and cf> are measurable, so is f<f>. 

The function {f(x)} 2 is measurable, for, if c > 0, 

E(P > c) = E(f> <c)+E(f< - Vc). 

The general theorem then follows from the fact that 

(v) If f n (x) is a sequence of measurable functions, then 

lim f n (x), lim f n (x), 

n—xx) 

supposed finite, are measurable. In particular , if the sequence 
tends to a limit , the limit is measurable. 

Ijetf(x) — lim f n (x). Let c be any real number, let 

**.-*(/. >«+i) + *(/... > '+s) + ••- 

and let E m = E m l E m i E m Z ... . By the fundamental theorems 
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E m n and E m are measurable. Now E vv the set of points com- 
mon to all the sets E m n , is the set where f v > c-fl/m for 
arbitrarily large values of v. Hence 

/= lim/„5;c + i>c 

7T( l 

in E m . Let E — E 1 -\-E 2 +E 3 -{- ... . Then E is measurable, and 
f>c at all points of E. Conversely, if f(x) >c, then there is 
an integer m such that/ v (;r) > c-\-ljm for arbitrarily large values 
of v , and so x belongs to one of the sets E m . Hence E — E(f >c), 
which proves the theorem. 

(vi) A continuous function is measurable. For if f(x) is con- 
tinuous, it is easily seen that E(f < c) is closed. Hence E(f > c) 
is open, and so measurable. 

All the ordinary functions of analysis may be obtained 
by limiting processes from continuous functions, and so are 
measurable. The same thing is true of some of the more arti- 
ficial functions. For example, 

lim{cosm!7r.r} 2n 

TO-X3 O 

is the limit of a continuous function, and is equal to 1 if m\x is 
an integer, and otherwise is zero. If x is rational, m\x is an 
integer if m is large enough. Hence 

f(x) ~ lim lirnjeos m\ 7 rx} 2rl 

in «o 

is equal to 1 if # is rational, and to 0 otherwise. The fact that 
this function is measurable has, of course, been proved more 
directly (§ 10.22). 

10.4. The Lebesgue integral of a bounded function. We 

are now in a position to define the Lebesgue integral of any 
bounded measurable function. 

If f(x) is the characteristic function of a set E, i.e. f(x) = 1 
in E and 0 elsewhere, a natural definition of the integral is 

b 

J f(x) dx — m\E). 

a 

If f(x) = k in E and 0 elsewhere, then we take 

b 

J f(x) dx = km(E ). 
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In the general case, let a and (3 be the lower and upper bounds 
of f(x). As in the case of Riemann integration, the integral is 
defined as the limit of the sum; but this time the sum is obtained 
by dividing up the interval of variation of f(x). We take 
numbers y 0y y v ..., y n + x such that 

oc = y 0 <y 1 <y 2 <...< y n _ x <y n = p. 

Let e v be the set where y v < f(x ) < y v+1 (v = 0 ,..., n— 1), and e n 
the set where f(x) = j3. Since f(x) is measurable, all the sets e v are 
measurable. Putting y n+1 = f3 , let 

n n 

* = 1 yM e v)> S =1 Vv+MeJ- 

v-0 v-0 

The Lebesgue integral of f(x) over (a, b) is the common limit of the 
sums s and S when the number of division-points y v is increased 
indefinitely , so that the greatest value of y v +i~-y v tends to zero. 

To justify the definition we have to prove that the two limits 
exist and are equal. 

Suppose the interval (a, /?) divided up in two different ways, 
each difference y v+1 —y v in each way being less than e. Let the 
sums formed in these two ways be s, S and s', S'. Then 

S-S = jr {y v+ i-y v )m(e v ) < e 2 m(e„) = e(6— a), 

and similarly S' — s' ^ e(b—a). 

We now divide up the interval (a, /?) by taking all the division- 
points of the first two ways at once. This gives two more sums, 
s" and S”. Now the insertion of a new division-point does not 
decrease a lower sum or increase an upper sum; for example, if 
we insert a point tj between y v and y y+1 we have 

yMO < yM E (y» </< v)}+v m { E (v </< y„+i)}. 

so that the lower sum is not decreased. Applying this principle 
repeatedly, we obtain 

and similarly S" ^ S, S" < S'. 

It follows that the intervals ( s , S) and (s', S') have points in 
common, e.g. all points of the interval ($", > S"). Hence the 
numbers s, s', S, S' all lie within an interval of length 2e(6— a). 
The existence and equality of the limits then follow from the 
general principle of convergence. 
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10.41. Comparison with Riemann’s definition. Perhaps 
the most obvious difference to the beginner is that, in Lebesgue’s 
definition, we divide up the interval of variation of the function 
instead of the interval of integration. This, however, is com- 
paratively unimportant. What is essential is that we use the 
general theory of 'measure’ of sets instead of the more limited 
theory of 'extent’. It would be possible to build up an integral 
from integrals of characteristic functions, but using extent 
instead of measure. This would be substantially equivalent to 
Riemann’s definition. On the other hand, it is possible to define 
an integral equivalent to Lebesgue’s by dividing up the interval 
of integration in a suitable way. 

In both Riemann’s and Lebesgue’s definitions we have 
upper and lower sums which tend to limits. In the Riemann 
case the two limits are not necessarily the same, and the func- 
tion is only integrable if they are the same. In the Lebesgue 
case the two limits are necessarily the same, their equality 
being a consequence of the assumption that the function is 
measurable. 

Lebesgue’s definition is more general than Riemann’s. For 
the characteristic function of the set of rational points has a 
Lebesgue integral, but not a Riemann integral; and we shall see 
later that, if a function has a Riemann integral, then it also has 
a Lebesgue integral, and the two are equal. 

We use the same notation 

h 

f f(x) dx 

a 

for a Lebesgue integral as we have done for a Riemann integral. 
When it is necessary to distinguish a Riemann integral from 
a Lebesgue integral, we shall denote the former by 

b 

R j f(x) dx. 

a 

10.42. Integral over any measurable set. Let E be any 
measurable set contained in an interval (a, b). The integral of 
f(x) over E may be defined in the same way as the integral 
over an interval. The sets e v of § 10.4 are now the sub-sets of 
E where y v ^f(x) < y v+J ; the proof of the existence of the 
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integral is practically unchanged. The integral is written 

j E f( x ) dx. 

Any integral over a set of measure zero is zero . For all the sets 
e y are of measure zero, and so the sums s and 8 are always 0. 

We might also define the integral by putting f(x) = 0 in CE , 
and then using the definition of the integral over an interval. 
It is easily seen that the two definitions are equivalent. 

10.43. Henceforward we shall assume that all sets and func- 
tions introduced are measurable, without always saying so 
explicitly. 

10.44. Elementary properties of the integral of a 
bounded function. 

(i) The mean -value theorem. If oc < f(x ) < /?, then 

ocm(E) ^ f f{x) dx ^ fim(E). 

JE 

For it is easily seen that ocm(E) < fim(E), and the result 
follows in the limit. 

(ii) The integral is additive for a finite number or for an 
enumerable infinity of non-overlapping sets included in a finite 
interval . That is , if 

E = £' 1 +^2+-*- j 

then j E f(x) dx = j E J'( x ) dx + f(x) dx + ... . 

Suppose first that there are two sets, E x and E 2 . Inserting 
division-points y„, the sets E, E v E 2 are divided into sub-sets 
e y , el, e~, such that 

m{e v ) = m(el)+m(el). 

Hence f + f , = lira £ ^wi(e»)-f-lim J y,m(ef) 

J E i J E% 

i = lim 2 y v m(e v ) = J\ 

Similarly for any finite number of sets. 

If there are an infinity of sets, let S n be the sum of the first 
n , R n the remainder. Then 

\e Is* Jj2n* 

But, by the mean-value theorem, if \f(x)\ ^ M, then 

J f{ x ) ^ Mm(R n ), 
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and this tends to zero as n -> oo, since the series 2 m (E n ) is con- 
vergent. Hence 

f = lim f = f + f +.... 

JE JS H J E x J Et 

(iii) //, in a set E, f(x) < <f>(x), then 

J A , f( x ) dx < <f>(x) dx. 

Take division-points y,„ and define the sets e„ by means of 
f(x). Then, in e v , (f>(x) ^/(x) > y v . Hence 

j B 4>(. x ) dx='£ j <f>(x) dx^Z y v m(e v ). 

The right-hand side tends to j B f(x) dx, whence the result follows. 

(iv) The integral of the sum of a finite number of bounded 
measurable functions is the sum of the integrals of the separate 
functions . 

In the first place, if k is a constant, 

j E (f+k) dx = j B f dx + j B kdx = j F f dx +km(E). 

For calculate the sum s relative to f(x) with the scale y 0 , y v ... 9 
and the sum s'' relative to f(x)-\~k with the scale y 0 +k, y^k ,... . 

Then s' = (t y v +k)m(e v ) — s+km( E), 

and the result follows in the hmit. 

Now consider any two functions f(x) and <f)(x). We have 

j E {f(x)+<f>( x )} dx = 2 j ev (f+<f>) dx 

> 2 f (y v +4>) dx 

J Cy 

= s+ j E i>dx 

by what has just been proved. Similarly, replacing y v by y v + l7 
we obtain . r 

Je ^ j K <f> dx- 

The result now follows in the limit. 

The result for any finite number of functions is obtained by 
repeated application of the result for two functions. 

(v) If k is a constant , 

j E k f( x ) dx = 1c j K f(x) dx. 

This is obvious if k = 0. H k > 0. calculate the second integral 
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with the scale y v , and the first with the scale ky v . Then the sets 
e v are the same in each case, and s — ks\ whence the result. 

(vi) We have 

| J, /(*)<&!</* \f{x)\dx. 

Let E x be the set where f(x) ^ 0, E 2 the set where f(x) < 0. 

Then Se f dxzz= L;, f dx ~ 1/ 1 dx ’ 

J E \f\dx = fdx + j E \f\ dx, 
and the result is obvious. 

(vii) A relation which holds except in a set of measure zero 
is said to hold almost everywhere . 

Two functions which are equal almost everywhere have the same 
integral. 

Let f(x) — <j>(x) at all points of E , except in a set e of measure 
zero. Then 


L (f-<f>) dx j e (/-<£) dx + j E Ce (f-<f>) dx. 

The first term is zero because m(e) = 0, and the second because 
the integrand is everywhere zero. Hence 

i E fdX ^SE < f >dZ - 

(viii) If f(x ) 0 and f(x) dx — 0, then 'f(x) = 0 almost 

everywhere in E. 

Let E 0 — E(f = 0), and 

E n — E(M/{n+ 1) n= 1 , 2 ,..., 


where M is the upper bound of /. Then E = E 0 -}-E x -\-E 2 -\-... ; 

Li**? fj—* 


Thus m(E n ) = 0 for n = 1 , 2 ,..., and the result follows. 


10.5. Lebesgue’s convergence theorem (theorem of 
bounded convergence). Let f n (x) be a sequence of measurable 
functions such that \f n (x) \ sj M for all values of n, when x is in 


a set E, and let 


lim f n (x) =f(x) 
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for all values of x in E. Then 

Km j E f n (x) dx = j E f(x) dx. 

Since sets of measure zero can be omitted from the integrals, 
it is sufficient that the conditions should hold almost everywhere . 

Since \f n (x)\ < M for each n f \f(x)\ < M. Hence f(x) is 
integrable, and we have to prove that 

lim J £ {f(x)-f n (x)} dx = 0. 

Let g n = I/— /J, let e be any positive number, and let 
E 1 = E(e > g u g 2 ,...), E 2 = E(g x ^e>g 2 , g 3 ,...), 

E 3 = E(g 2 ^e>g 3 ,g 4 ,...), 

and so on. Then the sets E k are measurable; they are non- 
overlapping, since g k in E k + V but not in E v ... 9 E k , so that 
E k +i has no point in common with E v ... f E k \ and every point 
of E belongs to some E k \ for g n (x) -> 0 for every x , so that to 
every x corresponds a first number k such that g k , g k+ 19 ... are 
all less than e, and then x belongs to E k . 

It follows that 

j E 9n dx = j Ei g n dx + g„dx+.... 

Now g n < € in E v ..., E n , and g n < 2 M everywhere. Hence 
j E 9n dx^ e{m(E i )+...+m(E„)}+2M{m(E n + 1 )+...}. 
Making n oo, it follows that 

Em j g n dx ^ em(E). 

Hence, making c -> 0, it follows that 

lim Se 9n dx = °* 

and the theorem follows. 

The theorem is not true for Riemann integrals, because the 
function f(x) is not necessarily integrable in Riemann’s sense, 
even if each/ n (x) is. For example, let r v r 2 ,... be the rational 
points in (0, 1), and let f n (x) =liix = r v r 2 ,... or r ni and f n (x) = 0 
elsewhere. Then x 

B jf n (x)dx = 0 
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for every n\ but f(x) = 1 for every rational x, and f(x) = 0 for 
irrational x, so that f(x) is not integrable in Riemann’s sense. 

10 . 51 . The theorem of bounded convergence may be stated 
as a theorem on term-by-term integration of series. If the series 

u 1 (x)+u 2 (x)+... 

converges in a set E to <s(:r), and its partial sums 
3 n ( X ) = U l( X ) + -+U n (x) 

are bounded for all values of n, when x is in E, then 

j E 8{z) dx = j E u^x) dx + j E u 2 (x) dx + .... 

This is the final form of the theorem of bounded convergence 
proved for Riemann integrals in § 1.76. 

10 . 52 . Egoroff’s theorem.* If a sequence of functions con - 
verges to a finite limit almost everywhere in a set E , then , given 8 , 
we can find a set of measure greater than m(E)—8 in which the 
sequence converges uniformly. 

Let f n (x) be the sequence, let E' be the set where f n (x) con- 
verges, say to /(a;), and let g n = \f—f n \. 

Let Cj,..., e r ,... be a sequence of positive numbers tending to 
zero. Let S n r be the sub-set of E r where g v <e r for v^n. 
Then each of the sets S 1 r , 8 2 r9 ... is contained in the next, and 
their outer limiting set (§ 10.29) is E\ since g v -> 0 everywhere 
in E'. Hence we can determine n(r) so that 

m ( E ' — S nlr). r )<^- 


Let 


E E n(i).l E n(2),2'" E n(r),r" 


Then, in S, g n < e r (n > n(r) ) for all values of r, i.e. </„->• 0 
uniformly in S ; and 


m(E-S) = m(E'-S) < | m(E'-S nM>T ) <V| 

r=1 

This proves the theorem. 


S. 


Example. Use Egoroff’s theorem to prove Lebesgue’s convergence 
theorem. 

10.6. If f(x) has a Riemann integral over (a, 6), then it has 
a Lebesgue integral over the same interval , and the two are equal. 
The result is easily proved if we assume that f(x) is measurable* 

* Egoroff (1). 
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for then it certainly has a Lebesgue integral. Dividing up 
the interval (a,b) by the points x 0 , x v ..., x n , and denoting by 
m v , M v the lower and upper bounds of f(x) in x v < x < x v+1 , we 
have 

2 «»r(*»+l— *r) < 2 [ ffr) dx < J M A X v+l~ X v)- 

v =0 v =0 J »/=0 

x v 

The middle term is the Lebesgue integral, while each of the 
extreme terms tends to the Riemann integral. Hence they are 
equal. 

To prove that f(x) is necessarily measurable if it has a Rie- 
mann integral, let 

<f>(x) = m v {x v <x^x v+1 ), <b{x) = M v (x v < x < x v+1 ). 

Then 

to - 1 ? n 1 5 

2 ™Mv+i- x v ) = $( x ) dx, 2 M v( x v n-*,) = <*>(*) dx. 

v-0 J v-0 J 

a a 

Consider now an enumerable infinity of modes of division of 
the interval (a, b) such that max(a\, +1 — x v ) -> 0 ; and let each 
set of division-points contain the previous set. Let E be the 
set'of all the division-points. E is enumerable and so of measure 
zero, and so may be neglected in integration. At any point x not 
in E , </>(x) does not decrease, and O(x) does not increase, as we 
insert division points. Hence <j>(x) -> m(x), O(x) -> M(x), where 
m(x) and M(x) are the ‘lower and upper bounds of f(x) at x\ 
i.e. the limits of the lower and upper bounds in indefinitely 
small intervals containing x. Also (f>(x ) and <h(a;) are measurable, 
and hence so are m(x) and M(x)\ and, by Lebesgue’s con- 
vergence theorem, 

b b b b 

lim J <f>(x) dx — J m(x) dx, lim J Q)(x) dx = J M(x) dx. 

a a a a 

But if f(x) has a Riemann integral, each of these limits is equal 
to it. Hence b 

/ m —m(x )} dx — 0 . 
a 

Since M(x) ^ rn(x) it follows by § 10.44 (viii) that M(x) = m(x) 
almost everywhere ; and since M(x) ^f(x) ^ m{x) it follows that 
f(x) = m(x) almost everywhere. Hence f(x) is measurable. 
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10.7. The Lebesgue integral of an unbounded function. 

Let f(x) be an unbounded measurable function, and suppose 
first that f(x) >0. Let {f(x)} n9 or simply (/) n , denote f(x) at 
points where f(x) < n , but n where f(x) > n. Then {f(x)} n is 
bounded and measurable, and so integrable. We define the 
integral of f(x) over the set E to be the limit, if it exists, of the 
integral of {/(*)}„, 

L /(*) dx = lim f {/(*)}„ dx. 

J & n-KO J A 

For a positive function f(x) to be integrable over E , it is 
clearly necessary and sufficient that 

should be bounded. 

The integral of a negative function may be defined in a similar 
way. In the general case, let f(x) ^ 0 in E v f(x) < 0 in E 2 . 
Then we define the integral of f(x) by the equation 

j F /(*) dx = j E J(x) dx + \ E J(x) dx. 

A function which is integrable in this sense is ‘absolutely 
integrable’, i.e. \f(x)\ is also integrable. In fact it is clear that 

j x \f( x )\ dx = j E J( x ) dx — j E J(x) dx. 

It would of course be possible to define integrals which are not 
absolutely convergent; but we shall see that integrals of the 
above kind preserve all the characteristic properties of integrals 
of bounded functions, whereas this would not be true of non- 
absolutely convergent integrals. 

We shall henceforth use the word ‘integrable’ to describe any 
function, bounded or unbounded, which has an integral in the 
above sense. 

The use of the expression ‘infinity’, introduced in § 5.701, is 
also very convenient here. For example, if 

J E {/(*)}» dx 

tends to infinity with n, we write 

f f(x) dx — oo. 

J E 
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i 

Examples, (i) Show that J x~ a dx exists as a Lebesgue integral, and 
o 

is equal to 1/(1— a), if 0 < a < 1 ; but is infinite if a > 1. 

[The Lebesgue definition of the integral is 


lim { ndx I x~ a dx 1, 

o J n-i/a > 


and the results are the same as in the elementary theory.] 

(ii) More generally, let J(x) be positive, and bounded in (*, 1) for every 

positive e. Then x j 

J f(x) dx =- lim j f(x) dx 
o €_>0 € 

in the sense that both sides are finite and equal, or both infinite. 

(iii) The function 

fix) = ~(a; 2 sin-M - 2x sin i — - cos — 

' dx\ xV x 1 x x 2 


is not integrable in Lebesgue’s sense over (0, 1). 

l 

[The function is continuous over (e, 1), and lim I f(x)dx exists. But 

e— K) J 
€ 

1 

J I/Ml dx =- co; 

0 

for \f(x)\ > ?|cos I - 2-c > l ~ 2x 

in each of the intervals {(2w-f J) 7 r}~* x - {(2a— and it is easily 

seen from this that 

J {|/(*)|}. <lx '■ Alogn.] 

0 

(iv) Let f(x) be any measurable function in E, and let e H be the sub-set 
of E where n— 1 < f(x) < n. Then the necessary and sufficient con- 

oo 

dition that f(x) should be integrable over E is that. 2 l n l m (0 should 

n--~ oo 

be convergent. 

(v) We might define the integral of a positive unbounded function 
f(x) by taking {f(x)} H = f(x) if f{x) < n, and otherwise (/(#)}" ~ 0, and 
substituting {f(x)} n for {/(#)}„ in Lebesgue’s definition. Show that this 
definition is equivalent to that of Lebesgue. 

(vi) If \J(x)\ < <f>(x), and <f>{x) is integrable over E , then f(x) is in- 
tegrable over E. 

(vii) If f(x) is integrable over E , and E n is the part of E where 
l/(*)l > n, then m(E n ) = o (1/n). 
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(viii) If f(x) - 0 at every poirft of Cantor’s ternary set, and/(r) — p 
in each of the complementary intervals of length 3" p , then 

1 

J dx 
0 

exists in Lebesgne’s sense and is equal to 3. 

10.71. Elementary properties of integrals. The integral 
is additive , i.e. if E v E 2 ,... are non-overlapping sets , and 
E = E i~\~ E 2 -\- . . ■ j then 

L fdx - = L, fdx +L fdx +’- 

We may suppose without loss of generality that /:? 0; for if 
the result is true for positive functions it is true similarly for 
negative functions, and so by addition in the general case. This 
remark simplifies many of our proofs. 

We define (/)„ as before. The integral of (/)„ is additive, 
so that r oo /* o© /• 


Now make n -> oo. If there are only a finite number of sets, 
the result follows (from the equality). If there are an infinity 
of sets we obtain (from the inequality) 


But for any value of K 




Making n -> oo first, and then K -> oo, we obtain 


ij' 1 ' 

Hence the result. (Notice the analogy with the proof given in 
§ 1.62 that a double series of positive terms may be summed 
by rows or by columns to the same sum.) 

10.72. The sum of a finite number of integrable functions is 
integrable , and the integral of the sum is the sum of the integrals 
of the separate functions. 

It is sufficient to consider two functions, say f(x) and g(x). 
Suppose first that they are both positive, and let <f> = Then 

(*)» <(/)„+fo>. <(*)..• 
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Hence 

J* W)n dx (f) n dx + j E (g) n dx < j E (<f>) 2n dx, 
and making n -> oo 

S E <t>dx ^S E fd:c+ j E gdx ^S E ^ dx - 

which gives the required result. 

If / ^ 0, g < 0, consider the set where <f> ^ 0. Here 

/=*+(-?), 

and the result follows from the previous case. Similarly where 
^ < 0 we consider — g —/+(— <f>). 

Having proved the result for the sum and difference of 
positive functions, the general result now follows. 

10.73. The following results can easily be deduced from the 
corresponding results for bounded functions: 

(i) If k is a constant , 

j kf dx = k j ^ f dx. 

(iii) 7W functions which are equal almost everywhere have the 
sam,e integral. 

(iv) If f{x) ^ 0, f(x) — 0, then f(x) = 0 almost everywhere 
in E . 

(v) If f(x) is integrable over E, and E v E 2i ... is a sequence of 
sets contained in E such that m(E k ) -> 0, then f(x) dx -> 0, and 
indeed uniformly for all such sequences of sets. 

For, supposing, as we may, that f(x) ^ 0, choose n so that 

L [/(*)-{/(*)}«] dx<e. 

Having fixed n, we have 

Se„ dx < nm (K k )<e (k > k 0 ). 

Hence 

J Et f(x) dx = {/(*)}» dx + [/(x) -{/(*)}„] dx 

< L* (A*))* [/(*)-{/(*)}»] dx 

< 2e (£ > & 0 ), 

and the result follows. 
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Example. Let f(x) be integrable, and <j>{x) integrable in Riemann’s 
sense, over (a, 5). Dividing up the interval (a, 6) by points x v as in 
§ 10.1, prove that, as i— x v ) 0, 


X V H 


lim 2 <f>(% v ) ( fS x ) dx — f <f>(x)f(x) dx. 

v — 0 •? J 


[Titchmarsh (1).] 


10.8. The general convergence theorem of Lebesgue. 

If f n (x) is a sequence of functions such that \f n (x) \ F(x)> where 

F(x) is integrable over E, for all values of n and all values of x in 

E , and v . . . . 

lim /„(*)=/(*) 

for all values of x in E, then 

11111 L L( x ) dx -= L /(*) dx. 


As usual, it is sufficient that the conditions should hold almost 
everywhere. The proof is almost the same as that of the theorem 
of bounded convergence. We define the sets E n as before; by 
$ 10.71 the series . 

lj K /(x)dx 

is convergent, and we have 

j E 9 n dx < e{m(E 1 )+...+m(E n )}+ 

+ 2 f F(x)dx-\- 2f F(x) dx + ... . 

J E n t i 

Making n -> oo it follows that 

lim dx < em(E), 

and the result now follows as before. 

The above theorem enables us to prove a new theorem on 
term-by-term integration of series. We may multiply a boundedly 
convergent series by any integrable function , and integrate term by 
term . For if s n (x) is the nth partial sum of the series, and 
|5 n (#) I and <f>(x) is the integrable function, we have 

\<f>(z)s n (x)\ ^M\(f>(x)\, ' 

which is integrable, and may be taken as the F(x ) of the above 
proof. 
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10.81. The following theorem is often useful. Its original 
form is due to Fatou.* 

iff n (*)> ° for all values of n , and x in E, and f n (x) -> f(x) 
as n oo, then 

\ F f(x) dx < lim J K f n (x) dx. 

n-» oo J 


The statement implies that, if the right-hand side is finite, 
then f(x) is finite almost everywhere and integrable; while, if 
f(x) is not integrable, or is infinite in a set of positive measure, 
then 

lim 

71— ► SO 


J £ />) dX 


■ 00 . 


It is easily seen that, with the usual notation, 
lim {f„(x)} k = {/(*)}*. 

n-> oo 

Hence, by the theorem of bounded convergence, 
lim f {/„(*)}* dx = [ {f(x)} k dx. 

But J >; {f„(x)} k dx < j K f n (x) dx, 

and hence lim f„(x) dx > j K {f( x ))k dx - 


Making k -> oo, the result follows at once if f(x) is finite almost 
everywhere, the set where /(rr) is infinite being omitted from the 
integral. If f(x) — oo in a set e of positive measure, then 

J A . {/(*)}* 

for all values of and the result follows. 


10.82. A convergence theorem for monotonic sequences. 

Let f x {x), f 2 (x ),... be a sequence of positive integrable functions, 
non-decreasing for every value of x in E. Let f(x) be the limit, 
finite or infinite, of the sequence. Then 

Km f f n (x) dx = f f(x) dx 

n->® *' A J 

in the following sense: 

(i) if the left-hand side is finite , then f(x) is finite almost every- 
where and integrable, and the equality holds ', 


* Fatou (1), p. 375. 
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(ii) if the right-hand side is finite f so is the left-hand side , and 
equality holds ; 

(iii) if the left-hand side is infinite , then f(x) is not integrable 
or is infinite in a set of positive measure ; 

(iv) the converse of (iii) holds . 

If the left-hand side is finite, so is the right-hand side, by 
Fatou’s theorem; and equality in cases (i) and (ii) follows from 
Lebesgue’s convergence theorem, since f u (x) Kf(x). Then (iii) 
follows from (ii) and (iv) from (i). 

10.83. We can now put the theorem of § 1.77 on integration 
of series into a more satisfactory form. 

If u n( x ) ^ 0 for all values of n and x, then 

b b 

J (2 «»,(*)} dx = 2 / U n( X ) d *> 

a a 

provided that either side is convergent . 

For the partial sum s M (#) = M 1 (:e)+— + M *( :c ) is positive, and 
non-decreasing for every value of x. 

In particular, the convergence of the right-hand side implies 
the convergence of 2 u n ( x ) f° r almost all values of x. 

We have still to consider the case where the range of integra- 
tion is infinite; but as we have not yet discussed infinite 
Lebesgue integrals of this kind, we must postpone the complete 
result until the end of the next section. 

10.9. Integrals over an infinite range. Let f(x) be a func- 
tion which is integrable over the interval (a, 6), for all finite 
values of b. Let f x (x) =/(x) where f(x) > 0, and f x [x) = 0 else- 
where; and let f 2 (x) = — f(x) where f(x) < 0, and f 2 (x) 0 

elsewhere. Then 

b b b 

J j(x) dx = J Mx) dx- j f 2 (x) dx. 

a a a 

Each integral on the right is a non-decreasing function of 6, and 
so tends to a finite limit or to positive infinity as b -> oo. We 
write 

b 

(x) dx = lim f f x (x) dx , 

£>—►00 * 
a 



J f 2 (x) dx = lim j f 2 (x) dx, 
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if both the limits are finite; and we then define the integral of 
f(x) over (a, oo) by the equation 

oo oo so 

J f(x) dx = j f x (x) dx — | f 2 (x) dx. 

a a a 

It is clear from the definition that a convergent integral of 
this kind is absolutely convergent; for 

oo oo oo 

J |/(x)| dx = J f t (x) dx + J f 2 {x) dx. 

a a a 

Thus J S * n X dx 

0 

is not, in the strict sense, a Lebesgue integral, because it is not 
absolutely convergent. 

Naturally many of the properties of finite integrals can be 
extended to infinite integrals. It is usually quite easy to see 
when this can be done, and we leave the details to the reader. 

The theorem of § 10.83 has an immediate extension: if 
u n {x) > 0, then „ 

J (2 «»(*)} dx - J J u n {x)dx, 

a a 

provided that either side is convergent. 

The convergence of cither side implies the convergence of the 
corresponding expression in which the upper limit is replaced 
by a finite b. Hence, by § 10.83, the equation with upper limit 
b on both sides holds; and the required result now follows as 
in § 1.77. 

It may be well to remark finally that the examples given in 
§ 1.75 and § 1.78, where 

are just as cogent with the Lebesgue as with the Riemann 
integral. The same sort of restrictions still have to be made, 
though the theorem as a whole takes a simpler form. 


zMs. 



CHAPTER XI 

DIFFERENTIATION AND INTEGRATION 


11.1. Introduction. The ‘fundamental theorem of the integral 
calculus’ is that differentiation and integration are inverse pro- 
cesses. This general principle may be interpreted in two dif- 
ferent ways. If f(x) is integrable, the function 


F(x) = 


(1) 


is called the indefinite integral of f(x); and the principle asserts 

that r(x)=f(x). (2) 


On the other hand, if F(x) is a given function, and f(x) is 
defined by (2), the principle asserts that 


jf(t)dt = F(x)-F(a). (3) 

a 

The main object of this chapter is to consider in what sense 
these theorems are true. 

As in elementary theory, (2) follows from (1) for every value 
of x for which /(x) is continuous. For we can choose h 0 so small 
that \f{t)—f(x)\ < e for |f— x\ h 0 \ and then 


F(x+h)-F(x) 

h 


-/(*) 



<i*i<u 


by the mean-value theorem. This proves (2). 

However, in the Lebesgue theory we consider functions which 
are in general discontinuous, so that the above argument does 
not apply to them. Actually the interesting question is, not 
whether (2) holds at particular points, but whether it is true in 
general; and to this we can give a satisfactory answer. 

If f( x ) is any integrable function, its indefinite integral F(x) has 
almost everywhere a finite differential coefficient equal to f(x). 

The problem of deducing (3) from (2) is much more difficult. 
We require in the first place that F'{x) should exist at any rate 
almost everywhere, and, as we shall see in § 11.22, this is not 
necessarily so. Secondly, if F'{x) exists we require that it should 
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be integrable. If we were relying on the Riemann theory, we 
should find a fundamental difficulty here; for Volterra has 
shown by an example* that F'(x) may exist everywhere and 
be bounded, and yet not be integrable in Riemann’s sense. In 
the Lebesgue theory, a differential coefficient is measurable, and 
so integrable if it is bounded. But, if it is unbounded, it is not 
necessarily integrable in the Lebesgue sense. The problem has 
received a satisfactory answer, but it requires a more general 
process, known as totalization, or Denjoy integration, which we 
have not space to consider here. The result is that if F'(x) is 
finite everywhere, then (3) follows from (2) if the integral is 
taken in the Denjoy sense. 


11.2. Differentiation throughout an interval. The 

ordinary functions of analysis are differentiable in general, i.e. 
for most values of the variable, though there may be special 
points at which they are not differentiable. The exceptional 
points arc usually isolated. This seems to have created the 
impression at one time that a continuous function necessarily 
has a differential coefficient in general. It was, however, shown 
by Weierstrass that this is quite untrue. There is a continuous 
function which has no differential coefficient anywhere. 

Nevertheless, the idea that an ‘ordinary function’ has a dif- 
ferential coefficient in general is correct, if w T e attach this vague 
expression to a different class of functions. We shall see that 
it is true in the sense that a monotonic function has a finite 
differential coefficient almost everywhere . 

We shall first consider non -differentiable functions, and then 
proceed to the constructive side of the theory. 


11.21. Continuous non-differentiable functions. There 
are many simple examples of continuous functions which are 
not differentiable at particular points; for example, if f(x) — \x\, 
the ratio f(K)-f(0) 

h 


tends to different limits, 1 and —1, as h 0 by positive or 
negative values; and if f(x) -- z sin l/x (x ^ 0), /(0) — 0, the ratio 
does not tend to any definite limit. 

We can next, by a method known as the condensation of 
* Hobson, vol. i, p. 461. 
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singularities, construct continuous functions which are not dif- 
ferentiable in a set which is everywhere dense, for example in 
the set of rational points. Let r l9 r 2 ,... denote the rational 
numbers between 0 and 1, and let 


F(x) = 2 a n f(x-r n ), 

n = l 

where f(x) has an assigned singularity at x = 0, and the coeffi- 
cients a n tend to zero sufficiently rapidly. Then F(x) will have 
the assigned singularity at every rational point. For example, 


*■<*>= 2 

n = l 


3 n 


is continuous, since the series is uniformly convergent; but it 
is not differentiable at any rational point; for 

F (r k +h)-F(r k ) y \r k +h-r n \- \r k -r n \ |ft[ 

h ~~ Z, h. 3" ^h.3 k ' r 

71 = 1 


GO 


+2 

*+i 


K 


+h, -r n \-\r k -r n \. 
h. 3» 


and as h -> 0 the first term tends to a limit, the second term 
tends to ± l/3 fc according as h > 0 or h < 0, and, if \h\ < 1, the 
third term does not exceed 


3 “ 2 . 3 k 

fc+i 

in absolute value. Hence F'(r k ) does not exist. 

To obtain functions which are everywhere non-differentiable 
we have to use quite different methods. The first example of 
such a function was given by Weierstrass. 

11.22. Weierstrass ’s non-differentiable function. This 

function is defined by the series 

/ 00 

f(x) = 2 b n cos(a n 7rx), 

71 — 0 

where 0 < b < 1, and a is an odd positive integer. The series 
is uniformly convergent in any interval, so that f(x) is every- 
where continuous. On the other hand, if ab > 1, the series 
obtained by term-by-term differentiation is divergent. This in 
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itself does not prove that f(x) is not differentiable, but it sug- 
gests possibilities in this direction. We shall prove that if 
ab > l+|7r, the function has no finite differential coefficient for 
any value of x. 

We have 

f(x-\-h)—f(x) _ y , n cos{a n 7r (x-\-h)} — cos (a n Trx ) 

h “Z h 

71 = 0 

7/1 — 1 oo 

= 2 + 2 = 

71 = 0 771 

say. Now 

|cos{a n 7r(a:+A)}— cos(a n 7ra:)| = \a n 7Thsm{a n n(x-\- 6h)}\ ^a w 7r|A|, 


so that 


rn-i a m b m — 1 a m b m 

|S m ! ^ 2 7Tan l )71 = 77 . — < 77 

71 = 0 


ab— 1 ^ ab — l’ 

We next obtain a lower limit for R m , giving h a particular 
value. We can write 

a m x = a m +£ m) 


where a m is an integer, and — J < f- Let 




i-£» 

a’“ 


Then 0<A<-- 3 -. 

2a m 

Also a n 7r(x+^) = tt n_m . a m 7r(x-\-h) = a n_m 7r(a m + 1). 

Since a is odd, it follows that 

cos{a n 7r(£+A)} — (— l) a?w "( a *+ 1 ) — (_ l) a m+ 1 . 

Again 

cos(a n 7ra:) = cos{a n_m 7r(a m +f m )} = cos(a n ~ w 7ra m )cos(a n “ w 7r^ m ) 

= ( - 1 )“•» cos(a n - m 7T£ J. 

Hence -R m = ( — ' 2 ^{l+cos(a"- m ^ m )}. 

71 = 771 

All the terms of this series are positive, and hence, taking the 
first term only, , m „ 



NON-DIFFERENTIABLE FUNCTIONS 353 

Hence 

MU-ISJ 

If afc>l+|7r, the factor in brackets is positive; and when 
m -> oo, h -> 0, and the expression on the right tends to infinity. 
Hence {f(x-\-h)—f(x)}/h takes arbitrarily large values, so that 
f'(x) does not exist or is not finite. 

The graph of the function may be said to consist of an infinity 
of infinitesimal crinkles; but it is almost impossible to form any 
definite picture of it which does not obscure its essential feature.* 

11 . 23 . The following example of a continuous non-differen- 
tiable function is due to van der Waerden.f The function is 
similar to Weierstrass’s, but the result is obtained in quite a 
different way. 

Let f n (x) denote the distance between x and the nearest number 
of the form m / 10 n , where m is an integer. Then the function 

/(*)= TLfJp) 

71 — 1 

is a continuous non-differentiable function. 

Each f n (x) is continuous; and |/„(*)| < lO -71 , so that the 
series is uniformly convergent. Hence f(x) is continuous. 

Let x be any number in the interval (0, 1), and suppose 
it expressed as a decimal. If the gth figure is 4 or 9, let 
x' = *— 10-«; otherwise let *' = x+10- ff . Then if n<q , the 
nearest number ra/10 n is the same for x and and x and x ' lie 
on the same side of it; while if n the numbers ra/10 n and 
m'/10 n corresponding to x and x' differ by x—x'. These rules 
may be verified by considering simple examples, such as q — 2, 
*==•326, -346, or -396. 

It follows that 

/»(*')-/„(*) = ±(*'-z) (» < ?) 

= 0 (n > q). 

Hence f(x')—f(x) = ^ ±(*'— *) = p(x'—x), 

n = 1 

* For further properties of this function see Hardy (7), where the same result 
is obtained for ab > 1. A general method of constructing continuous non- 
differentiable functions is given by Knopp (2). 
t Van der Waerden (1). 
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where p is an integer, and is odd or even with q— 1. Hence 

{f( x ')—f( x )}l( x '— x ) cannot tend to a finite limit as x* -> x. 

11.3. The four derivates of a function. Whether the dif- 
ferential coefficient 

f(x) = lim 

h -+ o h 

exists or not, the four expressions 

f(x+h)~f(x) ^ Hm f(x +h)-f(x) ' 

fc -++0 ^ A _>+0 ^ 

/(s+ft)-/(s) ) lim f(x+h)-f(x) 

h h ~Z 0 h 

always have a meaning, being either finite, or positive or negative 
infinity. They are called the upper and lower derivates on the 
right, and the upper and lower derivates on the left, respectively. 
We shall denote them by 

D+f(x), DJ(x), D~f(x), D_f(x) 

respectively, the sign referring to that of h in the above ratio, 
and its position corresponding to the ‘lower’ or ‘upper’ limit. 
If D + f= D + f, the function is said to have a right-hand deri- 
vative, if D~f= D_f , a left-hand derivative. The necessary and 
sufficient condition for the existence of the ordinary differential 
coefficient is that all the derivates should be equal. 

We denote the left-hand and right-hand derivatives, when 
they exist, by/L(z) and /+(#). 

Examples, (i) The function Vx 2 , where the positive value of the 
square root is always taken, has different left-hand and right-hand 
derivatives at x = 0. 

(ii) Let f(x) — a; sin l/x (x ^ 0), 0 (x — 0). Then at x = 0 

D + f=- 1, D+/« b D-f = — 1, />-/=!■ 

(iii) Let f(x) = ax sin 2 l/x+bx cos 2 l/x (x > 0) 

0 (x = 0) 

a'x sin 2 ! fx-\-b'x cofi 2 l /x (x < 0), 

where a < b, a' < b'. Then at x = 0 

D+f = o, £>+/ = &> D-f — a ', D~f — - 6'. 

(iv) If f(x) is continuous in (a, 6), and one of its derivates is non- 
negative in the interval, then /(a) .<: f(b). 

[Let D + f > 0, for example. Suppose that /(&) — f(a) < — e{b— a), and 
let $(x) = f(x)— f(a)+€(x— a). Then <f>{b) < 0. Also <f>(x) > 0 for some 
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sufficiently small values of x—a, since D + f(a ) > 0. Hence = 0 for 
some values of x between a and 6. Let f be the greatest such value. 
Then D + <f>(£) < 0, D+/(f ) +c < 0, contrary to hypothesis. Hence 
/(&)—/(°) > — e(b — a) for every positive c, and the result follows.] 

(v) The derivates and incrementary ratios of a continuous function 
have the same bounds in any interval ; i.e. if any one of the derivates 
satisfies a < D/ < j8, then a < {f{x 2 )—f(x 1 )}/{x 2 —x 1 ) < 0, and con- 
versely. 

TConsider (j>(x) = f(x)—ocx, and use the previous example.] 

ivi) If one oi the derivates of a continuous function f(x) is continuous 
at a certain point, then f(x) has a differential coefficient at the point. 

11.4. Functions of bounded variation. We say that /(a) 
is of bounded variation in (a,b) if, in this interval, it can be 
expressed in the form (f>(x)~tfj(x), where (f> and ifj are non- 
decreasing bounded functions. 

It is easily seen that the sum, difference, or product of two 
functions of bounded variation is also of bounded variation. 

An alternative definition is obtained by assuming that, if the 
interval (a, b) is divided up by points a — x 0 < x x < ... < x n = 6, 
then »-i 

2 l/C*Wi)-/( a v)l 

v — 0 

is less than a constant independent of the mode of division. 
The upper bound of these sums is called the total variation. 

It is easily seen that, if the first condition holds, then so does 
the second. For 

l/fo+l)— /(*r)l < <f>(X*+ 1 )-<l>(Zv)+'l'( X v 
so that n _ x 

To prove the converse, let p be the sum of those differences 
f(x v+1 )—f(x v ) which are positive, —n the sum of those which are 
negative. Then, if v is the sum 2 \f( x v+i)—f( x v )\> we have 
v=p+n, f(b)—f(a) — p—n, 
and so v = 2p+f(a)— f(b), v = 2n+f(b)—f(a). 

Hence, if v is bounded for all modes of division, so are p and n. 
Let V, P, and N be the upper bounds of v, p, and n. Then 

V = 2 P+f(a) -f(b), V = 2N+f(b) —f(a). 

Let V{x), P(x), and N(x) be the corresponding numbers for 
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the interval (a,x). They are obviously bounded non-decreasing 

functions of x; and 

V(x) = 2 P(x)+f(a)-f(x), V(x) = 2 N(x)+f(x)-f(a), 

so that f(x) — f(a)+P(x)—N(x ). 

This is the required expression for f(x). 

The functions V(x ), P(x), and N(x) are called the total varia- 
tion and the positive and negative variations of f(x) in (a,x). 

If f(x) is continuous and of bounded variation , its variation 
V(x) is continuous. We can find a mode of division of the interval 
(a, x), with a point of division x' as near x as we please, such that 

v > V(x )— € 

and also \f( x )—f( x ')\ < 

Let v’ = v— | f(x) —f(x’) | . 

Then v' is a sum corresponding to the interval (a, a;'), and so 
V{x')^v'>V(x)-2e. 

Since V(x') is non-decreasing, it follows that V(x) -> V(x) as 
x' x from below. Similarly V(x) -> F(:r) as x' -> x from above. 
Hence V(x) is continuous. 

A continuous function of bounded variation is the difference 
between two continuous non-decreasing functions. For if f(x) is 
continuous, so are P(x) and iV'(aj). 

11.41. The differential coefficient of a function of 
bounded variation. The object of the next three sections is 
to prove that a function of bounded variation has a finite dif- 
ferential coefficient almost everywhere. 

Our proof depends on the following lemmas, due to Sier- 
pinski.* They are of the same type as the Heine-Borel theorem, 
but apply to sets which need not even be measurable. 

Lemma 1. Suppose that each point x of a set E in (a,b) is 
the left-hand end-point of one or more intervals (x, x-\-h x ) of a 
family H. Then there is a finite non-overlapping set S of intervals 
of H which includes a subset E f of E such that m c (E') >m e (E)-€. 

Let E n be the set of points of E which are associated with some 
h x > l/n. Then E is the outer limiting set of the sets E ni we 
have lim m e (E n ) = m e (E) (§ 10.29), and we can take n so large 
that m e (EJ > m e (E )-\€ . 

* Sierpinski (1). A similar lemma is given by W. H. and G. C. Young (1). 
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Let be the lower bound of E n1 b Y its upper bound, and let 
l = b 1 —a 1 . Let rj == fcl(nl+ 1). Then there is a point x 1 of E n 
such that a 1 ^.x 1 <a 1 -\ r yj. Let (x^x^hf) be an associated 
interval for which h x > l/n. 

If there are points of E n to the right of aq+7^, let a 2 be their 
lower bound. Then there is a point x 2 of E n in (a 2 ,a 2 +7j). Let 
(x 2 ,x 2 -\-h 2 ) be an associated interval with h 2 > l/n. 

Continuing the process, we reach b x in a finite number of 
steps, since each step takes us at least 1 jn nearer to it. In fact, 
if there are N steps, then (N— l)/n < Z, i.e. N < nl+ 1. 

Let S denote the set of intervals {x v ,x v -\-h v ) so constructed, 
and T the set of intervals (x v —7],x v ). Then E n < 8+T , and 
m(T)<N't)<\e . Hence 

™ e (E)-le < m e (E n ) < m e (E n S)+m, e (E„T) < m c [E n S)+\e, 
and the set E' — E n S has the required property. 


Lemma 2. Suppose in addition that for every x there are 
arbitrarily small intervals (x, x-\-h x ). Then we may conclude in 


addition that 


m(S) < m e (E)-\-e. 


The additional condition is necessary; we might, for example, 
take E to be a single point x, and associate with it the interval 
(x, x+l). Then Lemma 1 would hold, but not Lemma 2. 

Let 0 be an open set containing E , such that 
m(O) < m e (E)-\-e. 

Let H l be the sub-class of the family of intervals // consisting 
of those intervals that lie in 0. In view of the additional 
condition imposed in Lemma 2, every point of E is the left- 
hand end-point of one or more intervals of H v We can now 
apply Lemma 1 with 11 replaced by H v We obtain a new set 
of intervals S which has the same property as that constructed 
in the proof of Lemma 1. But now S is a set of non -overlapping 
intervals included in 0. Hence 


m(S) < m(0) < m e (E)-\-€. 

This proves the lemma. 

In these lemmas the intervals of which S 'Consists may be 
regarded as either open or closed, whichever is most convenient 
in any particular case. For if the result has been obtained with 
S consisting of closed intervals, we can replace them by open 
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intervals by removing a finite number of points, i.e. a set of 
measure zero. This clearly does not affect the result. 

Lemma 3. We may suppose S in the above construction to be 
included in any given set of intervals 0 which contains E. 

For we may replace 0 by OG in the construction. 


1 1 .42. If* f(x) is non-decreasing in (a, 6), it has almost every- 
where in ( a,b ) a differential coefficient f'(x). 

Let E be the set where D+f < D + f. We shall first prove that 
m e (E) = 0. 

Now E is the sum of the sets E(u , v) where 


D + f <u<v<D+f, 

u and v running through all rational numbers (u < v). Hence 
it is sufficient to prove that m c {E(u, v)} = 0 for every pair of 
such numbers. 

Suppose on the contrary that one of these sets E(u,v) has 
a positive exterior measure, say /x. Every point x of it is the 
left-hand end-point of arbitrarily small intervals (x,x+h) for 

wluch f{x + h) —f(x) < hu. 


Hence by Lemma 2 there is a finite set S of such intervals, 
containing a part E' of E(u,v) such that m e [E') > /z— c, and 
such that J h < /z-ft, where ^ denotes a summation over S. 

Hence ^ {/(x+h)—f(x)} <u'^ 1 h< 

Again, every point of E' is the left-hand end-point of intervals 
(x f x+k) such that 

f(x+k)—f(x) > kv, 


and by Lemma 3 there is a finite set of these intervals, included 
in S and of measure greater than m f ,(E')— e > /z— 2e. If J„ 
denotes a summation over these intervals, 


Z 2 {/(*+£)—/(*)} > v 1 2 k> v (n~ 2 c)- 

But since f(x) is non- decreasing, and the i-intervals are included 
in the ^-intervals, 

{/(«+*)—. /(*)} < {/(*+*)—/(*)}• 

Hence v(fi—2e) < u(/n+«), which is false if e is small enough. 
Hence f' + (x) (and similarly fL(x)) exists almost everywhere. 


* This proof is due to Rajchman and Saks (1). 
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Further, we can argue in the above way with D+ replaced 
by £>~; every point of E' is then the right-hand end-point of 
arbitrarily small intervals (x—k, x) such that f(x)—f(x—k) > kv, 
and the conclusion follows as before. Hence almost everywhere 
DJ ^ D /, i.e. almost every where f' + (x) ^ fL(x). Similarly we 
can prove the reversed inequality, and the result follows. 

11 . 43 . There is a more general theorem on the possible sets 
where fL(x) x ), and the result has nothing to do with 

monotony. 

The set of points where the right-hand and left-hand derivatives 
of any function exist and are different is enumerable . 

Let E be the set where fL(x) </',.(x), and let all rational 
numbers be arranged in a sequence r v r 2 ,... . Then if x is a point 
of E , there is a smallest integer k such that 
f'-(x)<r k <f' A (x). 

There is then a smallest integer m such that r m < x, and such 
that 

{/(£)—/(*)}/(£—*) < r k 

for r„, < £ < a*; and a smallest integer n such that r n > x, and 

{/(*)-/(*)}/«-*) > r k 

for x < ^ < r n . The two inequalities together give 

/(£)-/(•*•) r k {£-x) (r m <£<r n ,£^ x). (1 ) 

Thus to every x corresponds a unique triad of numbers 
and no two values of x correspond to the same triad; 
for if x x and x 2 correspond to the same triad, we have, on putting 
£ = x 2 in (1), f{x 2 )-f(x J )>r k (x 2 -x 1 ), and, on putting 
x --- x 2 y £ = Xj, the same inequality reversed. 

Since the set of triads (L\in,n) is enumerable, it follows that 
E is enumerable or finite. This is the required result. Since 
the measure of an enumerable set is zero, this theorem can be 
used to give an alternative ending to the proof of the theorem 
of the previous section. 

1 1 . 5 . Integrals. A function which is the Lebesgue indefinite 
integral of another function is called an integral . 

An integral is continuous . For if F(x) is the integral of f(x), 
then x \h 

F(x-\-h)-F(x)^ [ f(t)dt, 

X 

which tends to 0 with Ji, by § 10.73 (v). 
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The integral of a positive function is a non-decreasing function. 
For if f(x) > 0, h>0, 

x+h 

F(x-\-h)—F(x) = J /(<) dt > 0. 

X 

An integral is a function of bounded variation . For let 
F(x) = F(a)+ jf(t)dt, 

a 

and let f x (x) =f(x) where f(x) > 0, and f x (x) = 0 elsewhere, and 
—f 2 ( x ) =f( x )—fi( x )- Then /,(*) > 0, / 2 (x) > 0, and 

F(x) = F(a)+ / fft) dt - J f 2 (l) dt 

a a 

= F(a)-\-F 1 (x)—F 2 {x), 

where F^x) and F 2 (x) are bounded non-decreasing functions. 

11.51. Differentiation of the indefinite integral. Let 

f(x) be integrable over (a, b), and let 

F(x) = jf(t)dt. 

a 

Since F(x) is a function of bounded variation, it has a finite 
differential coefficient F'(x) almost everywhere. Our next object 
is to prove that F'(x) =f(x) almost everywhere. 

11.52. The proof depends on the following lemma. 

X 

If (f>(x) is integrable , and j <f>(t) dt — 0 for all values of x in 

a 

(a, b), then <f>(x) — 0 for almost all values of x in (a, b). 

If this is not so, then either <f>(x) > 0 in a set of positive 
measure, or <f>(x) < 0 in a set of positive measure — suppose, for 
example, the former. Any set of positive measure contains a 
closed set of positive measure, since its complement can be 
included in an open set less than the whole interval. Hence 
<f>(x) > 0 in a closed set of positive measure — say E. 

Now the integral of <f> over any interval is zero; hence, by 
§ 10.71, the integral over any open set is zero. Hence the integral 
over any closed set is zero, and in particular 

j E <f>( x ) dx = 0. 
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Hence, by § 10.73, <f>(x) = 0 almost everywhere in E, contrary 
to hypothesis. This proves the lemma. 


11.53. If f(x) is bounded , and F(x) is its integral , then 
F'{x) =f(x) almost everywhere. 

Let \f(x)\ ^ M. Then 


) dt 




and 


lim 

A— ►o 


F(x+h)—F(x) 

h 


= F'(x) 


almost everywhere. Hence, by the theorem of bounded con- 
vergence,* as h --> 0, 


| *’(<+/» )--F(0 

a 



dt. 


But the left-hand side is equal to 

xlh x x+h a 4 h 

I J F(t)dt-^j F(t)cU=^ J F(t)dt-^ J F(t)dt, 

a+h ax a 

which tends to F(x)—F{a), since F is continuous. Hence 


X 



| F'(t) dt = F(x)-F(a), 

a 

(1) 

i.e. 

X 

j{F'(t)-f(t)}dt = 0, 

(2) 


a 


for all values of x. The result now follows from the lemma. 


11.54. To extend the theorem to unbounded functions, we 
require another lemma. 

If <f>(x) is continuous and non-decreasing in (a, 6), then <f>'(x) is 
integrable, and b 

J <t>'(x) dx < <f>(b)—<f>(a). 

a 

For {<f>(x+h)—<f>(x)}/h^0, and {<f>(x-\-h)—<f>{x)}/h tends to 

* To apply the theorem as given in § 10.5, we make h — > 0 through an 
enumerable sequence; so also in the next section. 
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almost everywhere as h -+ 0. Hence, by Fatou’s theorem 
(§ 10.81), 6 6 

Cm j^ +hy=M dx> j nx)dx . 

a a 

Also, since <f> is continuous, the left-hand side is equal to 
<f>(b )—(f>(a) i as in the above proof. Hence the result. 

11.55. If f(x) is any integr able function, F'(x)=f(x) almost 
everywhere. 

We may as usual suppose that/(:r) ^ 0. We define {f(x)} n as 
ip § 10.7. Since f(t)—{f(t)} n ^ 0, the function 

| [/(<)-{/(<)}„] dt 

a 

is non-decreasing, so that its differential coefficient is never 
negative. Hence 

K a ' V a ' 

wherever these differential coefficients exist. Hence, by the 
theorem for bounded functions, F’(x) >{/(#)}„ almost every- 
where. Making n-> o o we see that F\x) ^ f(x ) almost every- 
where. Hence h b 

J F'(x) dx > J f(x) dx. 

a a 

The above lemma, however, gives this inequality reversed. 
Hence in fact the two sides are equal, i.e. 

j{F’(z)-f(z)}dx = 0. 

a 

Since the integrand is never negative, it must be zero almost 
everywhere. This is the required result. 

11.6. The Lebesgue set. The theorem that F'(x)=f(x) 
almost everywhere was extended by Lebesgue as follows. 

If f(x) is integr able, 

x+h 

lim-J- f \f(t)—a\dt=\f(x)—a\ 
h -+ o a J 
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for all values of a, except when x belongs to a set of measure zero ; 
that is, |/(:r)— a | is the derivative of its indefinite integral for all 
values of a and almost all values of x . 

If a were fixed there would be nothing to prove, since 
\f(x)— <x\ is integrable, and the result follows from the above 
fundamental theorem. 

Consider next all rational values of a, say oc v a 2 ,... . The sets 
in which the theorem is false for c x v a 2 ,... are all of measure zero, 
and so their aggregate is of measure zero. Hence \f(x)—a\ is 
the derivative of its integral for all rational values of oc, except 
when x belongs to a set E of measure zero. 

Now let a; be a point not in E, a an irrational number, and 
]8 a rational number near to a. Since 

||/(0— «|— 1/(0— /3||< |/B— «|. 

we have 

x+h x+h 

l J \m-cc\dt~lj \m-p\dt 

X X 

I x+h 

But jj|/W-i8|*-|/(*)-j8|<* 

' X 

if |A| </t 0 (/3, e). Hence 

. x+h 

* J \f(t)-«\dt-\f(x)-a\ 

1 X 

• x+h xAh 

i/w-«i*-£J m-p\dt + 

X x 

x+h 

+ \m-p\dt-\m-p\ +ii/(*)-^i-i/(^)-“i| 

I X 

<|/J-a|+£+|0-«|, 

which may be made as small as we please, - by choice first of 
/} and then of €. Hence | f(x) — cx\ is also the derivative of its 
indefinite integral for all irrational a, if x is not a point of E. 
This proves the theorem. 
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We may, in particular, take a =/(#). Hence 

h 

j \f(x+t)—f(x)\dt = o(h ) 

0 

as h -> 0, for almost all values of x. The set where this holds is 
called the Lebesgue set . 

All points of continuity are of course included in the Lebesgue 
set. 

The interest of the Lebesgue set lies in the fact that many 
theorems which hold at all points of continuity are also found 
to hold at all points of the Lebesgue set, and so almost every- 
where. We shall have examples of this in the chapter on Fourier 
series. 

We note finally that if the modulus sign is omitted from the 
formula, the a disappears, and the result reduces to the previous 
theorem. 

11 . 7 . Absolutely continuous functions. A function f(x) is 
said to be absolutely continuous in an interval (a, b) if , given e, 
we can find 8 such that 

i \f(Xv+h)-f( X v)\ < f 

V — l 

for every set of non-overlapping intervals (x v ,x v -\-h v ) such that 

IK<8. 

An absolutely continuous function is continuous, since we can 
take the above sum to consist of one term only. 

An absolutely continuous function is of bounded variation , 
since its total variation over an interval of length 8 is at most 
e, and consequently its total variation over (a, b) is at most 
(6-a)<-/8. 

On the other hand, there are continuous functions of bounded 
variation which are not absolutely continuous. An example of 
such a function will be given in § 11.72. 

11 . 71 . A necessary and sufficient condition that a function 
should be an integral is that it should be absolutely continuous . 

If F(x) is the integral of f(x), 
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where E denotes the set of intervals (x vt x v +h v ). The right-hand 
side tends to zero with 2 K> the sense of the above definition, 
by § 10.73 (v). Hence F(x) is absolutely continuous. 

To prove the converse we require the following lemma. 

If <f>(x) is absolutely continuous in (a, b), and <j>'(x) = 0 almost 
everywhere , then <f>(x) is a constant. 

Let E be the set where <f>\x) = 0. Every point x of E is the 
left-hand end-point of arbitrarily small intervals (x,x-{-h)> such 

that \4>(x+h)-<l>(x)\<eh. 

By the lemmas of § 11.41, we can select a finite set S of these 
intervals which do not overlap, and which contain all E except 
a set of measure 8, and so all (a, b) except a set of measure 8. 

Let x v x 2 ,... be the end-points of the intervals of S , and let 
2 denote a summation over the intervals of S , and 2 2 over 
the complementary intervals. Then 

Now \<l>( x v+i)— ^( X I-)I < e h (*F+ 1 — ' x v) < e ( b ~ *)• 

Also 2 2 ( X v+ 1 — X v) < s > and s0 > by the property of absolute 
continuity, £ 

tends to zero with 8. Hence, making 8 -> 0, 

I *(&)-#»)! <«(&-«)• 

Making e-> 0, it follows that <f>(b) = and similarly 
<f>(x) = <f>(a) for every value of x. 

Suppose now that F(x ) is any absolutely continuous function. 
Then it is continuous and of bounded variation, and we may 

write F(x) = F 1 (x)-F 2 (x), 

where F 1 and F 2 are continuous non-decreasing functions. By 
the lemma of § 11.54, F[(x) and F 2 {x) are integrable, and hence 
so is F'(x). Hence x 

| F\t) dt 

a 

is absolutely continuous, and so also is 

X 

<j>(x) = F(x)- J F\t) dt. 
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But <f>'(x) = 0 almost everywhere. Hence, by the lemma, <f>(x) is 

a constant, i.e. x 

F{x)~ j F'(t) dt = F(a). 

a 

Thus F(x) is the integral of F'(x). 

11.72. A continuous increasing function which is not 
an integral.* Wc can define a function of this type by means 
of Cantor’s ternary set (§ 10.291). 

Let a n always take the values 0 or 2, and let b a = \a ny so 
that b n is always 0 or 1. If 

x = a x a z a z . ..(3) 
is a point of Cantor’s set E, we define 

f(x) = •b 1 b 2 b 3 .. .(2) 

(in the scale of 2). 

At the ends of an interval f(x) therefore has the values 
■6 1 ...6 m 0111...(2), ■6 1 ...6 m 1000...(2), 
and these are equal. We define f(x) throughout the interval b pk 
to be equal to its value at the end-points. 

The function f(x) is non-decreasing. In proving this it is 
sufficient to consider points x of E , since f(x) is constant in the 
intervals of CE . Let 

x ' = a[a' 2 ...(3), x" — 3) 

be points of E, x r, >x'. Then there is a suffix n such that 
a' m = a n m (m < n), a’ n < a* n . Hence 

W) - +[.. K-iK-W < K~K- iK-W = /(*')• 

The function f(x) is continuous. We have to prove that 
f(x') ->f(x) as x f -> x , and again it is sufficient to consider points 
x, x' of E. Let 

x = -OjOg—tS), x' = -a^...(3). 

If now x ' -* a:, there will be a value of n, which tends to infinity 
as x‘ -> x, such that a m — a' m (m<n). Hence 

/(*)-/(*') = -00...0&,...— 00...06;... -> 0. 

On otfAer Aand, 

J f\ x ) dx /(l) — /(0). 

0 

* A detailed discussion of this function is given by Hille and Tamarkin (1), 
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For the right-hand side is 1, since /(I) = 111. ..(2) = l,/(0) = 0; 
but f(x) is constant in the intervals 8 pk , so that f'(x) = 0 in the 
interior of any of these intervals. Hence f'(x) = 0 almost every- 
where, and the left-hand side is 0. 

It follows that f(x) is not the integral of its differential 
coefficient, and so is not absolutely continuous. It is easy to 
see this directly. Consider the sum 


2 l/(/9*)-/K)| 

taken over the intervals ( <x k , fi k ) which remain after the pth step 
of removing intervals <w It is equal to 

2 {/(&)-/(«*)} =/(i)-/(o) = i- 


But 


2 (&;— a *) 


1 2 2*- 1 _ / 2\ p 

3 9 3^ = \3/ ’ 


which tends to zero as p -> oo. Hence f(x) is not absolutely 
continuous. 


11.8. Integration of a differential coefficient. If f(x) has 
a differential coefficient almost everywhere, or even everywhere, 
in an interval (a, b), the formula 

jf(t)dt=f(x)-f(a) (a^x^b) (1) 

a 

is not necessarily true. It may fail in one or other of two ways. 
Consider, for example, the function 

f(x) = x* sin I (x > 0), /(0) = 0, 

already referred to in § 10.7. Here 

fix) = 2xsin- 5 — -cos-^- (x > 0), /'( 0) = 0, 

J X 2 X X 1 

so that f'(x) exists everywhere; but, as we saw in § 10.7, it is 
not integrable in the Lebesgue sense, so that (1), on the Lebesgue 
theory, has no meaning. 

If we can imagine a function with this kind of singularity 
distributed everywhere in an interval, we shall obtain some idea 
of the nature of the problem of integrating 'a differential coeffi- 
cient. The problem has been solved by means of the Denjoy 
integral. This is a highly general type of non-absolutely con- 
vergent integral, and it would take us too far to discuss its 
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properties here. The result is that, if f'(x) exists everywhere , the 
formula (1) is true , the integral being a Denjoy integral . 

If we do not assume that/'(x) exists everywhere, but merely 
almost everywhere, the formula ( 1 ) may break down still more 
completely. The integral on the left may exist as a Lebesgue 
integral, but be unequal to the right-hand side. We have 
already had an example of this in § 11. 7 2- -in fact an example 
where f'(x) — 0 almost everywhere, without f(x) being a con- 
stant. 

In order to obtain the formula (1), the integral being a 
Lebesgue integral, we have therefore to impose further condi- 
tions on f(x) or on f'(x). There are several theorems, varying 
in difficulty according to what is assumed. Their common 
feature is that we suppose that f(x) exists everywhere. The 
example of § 11.72 shows that no set of conditions which is 
merely given almost everywhere is sufficient. 

11 . 81 . If f'(x) exists everywhere and is bounded , then 11.8 (1) 
is true. 

If \f'(x)\ < M, then ( P.M . § 125) there is a number 6 between 
0 and l such that 

f(x+h)-f(x)\ _ ir(x+oh) ( 1 ) 
n | 

Hence {f(x+h)—f(x)}/h converges boundedly to f'(x), and the 
proof is now the same as that of 11.53(1) (with f(x) instead 
of F(x)). 

Alternatively, we may observe that it follows from (1) that 

2 if(x,+K)—f(**)l " M 2 K 

v -l »• I 

Hence f(x) is absolutely continuous, and the required result 
follows from §11.71. 


11 . 83 . If f(x) is any function such that f'(x) is finite every - 
where and is integrable , then 11.8 (1) is true. 

This evidently shows in particular that 11.8 (1) holds if /(.r) 
is of bounded variation and /'(.r) is finite everywhere: for if 
f(x) is of bounded variation. f'(x) is integrable (see § 11.54 and 
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example 12 below). 

The following proof is substantially that given by Schlesinger 
and Plessner.f It depends on the two following lemmas. 

Lemma 1. Let E be any set in (a, b) of measure zero , e a given 
positive number . Then there is a non-decreasing absolutely 
continuous function %(x) such that \( x ) ~ +°o an d 

x( ft )— *(«)<«• 

We can include E in a sequence of open sets O x > 0 2 ... 

such that m(O n ) < c„, ei+€ 2 +-*- == e. Let f n (x) be the charac- 
teristic function of the set O n . Then 

b 

j f„{t)dt = m(O n )<e n . 

a 

Let <f>„(x) =f l (x)+f 2 {x)+...+f„(x). 

Then <f> fl (t) is non-decreasing as n -> oo for every t , and 

X 

j dt < € l + e 2 +*‘- + e /i ^ € * 

a 

Hence by § 10.82 </>„(/) tends to a finite limit </>(/) almost every- 
where, and j. x 

lim f <f> n (t) dt = f <f>(t ) dt = x^). 

n— * oc ^ J 

a u 

say. 

This function x(^) has the required properties. Since it is the 
integral of a non-negative function it is non-decreasing and 
absolutely continuous, and 

x( a ) J W) dt < e ■ 

a 

x 

Also ^ff v (t)dt=l 

u 

X 

in 0„, and so, if x„(*) = J 4>,M) dt, 

tl 

X 

v 1 " 
y 1 a 

■f Lvbcinjutucht Integrate, pp. 166-74. 
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in O n . Hence 

x(3+ft)— xC C ) ^ Xnfr+ft)— Xnfr) ^ n g 

h h 

for \h\ < h 0 ( 8) and x in O n . Hence Dx ^ n for each of the four 
derivates and x in O n . Since a point of E belongs to O n for 
every n, it follows that x( x ) = +°o hi E. 

Lemma 2. If f(x) is continuous in (a, 6), and D+f^0 almost 
everywhere in the interval , and D+f is nowhere — oo, then f(x) is 
a non-decreasing function. 

It is sufficient to prove that f(b) > /(a), since the general 
result then follows by a similar argument. 

Let E be the set of measure zero where D+f < 0. By Lemma 1 
there is an absolutely continuous function x( x ) 8UC h that 
X(x) = +oo in E , and *(&)— x(a) < 

Let 9(x)=f(x)+x(x). 

Then in E , D+g = +oo, since D + x = +oo and D+f is finite, 
and D+g > D+x+D+f. Also in CE 

D+g >/)+/> 0 

since x i 0 non-decreasing. Hence D+g > 0 everywhere, and so, 
by § 11.3, ex. (iv), g(b)^g(a). Hence 

f(b)-f(a)^-{ x (b)-x(a)}>-e, 
and, making c 0, the result follows. 

11.84. We can now prove the theorem stated in § 11.83. Let 
n be any positive number, and let 

g n (x) = mm{f'(x), n}, GJx) = max{/'(x), — n). 

Then g n (x) </'(#) ^ G n {x), and, since f'(x) is integrable, so are 
g n (x) and G n {x). Let 

fn( x ) = j 9n(t) dt > K( x ) = J G n {t) dt. 

a a 

x 

Then ’ lim/„(x) == lim F n (x) = f /'(<) dt = <f>(x), 

n-*- oo n— ► qo ^ 

a 

say. Now D+{F n {x)—f(x)} > D+F n —D+f. 

This is almost everywhere equal to G n (x)—f'(x), i.e. 

D+{F n (x)-f(x)}> 0 
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almost everywhere. Also 

X 

so that D+F n > — n, and so D+(F n —f) is nowhere — oo. Hence, 
by Lemma 2, F n (x)—f(x) is non-decreasing, i.e. 

W-/(*) ^ *>)-/(<*) = -/(a). 

Making n -> oo, we obtain 

A similar argument with / n (x) gives the reversed inequality, 
and this proves the theorem. 


MISCELLANEOUS EXAMPLES 


1. For x — i the function f(x) of § 11.23 has the derivative -f oo. 

2. The density of a set E at a point x may be defined as 

.. m(EH) 

Inn — , 

*->o 2/i 


where H is the interval (x—h, x-\-h). 

Prove that the density of a set is 1 almost everywhere in the set, and 
0 almost everywhere outside it. 

[Consider the integral of the characteristic function of E.] 

3. A set E in (0, 1) is Buch that, if (a, j9) is any interval, then 

m{E(<x,P)} > S(jS-a) 
where 8 > 0. Show that m(E ) = 1. 

4. If, as h -> 0, fj 

j \f(x+h)-f(x)\dx = o(h), 
a 

thenf(x) is almost everywhere equal to a constant. 

?' 

[Consider {f(x+h)—f(x)}dx. See Titchmarsh (7), where, however, 
x x 

the proof is unnecessarily complicated.] 

5. Let a. and jB be positive numbers, f[x) = x a ainx~P (0 < x < 1), 
and /( 0) == 0. Then f(x) is of bounded variation in (0, 1) if a > /?, but 
not if a < f$. 

6. A function f(x), defined for 0 < x < 1, is absolutely continuous 
every interval (0, f ), where £ < 1, and its total variation in (0, £) 
bounded as f — ► 1. Show that f(x) tends to a limit as £ — > 1, and that, 
if we define /(l) to be equal to this limit, then f{x) is absolutely con- 
tinuous in the whole interval (0, 1). 


S' 5* 
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[The point of this example is that the difference between ‘continuity 
plus bounded variation* and absolute continuity is a property of a whole 
interval, and cannot be traced to the behaviour of the function in the 
neighbourhood of any one point.] 

7. The theorem of § 11.83 remains true if f'(x) = -J-oo in an enumer- 
able set. 

8. A necessary and sufficient condition that a function should be 
convex in an interval (a, 6), in the sense of § 5.31, is that it should be 
the integral of a bounded increasing function over any interval interior 
to (a, 6). 

9. If f(x) is absolutely continuous, so is | f(x)\ p , where p > 1. 

10. A necessary and sufficient condition that f(x) should be almost 

everywhere equal to a function of bounded variation in (a, 6) is that 
as h — : > 0 h 

J \f(x+h)— f(x)\ dx = 0(h) 
a 

[where f(x) = 0, say, outside (a, 6)].* 

[If f(x) is of bounded variation, we have f(x) = <f>(x) — ift(x) % where 
<j> and ifj are positive, non -decreasing and bounded in (a, 6). Then, if 
h > 0, 

b b b 

J \J(x+h)—f(x)\ dx < J {<f>(x+h)—<f>(x)} dx + J {*fi (x+h)—i/i(x)} dx 

a a a 

b+h o+ft b+h a+h 

= J* dt — j ^(0 dt -f- J* dt — J* dt = 0{h)y 

baba 
bo that the condition is necessary. 

Suppose now that the condition is satisfied. Let 


x-ti/n 

<f,,(x) =n J /(<) dt. 


,x+h+i/n x+lfn 


j\<f>JLx+h)—<f> n (x)\dx=njdx j — J f(t) i 


u i/n 

n j dx J {f(x+t+h)~ f(x + t)}a 
a 0 

b l In 

n j dx j \f(x+t-\-h)—f(x-\-t)\dt 


j/n u 

= n J dt j \f(x+t+h)— f(x+t)\ dx = 0(h). 

0 a 

* Hardy and Littlewood (5), pp. 599-601, and (6), p. 619. 
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If ( x v , x v -\-h v ) is any set of non-overlapping intervals, 

| Xy + hy 

j &(*)<*» 


2l^(*W+*r)-*.(*r)| = 2 

Xy + h t 


< 2 / \<t>'.(x)\ dx < J |ft(*)| dx. 


and, by Fatou’s lemma and the above result, 
b 

n (x + h)—<f> n (x) 


j* W~( x )\ dx < lim J < ft*- 


dx = 0(1). 


Hence 2 \<t>n(Xv+K)—<f>n(*v)\ = 0(1). 

But (f> n (x) f(x) almost everywhere. Hence 

2 I/(*f+a»)— /<*v)| < a 

if none of the points x v , x v + h v belong to a certain set E of measure zero. If 
a does not belong to E, it follows as in § 11.4 that f(x) = f(a)-\-P(x)-—N(x) 
in CE, where P{x) and N(x) are bounded and non-decreasing in CE. In 
E we can define P(x) as lim P(x'), where x'—^x from below through CE . 
The result follows without difficulty from this.] 

11. In § 11.4 the existence of f'(x) at a point does not imply that 
ofV'(x). 

[Consider f(x) = x*cosx- a (0 < x < l),/(0) = 0, 1 < a < 2.] 

12. In § 11.54 the condition that <f>(x) is continuous can be omitted. 
[The proof shows that if a and ft are any two points of continuity 

§ 


/• 


But for any non -decreasing function points of continuity are everywhere 
dense. Hence, making a — ► a + 0, /J — >6 — 0, through such points, we 
obtain b 

<f>'(x) dx < ^(6 — 0 )— 0 ).] 


/• 


13. The set consisting of the intervals 2 n)» n = ^ ias 

density J at x = 0. 

14. A convergent series of non -decreasing functions can be differen- 
tiated term by term almost everywhere. 

Fubini: see Rajchman and Saks (1). 

[Let w 1 (a;)+M,(:r) + . .. + «„(*) = s n (x)^-8(x) (a < x < b). 

Then s(x) is non -decreasing; and 


8(x+h)— s(x) 


au 

-I 


u H (x+h) — u H (x) 


n-l 


N 

2 

n-l 


ujx+h)—u.(x) 
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for every N. Making h -> 0, it follows that 

s'(x) > 2 «»(*) 

1 

almost everywhere. Hence J zv'(.r) converges almost everywhere, to 
(f>(x) say, and <f>(x) < *'(*)• 

Suppose* that the set E(u,v), where <f>(x) < u < v < s'(. r), has positive 
measure fji. Almost everywhere in E(u,v) 

s^(x) < u < v < s'(x), 

so that s w (:r-f /*)— s n (:r) < hu < hv < s(x^ h)—s(x) 

for sufficiently small h. This liolds ov r er a finite non-overlapping set of 
intervals of total length l > > 0. Summing over these intervals 

l(v-u) < £ {s(x-{ h)-s„(x+h)}-{s(x)-s„(x)} 

< {s(b)-s„(b)}-{s(a)-s n (a)} 

since s(x) — s n (x) is non -decreasing. Making n— > oo, l *' 0, a contradic- 
tion. Hence (f>(x) = s'(x) almost everywhere.] 

15. If f'(x) is finite everywhere, and equal to a continuous function 
almost everywhere, it is equal to it everywhere. 

16. Show that lim f /(* + 0 -/(*-<) dt 

S-o J t 

S 

exists for every x if f(x) is Weierstrass’s non -differentiable function. 

Show that the limit does not exist at x = 0 if f(x) is the continuous 
function 0 (x < 0), l/logfl/j-) (x > 0). 

[This limit exists almost everywhere if/(.r) is any integrable function. 
See Titchmarsh, Fourier Integrals , Theorem 105.] 



CHAPTER XII 

FURTHER THEOREMS ON LEBESGUE INTEGRATION 

12.1 . In this chapter we adopt a slightly more practical point 
of view than in the two preceding ones. We have carried the 
general theory of definite and indefinite integrals as far as we 
shall require it, and we shall now prove a number of theorems 
which are useful in the manipulation of integrals. 

12.11. Integration by parts. The formula of integration 
by parts in the Lebesgue theory is, of course, the same as the 
ordinary one: if G(x) is an indefinite integral of g{x), then 

b b 

J f( x )d( x ) (lx ^ [f( x )G{*)] b a — j f'( x )G( x ) dx - 

a a 

The formula holds if g(x) is any integrable function , and f(x) 
is an integral. 

The proof depends on the fact that the product of two absolutely 
continuous functions is absolutely continuous. For let <f>(x) and 
i/j(x) be absolutely continuous in (a,b), and let M and M' be the 
upper bounds of \<f>(x)\ and \^(x)\. Let {x v ,x v -\-h v ) be a set of 
non-overlapping intervals in (a, b). Then 

< m 2 \${% v +h) 2 <£001- 

The last two sums tend to zero with 2 an( ^ so < f > ( x ) l l I ( x ) 
absolutely continuous. 

In the given formula, f(x) and G(x) are absolutely continuous, 
and hence so is f{x)G{x)\ and 

b 

J ~{f(x)G(x)}dx^\f(x)0(x)] b a 

a 

But Uim*)} =f( x m+f( x W) 

ax 

wherever f(x) and Q’(x) exist, and G’(x) = g(x). Since this is 
true almost everywhere the result follows. 


BB 
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12.2. Approximation to an integrable function. The 

following theor m is often useful. 

If f(x) is met rable over a finite interval , then, given two positive 
numbers 8 and e, we can define an absolutely continuous function 
<f>(jc) such that |/— <f>\ < 8 except in a set of measure less than e. 

Suppose first that f(x) is bounded. We may suppose without 
loss of generality that f(x) ^ 0. Divide up the interval of varia- 
tion of f(x) by the scale 

0. 8, 28,..., n8. 

Let e v be the set where vh </(#) < (y-(- 1)8. Let ip v (x) — vh in e v > 
and zero elsewhere. Then the function 

'!'(*) = ip 0 (x) + ...+t/j n _ 1 (x) 
differs from f(x) by less than 8. 

Let E v be an open set, including e v , of measure less than 
m(e v )-\-€j3n. Let be the sum of a finite number of the 
intervals of E v , such that m(E v —S v ) < e/3n. Let (f> v (x) == vh in 
S v9 and zero elsewhere. Then -- ifj v except in a set of measure 
less than 2e/37?; also <f> v is discontinuous at a finite number of 
points, viz. the ends of the intervals of S v . To remove these 
discontinuities, we join the graph of the function to zero at the 
end of each interval by a straight line inclined so that the 
modifications all occur in a set of measure less than c/3 n. Thus 
if <f)' v is the modified function, is absolutely continuous, and 
$1 = ij) v except in a set of measure e/n. 

Let <f>(x) = + 

Then <f>(x) is absolutely continuous, and <f>{x) — ifj(x) except in 
a set of measure e. Hence <f>(x) has the required property. 

If f(x) is not bounded, let {f(x)} k ~f(x) w^here \f(x)\ ^ Jc , and 
{f(x)} k — 0 elsewhere. We can take k so large that {f(x)} k =f(x) 
except in a set of measure 1c. By the first part, we can deter- 
mine (f)(x ) so that \{f(x)} k ~(f)(x) \ < 8 except in a set of measure 
U. Then <j>{x ) has the required property. 

Notice that, if f(x) is bounded, <f>(x) can be constructed to lie 
between the same bounds as f(x). 

Iff(x) is integrable , we can construct f>(x) so that , in addition to 
the above properties , h 

I lf(*)-4(x)ldz< v . 


( 1 ) 
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where rj is arbitrarily small. If f(x) is bounded, say |/(rc)| < M, 
then \<f>(x) \ ^ M, and 

b 

J \f(x)-<f>(x)\dx^8(b-a)+2 e M, 

a 

giving the required result. If f(x) is unbounded, we define {f(x)} k 
as above, and then determine <f>(x) so that \{f{x)} k —<f>(x) |<8 
except in a set of measure fa/lc. Then 

b b b 

j \f(x) <f>(x)\ dx^j \f(x)-f{(x)} k \ dx + J \{f(x)} k -<f>(x)\ dx. 

a a a 

The first term tends to zero as Jc oo, and the second term does 
not exceed 8(6— a)+e. Hence the result. 

Example. If f(x) is intograble over (a— e, 6-f c), then 
b 

lim f \f(x + h)-f(x)\ dx = 0. 
h — ►() J 

a 

12.21. Change of the independent variable. Here again 
the formula is familiar, but the conditions under which it holds 
are novel. 

If f( x ) an d Q( x ) are integrable, g(x) ^ 0, and G(x) is an in- 
definite integral of g(x), a = G(c*), 6 = G(f}), then 
b p 

j f(t) dt = j f{G(x)}g(x) dx, 

a a 

where f{G(x)}g(x) is defined as 0 if g(x) = 0. 

The inverse function of t = G(x)> of which a and /? are values, 
is not necessarily one-valued, since G(x) may be constant in 
some intervals. But if more than one value of x corresponds to 
a given value of t , these values of x form a closed interval, and 
we can make the inverse function one-valued by taking x to be, 
say, the left-hand end-point of the interval. 

We next observe that if F{x) and G(x) are absolutely continuous 
functions , and G(x) is monotonic , then F{6?(a;)} is absolutely con- 
tinuous. For, since F is absolutely continuous, 

2 \F{G(x v +h v )}-F{G(x v )}\ 
tends to zero with 


2 |(7(* r +*>)-G(* r )|, 
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and, since G(x) is absolutely continuous, this tends to zero with 

IK 

It follows that, if F(x) and G(x) are integrals of f(x) and g(x), 
then ,T{0 j(x)} has a finite differential coefficient for almost all 
values of x, and 

P b 

J dx == F{G(fi)}-F{G(«)} = J f(t) dt. 

a a 

The result will now follow if 

±[F{G(x)}] ^ f{G(x)}g(x) (1) 

for almost all values of x. But this is not obviously true. For 

= U(x+h)~G(x) 

h G(x-\-h)—G(x) * h 

and the second factor on the right tends to g(x) for almost all 
values of x , while the first factor tends to f{G(x)} for almost 
all values of G(x)\ and the difficulty is that the exceptional set 
of values of G(x), of' measure zero, does not necessarily corre- 
spond to a set of values of x of measure zero. 

Let f(x) be bounded, say \f(x)\ ^ M. Divide the interval 
(ot.fi) into sets E v ..., E A as follows. In E v G'(x) = y(x) > 0, 
and the first factor on the right tends to J\G(x)}] in E 2 , 

G'(x) = g(x) > 0 

but the other condition is negatived; in E G'(x) — g(x)-~ 0 ; 
in E a , G'(z) =^~ g(x). Clearly (1) holds in E l ; and it holds in 
£3, since there 


F{G(x+h)}-F{ 0 (r)} 
h ■ 


l f mdt 

(Ax) 


M\ G ~ {x+h) ~ G W 


-> 0 


and each side of (l) is zero; 'irt\E A ) — 0; and we have to prove 
that m(E 2 ) — 0. 
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Let E 2n be the part of E 2 in which G'(x) > 1/n. Enclose the 
corresponding £-set in an open set 0 of measure less than a given 
€. With each x of E 2 n associate an interval (x,x+h x ) such that 
G(x-\-h T ) — G(x) > hjn , and such that the interval G(x ), 
G(x-\-h a ) is in O. By Lemma 1 of § 11.41, there is a finite non- 
overlapping set S of the intervals (x,x+h x ) such that 

m c(E 2 , J < w(S) + e - I, h s +e. 


This is less than 

n Zs {G(x+h r ) — G(x))-\~e < nw(0) + € < (n-f-l)e. 

Hence m(E 2 n ) — 0, and, since E 2 is the outer limiting set of 
the sets E 2 n , m(E 2 ) — 0. 

Lastly let f(x) be any integrable function. We may suppose 
without loss of generality that it is positive. Defining f f(x)} n 
in the usual way, the theorem holds for and it is suffi- 

cient to prove that 

P P 

lira | [f{G(x)}] n g(x) dx = j f{G{x)}g(x ) dx. 

a “ 

P b b 

But | [f{G(x)}] n g(x) dx = \ {f(t)} n dt^j f(t) dt. 

a a a 

The result therefore follows from the convergence theorem of 
§ 10.82 (regarding f{0(x)}g(x) as 0 if/{(r(a’)} = oo, g(x) = 0). 

12.3. The second mean-value theorem. If f(x) is in- 
tegrable over ( a,b ), and <f>(x) is 'positive , bounded, and non- 
increasing, then 

b i 

J f(x)<j>(x) dx = (f>(a-\- 0) J f(x) dx, 

a a 

where £ is some number between a and b. 

Let e be a positive number less than <f>(a-\-0)-—<f>(b 0). Then 
there is a point x x such that 

<f>(a+ 0)-(f>{x) <€ {a<x< x x ) 

{x>x l ). 
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Similarly there are points x 2 , ar 3 ,... such that 

#V-i+0 )“#*) < * (*V-i <x<x v ) 

>€ ( x>x v ), 

so long as ^(ar„_ 1 +0)— <£(6— 0) > c. Otherwise we take x n = 6. 
The point b is thus reached in a finite number of steps, since 
the variation of <f>(x) in each interval (x„_ 1 , x v ) is at least e. 

Let tp(x) — <f>(x v -\- 0) in each interval a\, < a; < a;^. Then 
0 ^.tfj(x)—<f>(x) <e except possibly at the points a = x 0 , x l9 
x 2 6, and 

b *Wi 

j ^(x)f(x)dx = n ^<j>{x v +0) f f(x) dx. 

a v=0 x v 


Let F(x) = J f(t) dt ; then, if m and M are the lower and upper 

a 

bounds of F(x ), it follows from Abel’s lemma (§ 1.131) that 

b 

0) < J ifj(x)f(x) dx < Mtf>(a+ 0). 

a 

b b b 

| ifi(x)f(x) dx — J <f>(x)f(x) dx < e J |/(a:)| dx, 

a a a 

which tends to zero with e. Hence, making e -> 0, it follows that 


But 


b 

0) J <f)(x)f(x ) dx ^ M<f>(a-\-0). 

a 

Since F(x) is continuous, it takes every value between m and 
M , and so, at x -- £ say, the value 


. y 1 f <f>(x)f(x) dx. 

. a 

This proves the theorem. 

If <f)(x ) is positive and non-decreasing, the corresponding 
formula is b b 

J f(x)<j>(x) dx = <£(6—0) J f(x) dx, 

<» £ 

where a<f <6. 
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If </>(x) is any monotonic function, there is a number £ between 
a and b such that 

J dx = <j>(a+ 0 ) jf(x) dx +^(6-0) J f(x) dx. 

a O £ 

This is obtained from the previous results by considering 
</>(x)—(f>{a+ 0) or <f>(x)—<j>(b— 0). 

12 . 4 . The Lebesgue class* L p . We denote by 7>(a,6) the 
class of functions f(x) such that f(x) is measurable, and \f(x)\*>, 
where p> 0 , is integrable over (a, 6). If it is not necessary to 
specify the interval, we denote the class by L p simply. The 
class L 1 is the class of functions integrable over (a, 6), and is 
denoted simply by L. 

We may classify functions defined over any set, or over an 
infinite interval, in the same way; for example, the function 
(l-frc)-* belongs to 2^(0, oo) if p > 2. 

If f(x) belongs to L p , and |<7(z)| ^ \f(x)\, then clearly g(x) 
also belongs to L p . 

Examples, (i) A bounded function belongs to L p [a, 6), where (a, b) 
is a finite interval, for all values of p. 

(ii) If f(x) belongs to L p (a, 6), where (a, b) is a finite interval, then it 
also belongs to U(a, , b) for q < p. 

(iii) If f(x) belongs to L p ( 0, oo) and to L q ( 0, oo), where p < q, then it 
also belongs to 1/(0, oo) if p < r < q. 

[Consider separately the sets where |/(a;)| < 1 and |/(.r)| >1-] 

(iv) The sum of two functions of L p also belongs to L p . 

LFor |/(x) + flr(x)|* < inax{2*|/(s)|*’, 2 p \g(x)\ p }.] 

(v) The function {xlog^l/x}- 1 belongs to L( 0, J), but not to any 
L p ( 0, i) for p > 1. 

(vi) The function {a;*(l + |log x|)} -1 belongs to L 2 (0, oo), but not to 
L p (0, oo ) for any other value of p. 

12 . 41 . Schwarz’s inequality. Iff(x) and g(x) belong to L 2 , 
then f(x)g(x) belongs to L, and 

I J f{x) 9 (x) dx | < \f(x )\ 2 dx | |0(a;>| 2 dx^ . 

The interval of integration may be finite or infinite . 


* See in particular F. Riesz (2). 
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Since 2\fg\ </ 2 +0 2 , }q belongs to L. Hence the integral 

/ {Xf(x)+tig(x)Y dx 

= A 2 | {f(x)} 2 dx+2Xfx J f{x)g(x) dx+p* J {?(x)} 2 dx 

exists for all values of X and p. It is evidently never negative. 
But the necessary and sufficient condition that aX 2 -\-2hXp+bp 2 
should be never negative is that h 2 < ab, a ^ 0, b ^ 0; and this 
gives the inequality stated. 

Examples, (i) The case of equality in the above theorem occurs only 
iif(x)/g(x) is almost everywhere equal to a constant. 

(ii) If f{x) and g[x) belong to L p , where p > 2, then }{x)g(x) belongs 
to LI*. 

12.42. Holder’s inequality. This is a generalization of 
Schwarz’s inequality. 

If f(x) belongs to L p , and g(x) to where p> 1, then 

f(x)g(x) belongs to L , and 

j J /(*)?(*) <k| < { | I /(*) \ p dx } to { | | g{x) |^-« dx^~ Vp . (1 ) 

The interval of integration may be finite or infinite. 

Let E be the set where \g(x)\ < |/(s)| p ~ 1 . Then 
\}{x)g(x)\ < \f(x)\* 

in E ; hence f(x)g(x) is integrable over E. In the complementary 
set CE, \f(x) \ < |^(a:)| 1/(/)-1) . Hence 

\f{x)g(x)\ < \g(x)\Pto-* 

in CE\ hence f(x)g(x) is integrable over CE , and so over the 
whole interval considered. 

This argument can be used to obtain an inequality similar to 
(1), but with a factor 2 on the right-hand side. Let 

b b 

I = j \f(x)\ p dx, J = j \g(x)\»to- 1) dx. 

a a 

Then 

b 

\fgdx <: j E \fg\ dx + j cE \fg\ dx 

a 

< j E \f \ p dx + j cK \g\ pl(p - l) dx^I+J. 

If we replace f(x) and g(x) in this inequality by 


( 2 ) 
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respectively, the left-hand side is unchanged, and each term on 
the right-hand side is replaced by Hence 

j J fg dx j < 2 IUpJi-Vp. (3) 

The inequality (1) can be deduced from the well-known 
inequality 

x m — 1 <m(x— 1) (x> 1, 0<m < 1). (4) 


Putting x = a/b (a > 6), and multiplying by 6, 
a m b l - m < b-\-m(a—b). 


Putting m = a, 
form 


1— ra = /J, so that <*+/}=!, this takes the 
a^bP < aa+6/J, (5) 


and since this is symmetrical it holds if a and 6 are any unequal 
positive numbers. If a = b it becomes an equality. 

Using (5), we have, if F(x) ^ 0, G(x) ^ 0, 


F(x) 


G(x) 


F(t) dt I \ I G(t) dt\ 


dx < 


«F(X) , PG(X) y 

b ' b 

f F(t ) dt J G(t) dt 


dx 


= 0£-)-/J= 1, 

ft , , ft 


i.e. 


J {F{x)}“{G(x)}f> dx < j J F(x) dx)“j J G(x) dz) 

a 'a ' 'a 


Finally, putting a = 1/p, F(x) = \f(x)\ p , and G(x) = |< 7 (x)| p/Cp 1} , 
the result (1) follows.* 

Example. The case of equality occurs only if \f(x)\ p /\g(z)\ p / {p ~ 1) is 
almost everywhere equal to a constant. 


12.421. Hdlder’s inequality for sums. This is 

i2«ai < (2 Kn'ni iM p,(p - 1) ) 1 - 1,p - 

The proof is similar to that of the integral inequality. We have 


ihywi'Jf 


2 A 
= «+£ — 1* 



i.e. ZA n )«(ZBj, 

and writing a = 1/p, ^ n =K,l p , resu ^ 

follows. 


This proof is given by Hardy (20). 
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12.43. Minkowski’s inequality. If f(x) and g{x) belong to 
L v , where p > 1, then 

•{/ \f(x)+ 9 (x)\*>dx) llP ^[j |/(*)|*(fe) to +(J | \g{x)\»dx) Mp . (1) 
For 

/ \f\-\f+g\ p ~ 1 dx + / l0U/+?l p " 1 <& 

<{J l/l^n/ I f+g\»dxf- 1,p + 

+ {/ \f+ 9 \ p dxf~ llp 

by Holder’s inequality. Dividing each side by 
(/ \f+g\ p dx] 1 ~ vp , 

the result follows. 

The corresponding inequality for sums 

(I K+b n \ p ) vp < (I K\ p ) llp +(I \K\ p ) Vp (2) 

can be proved in a similar way. 

12.44. The integral of a function of L p . We have seen in 
the previous chapter that a necessary and sufficient condition 
that a function should be an integral is that it should be abso- 
lutely continuous. There is a corresponding condition that a 
function should be an integral of a function of the class L v . 

A necessary and sufficient condition that a function F(x) should 
be the integral of a function of the class L p , where p > 1, is that 

the sum 21 F(x v +h v )-F(x v )\»h' v -P, 

taken over any system of non-overlapping intervals (; x v ,x v -\-h v ), 
should be bounded . 

If instead of ‘should be bounded’ we say ‘should be bounded 
and tend to zero with 2 the theorem is still true, and in 
this form it is true for p = 1 also, and so includes the theorem 
on absolute continuity as a particular case. For p > 1 the two 
conditions, one of which appears to be more restrictive than the 
other, turn out to be equivalent. 

To prove that the condition is necessary, suppose that 

X 

F(x) = F(a)+ j f(t) dt, 
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where f(t) belongs to IP. Then 

I x v -\-h v 




Xv-\-h v 


t x v -\-h v 


t"“ IUp|"7"' \i-X Ip ( x,+K . llp 

/ \m\ p dt^ ( | dtj J |/(*)|*d<) . 


Hence 


Xv\-hv 


'Z\F(x v +h v )-F(x v )\i>hl-»^ J 1/(01*' J \f(t)\ p dt, 

x„ a 

so that the condition is necessary. Since 


Xv + hy 

i / \m\ p dt 

X v 

tends to zero with 2 the alternative condition is also 
necessary. 

Suppose now that the condition is satisfied, and let M be the 
upper bound of the given sums. Then, by Holder’s inequality 
for sums, 


2 \F(x v +h v )-F(xJ\ = Z\F(x v +h v )-F(x v )\K!P-KK-Vr 

< {1 \F(x,+h ¥ )-F{z p )\*ki-*yi*(2, K) 1 -^ < KY^*. 

which tends to zero with 2 A„. Hence F(x) is absolutely con- 
tinuous, and so is an integral, say 


F(x) = F(a)+ J/(0 dt. 

a 

It remains to prove that f(t) belongs to L v . Consider a 
sequence of finite sets of points in the interval, the with set 
being x m l , x m>n , such that 

lim max(x ffl< v+1 —x m , ,) = 0- 

m — ►*> v 

For example, if the interval is (0, 1) we may take x miV = vj2 m . 


Let 


fm( X ) = 


F (%m, v+l) F{z m ,y) 


x—X n 


If x is not one of the points 


in each interval x mt v ^ x < x mt „ +1 . 
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x m and F'(x) exists, and x mv <x< x m> „ +1 , then 

/ (*) = F ( X m.,+l)- F ( X ) Sm.v+1 , 

x m,v+ 1 x x m,v + 1 X m,v 

_|_ F( X m.,)~ F (x) x X m, i> 

a: m,i'+l X m, v 

= {*»+8i} r -^^ +(fM+8 2 } 

v+1 •‘'m, y ‘‘'m, v+1 a; m, v 

= ^'(arJ+Sj, 

where |8 a | < |Si|-|- [S 2 |, and 8, and S 2 tend to zero as 

x m, K+l x m, r 0* 

Hence lim f m (x) = F'(x) = f(x) 

Trt-»QO 

almost everywhere. Also 

| \f m ( x )\ P dx = 2 \ F ( x m.v + l)- F ( x m,,)\ P \ x m.v + l~! x m, v \ 1 ~ P < 
a 

Hence, by Fatou’s theorem (§ 10.81), f(x) belongs to and 

b b 

| \f{x)\ p dx < lim | \f m {x)\ p dx ^ M. 

a a 

12.5. Mean convergence. If we are given a sequence of 
numbers, say s n9 we have usually to consider the behaviour of 
the difference s n — s between s n and a given number s. In dealing 
with a sequence of functions, say f n (x)> and a given function 
f(x) y it is often not the difference but the mean or average value 
of the difference which is important. This can be defined in 
various ways. If the functions belong to the class L p , where 
p ^ 1 , we consider the integral 

/ \In( X )-f( x )\ P dx. (1) 

* a 

If this integral tends to zero as n -* oo, we say that f n (x) con- 
verges in mean (en moyenne, im Mittd ), to f(x)> with index p . 

b 

If j \fjx)-f n (x)\» dx (2) 


tends to zero as m and n tend independently to infinity, we say 
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that the sequence f n (x) converges in mean, with index p. Here 
the function /(x) is not involved explicitly. 

The fundamental theorem* of the subject is that if the 
sequence f n (x) converges in mean , with index p, then there is a 
function f(x) of the class IP, defined, uniquely apart from sets of 
measure zero , to which f n (x) converges in mean. 

The theorem is analogous to the ‘general principle of con- 
vergence’, that if s m — 8 n -> 0, then there is a number s to which 
s n tends. 

A word of explanation is necessary with regard to the ‘unique- 
ness’ of the limit-function f(x). Suppose that we have found 
a function f(x) which satisfies the given conditions. Then 
obviously any other function g{x) which is equal to f(x) almost 
everywhere also satisfies the conditions. So at any particular 
point the value of f(x) is undetermined, though its general 
aggregate of values is in a sense determined. The function f(x) 
should be regarded as a representative of a class of functions, 
any two of which are equal almost everywhere, and so all of 
which behave in the same way in integration. 

The theorem for a finite interval and p > 1 may be proved 
as follows. To every integer v corresponds a smallest positive 
integer n v such that 

b j 

J l/mfc )— /»(*) \ V dx < 3 ; n »’ n > n J>‘ 

a 

In particular, 

j \fn t ,J*)-fnM)\ P dx<± (,= 1 , 2 , 3 ,...). 

a 

If E v is the set where ■' t (x)—f nr (x ) > 2~ vlp , it follows that 
m(E v ) < (§) v . Hence the series 

i i/» >M ,(*)-/»>) 1 

V=1 

is convergent, by comparison with J if, for some value 
of N, x does not belong to the set E N + 1 +E N i 2 +... . Since the 
measure of this set tends to 0 as N -> 00 , it follows that the 

♦ Fischer (1), F. Riesz (1), (2); W. H. and G. C. Young (2), where several 
alternative proofs are given ; and Hobson (1). 
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above series is convergent for almost all values of x\ hence so is 

V=1 

i.e. there is a function f(x) (defined almost everywhere) such that 

!“/»,(*) =/(*) 

V — ► « 

almost everywhere. 

This function f(x) has the required property. For by Fatou’s 
theorem 

b b 

Urn J \fm( x )~fn,( x )\ p dx > j \fm(x)-f{x)\ p dx; 

*^°°a a 

b 

but J \fm(x)-f nv (x)\ p dx < € (m>m 0 ,v> v 0 ). 

a 

b 

Hence J f( x )\ p dx < e (m > m 0 ), 

a 

b 

i.e. li m J \fm( x )—f( x )\ p dx = 0, 

a 

i.e. the sequence f m (x ) converges in mean to f(x). 

Finally, suppose that f n (x) converges in mean to f(x) and also 
to g(x). Then, by Minkowski's inequality, 

(/ \f-9\ p dx ) llP <(S \f-fn\ p dx\ VP + (j \g-f n \ p dxY” -0. 

'a ' 'a ' 'a ' 

Hence the left-hand side is 0, and so f(x) = g(x) almost every- 
where. 

If p = l the proof is simpler, since it is not necessary to use 
Minkowski’s inequality. We have 

\f—g\ = \f—fn—9+fn\ < \f-fn\+\9-fn\> 
and hence 

b b b 

f \f—g\ dx < J I f—fn\dx + J \g-f„ I dx. 


The same result therefore follows. 
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12.51. The proof applies almost unchanged to an infinite 
interval. We find that the above series are convergent almost 
everywhere in (a, b) for every 6, i.e. almost everywhere in (a, oo); 
and Fatou’s theorem holds for an infinite interval; for, taking 
the set E of § 10.81 to be the interval (a, 6), 

b b oo 

J f(x) dx < lim | f n (x) dx < lim J f n (x) dx, 

a a a 

and, making b -> oo, we obtain the required extension of Fatou’s 
theorem. The proof for an infinite interval now follows. 

12 . 52 . We have also (for a finite or infinite interval) 

\ \fn( x )\ p dx= f \f(x)\*>dx. 
n— ► oo J J 

For by Minkowski's inequality 
{ | l/n(*)l p dx ) 1,P < ( / \f( x )\ p dx} llp + j J \f{x)-f„{x)\P dx j 1/p , 
and also 

{ J|/(x)|^x) 1,P <{ J|/„W<fof P + ( j\f(x)-f n (x)\*dx) llp . 
Hence lim j J |/„(x) |* dx ) Vp = ( J | /(*) |*> dx\ Vp , 
and the result follows. 

12 . 53 . If f n (x) converges in mean to f(x) with index p , and 
g(x) belongs to L pl(p ~ v y then 

lim | f n (x)g(x) dx = j f(x)g{x) dx. ( 1 ) 

For 

j/ {/n( x )-/( x )M X ) dx \ 

<(} \f n W-f(*)\ P ^) 1,P (J \g(x)\» l( »- 1) dxf' llP , 

which tends to zero. 

In particular x x 

lim \ f n (t) dt = i f(t) dt (2) 

n->oo J • 

a 

for all values of x in the interval considered. 

For the function g(t) = 1 (a < t < x) f = 0 (t > x), belongs to 

ZjPKp-D 0 
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Examples, (i) If f n (x) -> f(x) boundedly over a finite interval, then 
f n (x) converges in mean to f(x) with any index. 

(ii) Consider the closed intervals (0, \), (J, 1), (0, J), (£, }), (j, 1), 
(0, J), etc. Let /«(#) = 1 in the nth interval, and f H (x) = 0 in the re- 
mainder of the interval (0, 1). Then f n (x) converges in mean to zero 
in (0, 1), with any index ; but f n (x) does not tend to zero for any value 
of x . 

(iii) If f n {x) converges in mean to f(x), andf n (x) — > g(x) almost every- 
where, then f(x) — g(x) almost everywhere. [Use Egoroff’s theorem.] 

(iv) If f n (x) converges in mean to f(x) with index p , and g„(x) to g{x) 
with index pj(p— 1), then J f n g n dx -> J fg dx. 

12.6. Repeated integrals. As in the elementary cases con- 
sidered in § 1.8, the equation 

b P P b 

j dx jf(x,y)dy = J dy jf(x,y)dx (1) 

a a. a. a 

is in general true in the Lebesgue theory. The general discussion 
of this, however, depends on the theory of the double integral 

f jf(x,y)dxdy, 

which in turn depends on the theory of two-dimensional sets 
of points. It would take us too far to carry this out in detail. 

There is, however, a particular kind of repeated integral which 
includes many cases of interest, and which can be dealt with 
by the theory already developed. 

Let f(x) be integrable in the Lebesgue sense over (a,b), and g(y) 
over (a, /J), and let k(x , y) be a continuous function of both variables , 
or, if it has discontinuities , let them be of the type described in 
§1.82. Then 

b p p b 

J /( x) dx j g{y)k(x, y)dy = ] g(y) dy J f(x)k(x, y) dx. (2) 

a a a a 

Suppose first that/(z) and g(y) are bounded, say \f(x)\ ^ M , 
|gf(i/)Kibf. Let % \k(x,y)\ ^K. 

Let <f>(x) be a continuous function satisfying 12.2 (1); and let 
\<f>{x)\ < M. Let ip(y) be a continuous function related in the 
same way to g(y). 

Call the left-hand side of (2) /, and let 
b p 

I' = j <f>(x) dx J I P(y)k(x, y) dy. 

a a 
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I— I' — J dx J g(y)k(x,y) dy -f 

a a 

b p 

+ J <f>(x) dx J {g(y)—ip(y)}k{x,y) dy, 

and hence 

b 

< j \f{x)-'HxW-oc)MK dx +(b-a)Mr ] 


^ MK(fi — a-f-6 — a ) 7 ]’ 

Similarly, if the right-hand side of (2) is J, and 
P b 

J> = J My) dy J <f>( x M x ,y) dx, 

a a 

then \ J — J f \ tends to 0 with 77. 

But, by the theorem of § 1 . 81 , /' = «/', since <f>(x)i/j(y)k(x,y) 
is continuous, or has discontinuities of the restricted type. 
Hence \I— J\ tends to 0 with 77, and so I = J. 

The extension to unbounded functions may be left to the 
reader; we suppose first that f(x) and g(x) are positive, and argue 
with {f(x)} n and {g(x)} n in the usual manner. 


12 . 61 . If f(x) is integrable over (0, 1), and g(x) over (0, 2), then 
the integral l 

J f( x )g( x +t) dx 
0 

exists for almost all values of t in (0, 1), and represents an in- 
tegrable function of t. 

It is sufficient to consider the case where / and g are positive. 
Define {f(x)} n as usual, and let 

1 

F nV) = j {f( x )}n9( x + t) dx. 

0 

This integral exists for all values of t , and, for a given n, F n (t) 
is bounded, and for each value of t it is a non-decreasing func- 
tion of n. Also 

1 11 r f 

J F„(t) dt = jdtj {f(x)} n g(x+t) dx= J {f(x)) n dx J g(x+t) dt, 

0 00 0 0 ( 1 ) 

if we may invert the order of integration. 


cc 
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To justify this, approximate to g by a continuous function 
iffy as in the previous proof, and let 

i 

x(t) = / {f( x )}n4>( x +t) dx. 

0 

11 1 

Then J x(<) dt = j {/(*)}« dx j 'P( x + t ) dt, (2) 

0 0 0 

this inversion being justified by the above theorem. Now 

** i 

1-^(0— x(OI < / {f{ x )}„\g{x+t)-'K x - 3 t- t )\ dx<nrj, 

0 

60 that the left-hand side of (1) differs from that of (2) by less 
than nr). Similarly the right-hand sides differ by less than nrj. 
Hence, making rj 0, we obtain (1). 

1 12 

Hence* J F n (t) dt < J f(x) dx j g(y) dy. 

0 0 0 

Hence, as n -> oo, F n (t) tends to a finite limit for almost all 
values of t (§ 10.82). The result now follows from the theorem 
of § 10.82. 

12.62. Repeated infinite integrals. lff(x),g(y),andk(x,y) 
are positive, and the conditions of § 12.6 are satisfied for all values 
of 6 > a and > a, then 

CO 00 oo oo 

J f(x) dx | g(y)k(x, y) dy = J g(y) dy J f{x)k(x, y) dx (1 ) 

a a a a 

provided that either side is convergent. 

The theorem is similar to that of § 1 .85, but the supplementary 
conditions which appear there are now a consequence of the 
main hypothesis. 

Suppose that the right-hand side of (1) is convergent. Since 

X oo 

j f(x)k{x, y) dx^j f(x)k(x, y) dx, (2) 

a a 

and the left-hand side of (2) is a measurable (in fact a con- 
tinuous) function of y , it follows that 

oo x 

f 9 (y) dy j f(x)k(x,y) dx 
ot a 
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is convergent. Hence 

n X X n 

lim f g(y) dy f f(x)k{x,y) dx = lim f f(x) dx [ g{y)k(x,y) dy 

n — ►« ^ ^ n — J 

a a a ol 

is finite. Also n 

F n (x) =/(*) j g(y)k(x,y) dy 

a 

is a non-decreasing function of n for each value of x. It there- 
fore follows from § 10.82 that F n (x) tends to a finite limit, as 

n — > oo, for almost all values of x in (a,X)\ i.e. 

00 

J g(y)k(x, y) dy 

ol 

is convergent for almost all values of x in ( a , X); and by § 10.82 

A' oo X n 

J f(x) dx J g(y)k(z, y) dy = lim ( f(x) dx J g(y)k(x, y) dy 

a ol n a 

n X ® * 

— lim f g(y) dy f f(x)k(x,y) dx~ j g(y) dy J f(x)k(x,y) dx. (3) 

n -"°° a a a a 

By (2), the right-hand side of (3) is bounded as X hence 

so is the left-hand side, and therefore the left-hand side of (1) is 
convergent. 

We can now prove in a similar way that the order of integra- 
tion in y * 

f g{y) dy \ f(x)k{x,y) dx 

ol a 

may be inverted. The final result then follows as in § 1.85. 

MISCELLANEOUS EXAMPLES. 

1. If f(x) is integrable over (a, b), and a — .To ^ * r i ^ a 2 < "* < "' 
then 


71 ~i 

i 

v- 0 


X, M O 

J /(t) di J \m\dt 


as the greatest partial interval tends to zero. , 

[The proof is elementary for continuous functions; and then the 
general result may be deduced by means of the theorem of § 12.-. j 
2. If F(x) is absolutely continuous in {a, b), its total vana ion in 1 

interval is b 

J |F'(*)| dx. 

a 

[Use the result of the previous example.] 
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3. Show that, if J(x) and g(x) belong to L\ 

J {/(*)}» dx j {g(x)}* dx - ( J f(x)g(x) dxj* 

= i j d V j {f(x)g(y)-J(y)g(x)Y dx. 


and hence obtain another proof of Schwarz’s inequality. 


4. We use log'# to denote log a? if x > e, and log'# = 1 if x < e. 

Show that if {f(x)} 2 log'f(x) and {g(x)} 2 j\og'g(x) are integrable over 
(a, b), then f(x)g(x) is integrable over (a, 6). 

^Let E be the set where / < g/log'g. Then 


In CE , g < / log'< 7 - If g < e this gives 

g </</io g y. 

If g ^ e, \g < AgjXog'g < Af, \ogg<A\ogf, and hence again, 
g<Af\og'f. Hence 

j CE f9 dx < ^g'f(x) dx . ] 


5. If /'(log'/)* and (\og f g)~ 9 l ( P- 1) are integrable, then f{x)g(x) is 

integrable. 


0. Prove that 


uv < m log u-}-c v-1 


(u > 1, v > 1). 


Deduce that if f(x)\og'J(x) and e 9{x) are integrable, so is f{x)g(x). 

[W. H. Young (4). The inequality may be verified by putting u = e*, 
v = 2/4- h] 

7. If a > 0, p > 0, y > 0, a+fi+y - 1, 

| jfgkdx\ < ( J |/ 1*/» d*)“( | \g\'l<> <**)*( | W>/y dxf. 

8. If A > 0, /i > 0, Xji < 1, and f(x) and g(x) belong to suitable 
L-classes, then 



<l+A)U+ M )/U-A,t> 


< 


J l/l 1 +A bl ,+,1 ^(J I/I 


1+A dx 


\M«1+A)/<1- Am> 


(J b| 1+M tfcr) 


\ A(l + fi)/(l-A/i) 


[W. H. Young (2); the result may be obtained by suitable sub- 
stitutions in ex. 7.] 

9. If F(x) is the integral of a function of the class L*, where p > 1, 
then as h 0 F(x+h)-F(x) = o (ft 1 -*/*). 
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[If F(x) is the integral of‘f(x). 


x+h 

\F(x+h)~F(x)\ = f f(t)dt 

X 


\ l i*( x r h Y llp ( x r h 

1/(01' dtj jj d*j |/(0|- AJ , 


and the last factor tends to zero with h .] 

10. If f(x) belongs to L p ( 0, oo), where p > 1, the integral 


o 

is uniformly convergent in any finite interval. 

11. If f(x) belongs to Z>, where p > 1, and <f>{y) is the integral defined 
in the previous example, then as h — >■ 0 

<t>(y-\-h)-<l>(y) = 


GO 

j^For <f>(y + h) — (f>(y) = J [sin{x(i/ + *)} - sin a*/] da; 

o 

oo 

= 2 sin Ixh cosa^y-f £/i) dx. 

J x 


Hence 


\4>(y+h)-<j>(y)\ < 2 J | /(•■*•) Slr> ^-- 


da; 


< 2 


| J !/(*)!'*=] |J 


sin £a;7i 


pUp -d 


dx 


i-i Ip 


The first factor is a constant, and the second factor, on putting X £/h, 
is seen to be a multiple of h'l”. This gives the required result with O 
instead of o. If, however, we apply the above argument to the integrals 
over (0, S) and (A, oo), where S is arbitrarily small and A arbitrarily 
large, and notice that 

a | A 

J-^l sin ia^cos^y+J/O dx < J |sin dx = 0(h) 

I* 8 

for fixed S and A, the required result follows. j 
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12. Show that the integral 

00 

0 

is absolutely convergent if f(x) belongs to L p , where l < p < 2; and 
that, as y -> 0, ■£(?/) -o(y^i). 

13. If j(x) is imiformly continuous over (0, oo), and belongs to a class 
L p ( 0, oo), then /(a:) — > 0 as x — > oo. 

14. If J{x) belongs to L p ( 0, oo), where p > 1, so do the functions 

X oo 

i J /(<) dt, ijj{x) = J dt. 

0 X 

[Hardy (17) and ( 19). Consider <f>(x ), for example. It is bounded except 
as x — > 0 or x -> oo. Hence ^ 

J \<t>(*)\ T dx 

a 

exists for 0 < a < b < oo ; and it is sufficient to prove that this integral 
remains bounded as a 0 and b oo. 

We may suppose without loss of generality that f{t) > 0. Let 

x 

fi(x) = jf(t)dt. 

0 

Then x l ~ p {fi(x)} 9 tends to zero, both as x -> 0 and as x — > oo ; for 
x . x \ . j x 

(fi(x)) T ■' | {/(<)]'*( J A j - x »- 1 J {/(<)/'’ dt, 

0 'o' 0 


whence the result for x — 0 follows. Again, if x > a similar argument 
shows that £ x ^ 

/.(*) < J m dt + j {/(,)}' dt j ”, 

0 ' £ ' 

and we can choose f so large that the last factor is arbitrarily small, 
for all x > This gives the result for x -> oo. 


We write 


u u 

J {<H x )) r dx = J {/,(*)} 


p x~ p dx. 


and integrate by parts, obtaining 


| {Ux)] ,->f (xW - , dx 

° b 

=o(i)+-?- r {, 
F-l J 


{<f>{x)}*-'f(x) dx. 
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V 

J {#*» 


p dx < o ( 1 ) -f' 


and dividing by the factor 


{<f,(x)}*dx\ { I {f(x)}’dx 


P ~i {/ 

v a ' 

V \ 


and making a -> 0, 6 -> oo, we obtain 

( J {^p dx y ^ p p _ i jj {/(*)}> d x y. 

We leave the corresponding process for ip(x) to the reader.] 

15. Prove that, with the hypotheses of the previous example, the 

integrals oo » 

| \<)>{x)\9 tflp-' dx, j* \$(x)\*x*l p - l dx 

o o 

are convergent for q p. 

16. If f(x) belongs to 7^(0, oo), where p > 1, and 


<f>{x) J c -**/(?/) cfy, 


then y'~ 2 / p (f>{y) belongs to L p . 

l lx 


\4>( x )\ < J l/(2/)| dy + J ~~ dy. 


and the result follows from ex. 14.J 

17. If f(x) belongs to L p (a y b), there is a continuous function g(x) 
such that b 


[ !/(-»■) “'7(^)1'’ dx 


[The result for bounded f(x) follows at once from § 12.2, and the 
general result may then be deduced from this.] 

18. If f(x) belongs to L p over an interval including (a, 6), then 


v 

lim f \f(.x+h)—f(x)\” dx = 0. 

^—►0 d 


[The result is immediate for continuous functions. For the general 
result use the previous example.] 

19. If f(x) belongs to L p ( — oo, oo), then 


lim I \f(x + h)— f(x)\ p dx — 0. 
h-+o J 
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20. Itf(x) belongs to L p ( — oo, co), and g(x) to Z>/o>-»(— oo, oo), then 

00 

F(t) = J J(x+t)g(x)dx 


is a continuous function of t. 

[For |F(<+A)-F(i)| 

< | J |/(* + H-A)— /(T + Ol'dcj | J \g(x)\*l { r-» dx 

— 0O — OO 

21 . The function F(t) of the previous example tends to zero at infinity. 

00 ~\t OO 

[Write /=/+/•] 

— oo — oo — \i 

22. If f(x) belongs to L p { — oo, oo), then 



— QO 


is continuous, and belongs to L p ( — cc, oo). 
JlJse the inequality 


i j p( x )ij» < f i/ (o f r dt | 


23. If f(x) is integrable, the integral 


X 

/«(*) = J dt (<x > 0) 


exists almost everywhere, and fjix) is integrable. 

[The function f a {x) is the integral of f(x) of order ot ; for some pro- 
perties of such integrals see Hardy (12) and Hardy and Littlewood (5).] 

24. If f(x) belongs to L p (p >1), show by the method of ex. 20 that 
f a {x) is continuous if a > 1/p. 

25. Iff aj p(x) denotes the integral of order jS of /„(x), then 

: f*,p( x ) ^f°+p( x ) (a > 0, p > 0), 

wherever the right-hand side exists. 

[We have to invert the repeated integral 

X t 

J (x — 1)&~ 1 dt j ( t—u) a - l f(u)du 

o 0 . 

x 1-8 

and use Ch. I, ex. 18. The integral | J may be inverted by § 12.6. 
We can then make 8 -> 0 and use the theorem of § 10.82.] 



CHAPTER XIII 
FOURIER SERIES 


13.1. Trigonometrical series and Fourier series. A 

trigonometrical series is a series of the form 

oo 

£ a o+ 2 (°n cosnx +b n sinna:), (1) 

n=l 

where the coefficients a 0 , a v b v ... are independent of x. The 
problem of representing a given function f(x) by a series of this 
form was first encountered by Fourier in a problem of the con- 
duction of heat. Subsequently it was found that these series 
play an important part in the theory of functions of a real 
variable, and it is from this point of view that we shall consider 
them here. 

We naturally begin by trying to find formulae for the coeffi- 
cients a n , b n , in terms of the given function f(x). Suppose that 
the series converges uniformly, or even boundedly, to f(x)\ we 
may then multiply by cos mx , where m is a positive integer, and 
integrate term by term over the interval (0, 2tt). Since 

2tt 

J cos mx cos nx dx = it (n = m), == 0 (n ^ m ) 

o 

2rr 

and J cos mx sin nx dx = 0 

o 

for all values of n, we obtain the result 


a 


m 


2it 

J f(x ) cos mx dx. 


( 2 ) 


0 

The same formula also gives a 0 ; and similarly, multiplying by 
sinmx and integrating term by term, 


2 rr 

b m = - J f{x ) sin mx dx. (3) 

o 

The formulae (2) and (3) are known as the Euler-Fourier 
formulae for the coefficients. 

There is, however, no a priori reason for supposing that a 
given function can be expanded in a boundedly convergent 
trigonometrical series. The above process is therefore not a 
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proof that the coefficients necessarily have the above form. 
What it really suggests is that we should adopt a different point 
of view. Instead of starting with the series, and assuming that 
it has a certain property, we start from the function, and define 
the coefficients by the above formulae. We then consider the 
properties of the series so formed. 

Suppose, then, that we are given a function f(x) y integrable 
in the sense of Lebesgue over the interval (0, 2?r). Then the 
integrals (2) and (3) exist, and the numbers a m , b m defined by 
them are called the Fourier coefficients of f(x). The trigono- 
metrical series of the form (1), with these coefficients, is called 
the Fourier series of f(x). 

The scheme of the chapter is as follows. We first try to 
determine conditions under which the Fourier series converges 
to f(x). A number of these conditions are found, but they are 
all rather special ones (§§ 13.11-13.25). We next consider a 
generalized kind of convergence (summability (C, 1)), and find 
that it enables us to put the theory into a more systematic 
form (§§ 13.3-13.35). In the following sections we consider some 
problems of term-by-term integration; and this leads us to con- 
sider properties of the Fourier coefficients themselves, apart 
from the Fourier series. In §§ 13.8-13.86 we return to the 
question of the relation between Fourier series in particular and 
trigonometrical series in general. Lastly we give some of the 
corresponding theory of Fourier integrals. 

13.11. The convergence problem. The first problem which 
we have to consider is whether the series formed in the above 
manner converges, and, if it does, whether its sum is f(x). 

At the time when Fourier series first came into use, there 
seemed to many mathematicians to be something paradoxical 
in saying that an ‘arbitrary’ function could be represented by 
a series of functions, each of which is continuous and periodic. 
The reader who has examined the peculiarities of some of the 
series in Chapter I is perhaps prepared to believe that even this 
is possible; and we shall show that the series does, substantially, 
do what is required of it. We must not, however, expect too much. 

In the first place, every term of the series has the period 2n; 
hence the sum of the series, if there is one, also has the period 
2n. We therefore define the function f(x) first in the interval 
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0 < x < 2 tt; outside this interval we define it by periodicity, 
i.e. by the equation 

/(*+ 2w )=/(*). 

Secondly, it is impossible that, whatever f(x) is, the series 
should converge to the sum f(x) for every value of x. Con- 
sider, for example, two functions f(x) and g(x) which differ at 
one point only. They have the same Fourier series, so that it 
cannot represent both functions at every point. More generally, 
two ‘equivalent’ functions, i.e. functions which are equal almost 
everywhere, have the same Fourier series, which therefore can- 
not represent them both if they differ anywhere. 

Actually we shall see that the series does represent the func- 
tion, provided that the function is not too complicated; and 
even in the most complicated cases, the series still represents 
in some sense the main features of the function. 


13.12. Fourier series and Laurent series. There is a 
close formal connexion between a Fourier series and a Laurent 
series. Let F(z) be a one-valued analytic function, regular for 
R < \z\< R. Then 

F(z)= £ c n z n , 

n — oo f 

where c n — 1 . f dz (R' <r < R). 

2m J z tl f 1 

\z\=r 

Putting z = re i& , we have 

F(re i9 ) = f A n e inB , 

71 = — oo 
2r r 

where A „ = J F{re+)e- in * d<f>. 

0 

The expansion may also be written 


F(re iB ) = A 0 + f {(A n +A_ n )cosn6+i(A,-A_ n )smne}, 

71=1 

where 

2rr j ? 

4 0 = — f F{re^) d<f>, A n +A. n = - F(re^)coaru/> d<t>, 
2n J ^ J 

o 0 

27 T 

i(A n --A_ n ) = ^ J F {regain n<f> d<f>. 
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We have thus expressed the Laurent series in the form of 
a Fourier series. The fact that in this case the series represents 
the function, and indeed converges uniformly to it, follows from 
the theory of analytic functions. In general we assume much 
less about the function than that it is analytic, and the problem 
requires quite different methods. 


13.2. Dirichlet’s integral. Let 0 ^ x < 2tt, and let 

n 

8 n = 8 n( x ) = M>+ 1 (a m cosmx + b m sin mz). (1) 

771=1 

This partial sum can be represented as a definite integral. We 
have 

2tr 

a n = ^ff( t ) dt + 

0 

n , 2ir 27 r 

+i2 cos mx I f(t ) cos ml dt + sin rnx I f{t ) sin mt dt 
<T o 

277 277 

- ; J (*+ * = h J *■ 


Putting t = x-\-u y this becomes 


277 - 

-II 


sin(/i+i)^ 

sin \u 


f{x+u) du , 


or, since the integrand has the period and so takes the same 
values in (2tt— x, 2tt) as in (— x, 0), 


_l_ f sinO 

n 2irJ si 


sin(tt+£)w 
sin \u 


f(x-\-u) du. 


(2) 


This formula is known as DirichleVs integral. It may also be 
written in the form 


° n = -L / 81£ Sr“ {f(x+u)+f(x~u)} du. 


( 3 ) 


0 

This is obtained by writing u = —v in the range (n, 2tt), so that 
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this part of (2) becomes 


— 277 0 

by periodicity. 

Suppose, in particular, that /(a:) = 1 for all values of x. Then 
o 0 = 2, and all the rest of the Fourier coefficients are zero, so 
that s n = 1 for n > 0. In this case the above formula becomes 



T Bin(n+$)tt 

J sin^tt 


2 du. 


o 

Multiplying this by s, and subtracting from (3), we have 


Sn ~ S = i / 8i n £| j^ {f(x+u)+f(x-u)-2s} du. (4) 
0 

A necessary and sufficient condition that the series should 
converge to the sum s is, therefore, that this integral should tend 
to zero. The ‘convergence problem* is the problem of deter- 
mining under what conditions the integral tends to zero, and, 
when it does so, whether s=f(x). We may consider the con- 
vergence problem for one particular value of x , for all values of 
x, or for almost all values of x\ or for some other set of values 
of x . We begin by considering one particular value of x. 


13,21. The Riemann-Lebesgue theorem. The following 
theorem is fundamental in the theory. 

If f(x) is integrable over (a, b) } then as A -> oo 

b b 

J f(x ) cos Xx dx -+ 0, | /(z)sin Xx dx 0. 

a a 

Consider, for example, the cosine integral.' If f(x) is an 
integral, we may integrate by parts, and obtain 

b m b 

J f(x ) cos Ax dx = | f{x) ^ J /'(x)sin Ax dx. 

a a 

The last integral is bounded, so that the whole is 0( 1/A). 
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In the general case, given e, we can (§ 12.2) define an abso- 
lutely continuous function <f>(x) such that 

| \f(x)-'f>(x)\dx<e. 

a 


Then 


u u 

j {f(x) — (f>(x)}cos Xx dx ^ J \f(x)—<t>{x)\ dx 


<e 


for all values of A; and, by the first part, 

b 

l<€ (A>Ao). 


Hence 


J <f>(x) cos Xx dx 

a 

b 

J f(x) cos Xx dx 


2e (A Aq), 


the required result. A similar proof applies to the sine integral. 

There is an alternative proof on the lines of § 13.72, using 
the example of § 12.2. 


13.22. The Hiemann-Lebesgue theorem has the following 
important consequences: 

The Fourier coefficient 6 of any integrable function tend to zero. 

This is the particular case of the theorem where X — n, and 
the limits are 0 and 277. 

The behaviour of the Fourier series for a particular value of x 
depends on the behaviour of the function in the immediate neigh- 
bourhood of this point only. 

Let 8 be a positive number less than i t, and let g(t) f(t) in 
the interval x— 8 < 2 < #-|-S, and g(t) — 0 in the rest of the 
interval (x— 7t,x+7t). Let the partial sums of the Fourier series 
of g(t) be denoted by S n . Then 

s » = S / "SET? W a: +“)+ ! '< x -“» da 
0 

= J- f {/(*+*)+/(*-»)} du - 

277 J sin \u 
o 

**S n = Y- f {/(*+“)+/(*-«)} du • 

277 J sin \u 
8 


Hence 
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cosec u)} 

is integrable over (8,7 r) if 8 >0; and hence, by the Riemann- 
Lebesgue theorem, _ o 0 

8 n O n — > U. 

Hence, however small 8 may be, the behaviour of s n depends 
on the nature of f(t) in the interval (x— S,x+8) only, and 
is not affected by the values which it takes outside this 
interval. 

It is this property which makes it possible for the series to 
represent an arbitrary function; but the series only represents 
the function at the point x as a sort of limit of its average value 
over the interval (x— 8,x-|-8), and this will be equal to f(x) only 
if the behaviour of the function is sufficiently simple. As we 
have already remarked in § 13.1, the value of f(t) at the point 
t = x itself does not determine or affect in any way the sum of 
the series. 


13.23. Convergence tests. We first put the ‘necessary and 
sufficient condition for convergence to the sum s' into a more 
convenient form. Let 


cf>(u) =f(x+u)+f(x—u)—2s. 
Then the condition, by § 13.2 (4), is 


lim 

n—>x> 


J 


0 


sin(w-f-i)^ 
sin hu 


(f>(u) du — 0. 


(i) 


We may replace this by 
8 

sin(ri + l)u 

sin lu 
o 



<f)(u) du — 0, 


( 2 ) 


where 0 <S< 7 r; for, by the Riemann-Lebesgue theorem, the 
difference between the integrals in (1) and (2) tends to zero. 
Next we may replace (2) by 

lim f “"fc+i!? 

n-+ qo J U 


(3) 
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for (cosec \u—2ju)fau) is integrable over (0, S), and so, by the 
Riemann-Lebesgue theorem, 

8 

lim I sin(n+A)w (- — - \d>(u)du = 0. 

n-oo J (sin \u uf 

o 

We are now in a position to state some tests for convergence. 

13.231. Dini’s test. If fau)ju is integrable over (0,8), then 
the series converges to the sum s. 

This theorem is at once obvious from the above formula (3) 
and the Riemann-Lebesgue theorem. It should of course be 
remembered that the integrability of fau)/u in the Lebesgue 
sense implies ‘absolute integrability \ The existence of 

lim f du 
e— ►O J U 

€ 

is not a sufficient condition for convergence. 

Examples, (i) At any point where f(x) is differentiable, the series 
converges to the sum f(x). 

[At such a point, fi(u)/u is bounded.] 

(ii) More generally, if f(x) satisfies the ‘Lipschitz condition’ of order 
i>e - /(*+*)-/(*) - 0(1*1-) (0 < a < 1), 

then the series converges to the sum f(x). 

13.232. Jordan’s test. If f(t) is of bounded variation in the 
neighbourhood of t = x, then the series converges to the sum 

«/(*+ 0 )+/(*- 0 )}. 

Since ‘bounded variation’ means ‘bounded variation over an 
interval’, this condition is realty one for convergence over an 
interval. 

We know that, if f(x) is of bounded variation, the limits 
f(x-\- 0) and f(x— 0) exist. Hence 

<£(w) = +f(x—u)—f(x+ 0) —f(x— 0) 

is of bounded variation in an interval to the right of u = 0, and 
<f>(u) -> 0 as u -> 0. Hence we may write 

where fa and fa are positive increasing functions of u\ each of 
these functions tends to the same limit as u -> 0; and we may, 
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by subtracting a constant from each function, arrange that this 
limit shall be zero. 

Suppose that 8 is so small that <f>(u) is of bounded variation 
in the interval (0,8). Then 

j” 

° S 8 

- f *,(.)*.- r u«) du 

J U J U 

0 0 

= J 2' 

say. Consider the integral J v Given c, choose rj so small that 
</>i(r))<€. Then, by the second mean- value theorem, 

j f in lg+i). Uu) du _ Uv) j *, (o < f < ,) 

o £ 

(n+i)£ 

The last integral is bounded for all values of n f £, and 77, so that 

\j^Mn±bu (f>i{u)du<Ae 

' (J 

Having fixed rj, by the Riemann-Lebesgue theorem 

I? «.(.+>). ( „ >no) . 

J ^ 

v 

Hence -■> 0; and similarly J 2 -> 0. This proves the theorem. 

In particular if f(x) has only a finite number of maxima and 
minima and a finite number of discontinuities in the interval 
(0, 27 r), its Fourier series is convergent for all values of x to the 
sum l{f(x+ 0 )+f(x— 0 )}. For such a function is of bounded 
variation in the whole interval. These conditions are known as 
Dirichlet's conditions. They are, of course, satisfied in many 
cases; but they have the disadvantage that the sum of two 
functions which satisfy them does not itself necessarily satisfy 
them. 


DD 
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In connexion with Jordan’s test, it is interesting to note that 
if f(%) is a function of bounded variation over (0, 2n), its Fourier 
series is boundedly convergent. 

For let 0 < x < tt, and write Dirichlet’s integral for s n (x) in 
the form irr 


2 IT 


f sin(n-i-l)(x— t) 
J sin \(x—t) 


f(t) dt. 


~\n 


Since 


1 


1 


sinl(x— t) \{x—t) 
is bounded for — \tt < x~t < fa, this differs by a bounded 
function from | w 

‘ sin(n+ t) 


i r 

* J 

-in 


X — t 


7(0 dt 


Let/(/) — fi(t)—f 2 (t), where f x and f 2 arc positive non-decreasing 
in (— 2 7r >I 1T )- Then, by the second mean-value theorem, 


f 


x — £ 



sin(w+ D(*_— 0 df 

x—t 


;w), 


which is bounded for all n and x, as in the above proof. A 
similar result holds for f 2 . Hence the series is boundedly con- 
vergent over (0, tt), and similarly over (tt, 2tt). 


13.233. de la Vall6e-Poussin’s test.* If the function 

t 

'/'(<)=| J <f>(u)du 

0 

is of bounded variation in an interval to the right of t = 0, then 
the series is convergent. If s is so chosen that ifj(t) -> 0 as t -> 0, 
the sum of the series is s. 

For *(<) = | = *(<)+< *'(<)• 

Since t(t(t) is of bounded variation and tends to zero, the part 
of the integral § 13.23 (3) involving it tends to zero, as in 
Jordan’s test; and since \fj'(t) is integrable (§ 11.54), the part 
involving tifj'(t) tends to zero, as in Dini’s test. 

* The same test was given previously by du Bois-Reymond, but of course 
with Riemann integrals. 
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13.24. Relations between the above tests.* Consider the 
function . 

f( x ) = \ — Vr (° < x < 7r ) > = 0 (rr<x^ 2t t). 

log l/x 

This function is bounded and monotonic in the neighbourhood 
of x -■= 0, so that Jordan’s condition is satisfied, and the series 
converges. But Dini’s condition is not satisfied, since the 
integral § 

f dt 

J t log l ft 

0 

is divergent. Thus Dini's condition does not include Jordan's . 

On the other hand, Jordan's condition does not include Dini's. 
For consider the function 

f(x) = x 01 sin l/x (0 < x < 7r), — 0 (tt ^ x < 2 77), 

where 0<a<l. Then Dini’s condition for convergence at 
x — 0 is obviously satisfied. But the function is not of bounded 
variation (Ch. XI, ex. 5), i.c. Jordan’s condition is not satisfied. 

Lastly, de la V allee- Poussin s test include s both Dini's and 
Jordan's , i.e. if either Dini’s or Jordan’s condition is fulfilled, 
then so is de la Vallee-Poussin’s. 

We first remark that if g(x) is of bounded variation in (0, S), 
then so is 

^)=i 

0 

For g{x) == g 1 (x)—g 2 (x), where and g 2 (x) are positive, non- 

decreasing, and bounded; and 

X x 

G(x) J g x (x) dx J g 2 (x) dx = G^x)— G 2 {x), 

0 0 

say, and it is easily seen that G x (x) and G 2 (x) are both positive, 
non-decreasing, and bounded. Hence G(x) is of bounded varia- 
tion. 

The relation between Jordan’s test and de la Va lice -Poussin’s 
test follows at once; if <f>(t) is of bounded variation, so is 



For a detailed discussion of this question see Hardy (13). 
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Now consider Dini’s test. If tf>(u)/u is integrable, 

xm =jm du 

0 

is a function of bounded variation ; and 

t t 

0(<) = j J u ^ {*(“)} du = x(0 — j J x(“) du > 

0 0 

which is also of bounded variation, by the above remark. 
Hence de la Vallee-Poussin’s condition is satisfied. 

13.25. Convergence throughout an interval. If one of 
the above conditions is fulfilled at all points of an interval, of 
course the series converges throughout the interval; and if the 
condition is fulfilled uniformly, the convergence is uniform. The 
simplest case is as follows. 

The Fourier series of f(x) converges uniformly to f(x) in any 
interval interior to an interval where f(x) is continuous and of 
bounded variation. 

For in such an interval we can write f(x) =fi(x)—f 2 ( x ), where 
/j(x) and f 2 (x) are continuous and non-decreasing. Then, by the 
property of uniform continuity, we can find 77 so that 

\Mx+h)-fi(x)\< € (W < v), 
the choice of rj depending only on c and not on the value of 
x in the interval. It will be seen on referring to the proof of 
Jordan’s test that this implies the uniform convergence of the 
integral dealt with in proving the test. We have also to show 
that the parts of Dirichlet’s integral which have been shown to 
tend to 0 , actually tend uniformly to 0 ; the reader should have 
no difficulty in verifying this. 

The property of uniform convergence is, however, not so 
important as might be expected in the case of Fourier series, 
because questions of term-by-term integration can be dealt with 
under much more general conditions (§ 13.5). 

No simple restriction on f(x) which ensures that the Fourier 
series shall be convergent almost everywhere, without obviously 
proving more than this, appears to be known. It might, for 
example, be conjectured that continuity would be such a con- 
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dition; but no result of the kind suggested has been proved. 
On the other hand, a condition bearing not on the function 
itself, but on the Fourier coefficients, has been given: the Fourier 
series is convergent almost everywhere if the series 

2 «+ 6 n) lo g» 

is convergent * 

13.3. Summation of series by arithmetic means. If a 

series is not convergent, i.e. if s n = Wi+...+tt n does 

not tend to a limit, it is sometimes possible to associate with 

the series a ‘sum’ in a less direct way. The simplest such 

method is ‘summation by arithmetic means*. We take the 

arithmetic mean . 

«i+s 2 +...+s n 

n ~ 

n 

of the partial sums of the given series. If s n -> s, then also 
°n for if = s+8 ni then 

| Si+S 2 +...+S n 

and the last term tends to zero if 8 n 0, by the lemma of § 1.23. 

But or n may tend to a limit even though s n does not. Con- 
sider, for example, the series 

1— l+l— iH- .. 

Here the partial sums s n are alternately 1 and 0, and it is easily 
seen that o n -> i . 

A series for which a n tends to a limit is said to be summable 
by arithmetic means, or by Cesaro’s means of the first order, 
or (C, 1). 

Examples, (i) The series l-}-0 — 1 + 1-f 0 — 1-|- ... is summable (C, 1) 
to the sum f . 

(ii) The series sin x -f sin 2x 4- sin 3a; is summable (C, 1) for all 
values of x ; the sum is $ cot %x if a; is not an even multiple of 7 r, and 
otherwise is 0. 

(iii) The series ^ -f cos x 4 - cos 2a; + cos 3a; -f ... is summable (C, 1) to 
the sum zero if x is not an even multiple of it. 

(iv) If 2 u n 1® summable (C, 1), — o(n). 

[For 8, = na„-(n- l)a„_ r ] 

(v) Let t n = M 1 +2w,+...+nM„. If Jw, is summable (C, 1), a necee- 
sary and sufficient condition that it should be convergent is t n = o(n). 

[For f. = (n+ 1)8,— na„.] 


* Plessner (2). 
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(vi) If 2 is summable (C, 1), and u n — o(l/n), then 2 is con- 
vergent. 

[For t n = o(n), by the lemma of § 1.23. The result is analogous to 
Tauber’s theorem.] 

(vii) A necessary and sufficient condition that 2 u n should be sum- 

mable (C, 1) is that ^ 

2, n(n + 1) 

should be convergent. 


N _ 

. = J*. (j 

Z~,n(n\ 1 ) N+l N ' 


(viii) If J i f n is summable (C, 1), and u n = 0(1 /n), then J u « is con- 
vergent. 

[Hardy ; this is analogous to Littlewood’s extension of Tauber’s 
theorem. If J v n i s n °t convergent, then t# > A X N, or t N < for 

an infinity of values of N — say e.g. the former. Since 

*»<!=- <«+(»+ IK > K-A v 

we have / A+ „ > ^A X N (0 < v < \NA x jA 2 ). 

N+iNAJAi 

Hence > - — > A , 

Zw n(n-\- 1) 

7l = N 

and by (vii) the series is not summable (C, 1).] 

(ix) A series of positive terms is summable ( C , 1) only if it is con- 
vergent. 

[If*. -> oo, then a n — > oo.] 

13.31. Summability of Fourier series. It was discovered 
by Fejer* that the method of summation by arithmetic means 
applies particularly well to Fourier series. We write 

' 5 o+ 5 i + ---+ 5 *-i 


where s n is given by § 13.21 (3). Hence 

7T 

1 f sin Jw+sin! / w+...+sin(n— })u , , 

ff » = 0 -- T - T - {/(*+«)+/(*-' u ) du 

2n7T J sin \u 

0 

= f Sin ' lr ~ {f( x + u )+f( x ~ u )} du - (*) 

2mr J sin^-M. 
o 

Th s formula is known as Fejer? s integral. Its importance is due 
to the fact that the factor sin 2 |?m/sin 2 j 2 / is positive. This makes 


Fej6r ( 1 ). 
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it much easier to deal with Fejer’s integral than with Dirichlet’s, 
in which the corresponding factor, sin(7&+£)w/sin£w, oscillates 
between positive and negative values. 

In the particular case where f(x) = 1, the formula becomes 


1=J- [ a ™J^2du, 

2mr J sin 2 ]tt 


since now o n — 1 for n > 0. Hence, multiplying by 8 and sub- 
tracting, w 

= f {f(x+u)+f(x-u)-2s} du. (2) 

2nn J sin 
o 

A necessary and sufficient condition that the series should be 
summable (C, 1) to the sum s is, therefore, that the integral 
(2) should tend to zero. 

As in the convergence problem, we can simplify the condition. 
We write = f( x+u )+f(x-u)-2s 


as before. Then, if 8 is any positive number less than 7 t, a 
necessary and sufficient condition that the series should be 
summable (C, 1) to s is 


1 f &\nHnu 


f sir 

J si 


lim I ' 21 
n->oo n J sm 2 j26 


<l>(u) du — 0; 


(3) 


for 


1 f sin 2 \nu 
sin 2 &t 


-i J 


</>(u) du 




7T 

if 

» J 


W*>l du 
sinHw ’ 


which plainly tends to zero. Finally, the condition may be put 

in the form 5 

1 f sin 2 \nu 


lim - f 
to— ► qo U J 


U * 


(f>(u) du = 0; 


( 4 ) 


for 


O I 

0 


which tends to zero. 



414 FOURIER SERIES 

13.32. Fej6r ’s theorem. The Fourier series of f(x) is sum - 
mable (C, 1) to the sum 

M*+ o)+/(*-o» 

for every value of x for which this expression has a meaning . In 
particular , the series is summable (C, 1) to the sum f(x) at every 
point where f(x) is continuous. 

We now put s = i{f(x+0)-\-f(x—0)} in the above formulae. 
Then <f>(u) -> 0 with u , and we have to prove that 13.31 (4) is 
true. Suppose that \(f>(u)\ < c for u^r]. Then 


8 V 8 

1 f sin Hnu .. x , .1 f sin Hnu , 1 f sinHnu , f/ X1 . 

- \ —$(u)du <- — -i— ^(u) dtt 

77 J I7 2 72- J 27 2 71 J U 2 


n J u 2 n J u 2 


say. Now 


— 


1 f sin 2 i7iw , 1 f sin 2 ?; , If sin 2 v , 

- - du=- -—dvc-- -^-dv, 

n J u 2 2 J v 2 2 J v 2 


which is a constant. Hence l x < Ae. Having fixed 77, it is clear 
that 1 2 0 as n -> 00 . This proves the theorem. 


13.33. Summability throughout an interval. The fol- 
lowing theorem is an almost immediate consequence of Fejer’s 
theorem. 

The Fourier series of f(x) is uniformly summable in any interval 
included in an interval where f(x) is continuous. 

For f(x) is uniformly continuous in any such interval, and so, 
in the above proof, the choice of rj depends only on e and not 
on x. The result follows at once from this. 

Weierstrass’s approximation theorem. If f(x) is con- 
tinuous in (a, 6), and e is a given positive number , there is a poly- 
nomial p(x) such that 

\f(x)-p(x)\ < * (a^x^b). 

We can make a preliminary transformation so that the 
interval considered lies within (0, 277 ). Then, by the above 
theorem, there is a ‘trigonometrical polynomial’ a n (x) such that 
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\f(x)—o n (x)\ < throughout the interval. If we replace each 
sine and cosine in cr n (x) by a sufficiently large number of terms 
in its power series, we obtain a polynomial p(x) such that 
K( x )-P(x ) I < h throughout the interval. This proves the 
theorem. 

13.34. Almost everywhere summability. As long as we 
restrict ourselves to ordinary convergence, we cannot show that 
the Fourier series of a function represents the function in 
general, without imposing some rather heavy restriction on the 
function. The theory of summability removes this defect. 

The Fej6r-Lebesgue theorem. The Fourier seYies of f(x) 
is summable (C, 1) to the sum f(x), for every value of x for which 

t 

J !/(*+«)— /(*) I du = o ( t ). (1) 

0 

In particular , it is summable (C, 1) to f(x) almost everywhere. 

We have shown in § 11.6 that the condition (1) is satisfied for 
almost all values of x , for any integrable function. The second 
part of the theorem therefore follows at once from the first. 

Let # be a point where (1) is satisfied, and take s=f(x) in 
the formulae of § 13.31. Then 

t t 

J |<£(«)| du = J \f(x+u)+f(x—u)-2f(z)\ du 
0 0 

/ t 

< J !/(*+»)— /(*)| du + J \f(x-u)-f(x)\ du = o(t). 
0 o 

t 

Let <t>(t) = j\4>(u)\du, 

0 

and, given e, choose rj so that <!>(<) < et for We suppose 

that n > 1/17, and write 

8 1 In y 8 

= J + J + 

0 0 lln tj 

Then, since sin 2 # < # 2 , 

lln 

\Ji I < (£») 2 J \<f>(u) I du < Jen, 
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1 In l In 

V 

<- + 2e f — % < e/7y + 2en < 3e?l, 

V J u 


and obviously 


.71 A 


Hence I f A. 

n J u r 


< i«+3e-j 

nrf 


and the required result follows on choosing first e, then 77 , and 
then n. 


13.35. An immediate corollary is that a trigonometrical series 
cannot be the Fourier series of two functions which differ in a set 
of positive measure. For if it is the Fourier series of f(x) and of 
g(x ), it is summable (C> 1 ) both to f{x) and to g(x) almost every- 
where. Hence f(x) — g(x) almost everywhere. 

13.4. A continuous function with a divergent Fourier 
series. While we have seen that the continuity of a function 
is a sufficient condition for its Fourier series to be summable 
(C, 1 ), for convergence we have had to assume other conditions. 
That this is really in accordance with the facts is shown by the 
following example, due to Fejer,* of a Fourier series which is 
divergent at a point, although the function which gives rise to 
it is continuous. 


13.41. We first require a lemma. 

The sum 

11 ._cos(r+l)a5 cos(r+2)x cos(r+w)x 

’ ’ ’ 2n— 1 " 1 " 2»-3 1 

cos(r+«+l)x cos(r+n+2)x cos(r+2w)x 

1 3 2n^l 

is bounded for all values of n, r, and x. 


Fej6r (2), (3), (4). 
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x): 


^ cos(t-+?i— v-\-\)x 

2v— I “ 


> ' 2 


eo8(r+w-|-i/) 


V - 1 


2v — 1 


= 2sin(r+?i+l)a; ^ 


^ sin(i/— £)# 


2v — 1 


and each of the sums in the bracket is bounded (§ 1.76). 


13.42. Let G n denote the group of 2 n numbers 

__i. A 1 _i __i \ 

2n — 1* 2n— 3’ ’3* ’ ’ 3’*“’ 2n-l 

Let A 1? A 2 ,... denote an increasing sequence of integers. Take the 
numbers of the groups , G^,... in order, and multiply each 
of the numbers of the group G\ by v~ 2 . We obtain the sequence 
11 11 1 1 
T 2 2A X - l”“’~T 2 2AV— P 2 2 (2A a — 1)’ 2 2 (2A 2 — 3)’ ’ 
say aj, o£ 2 ,... . 

Now consider the series 


cos nr. (1) 

n~ 1 

Suppose first that the terms corresponding to each group G Xv 
are bracketed together. The bracketed series is 


V 2A i + 2A 2 +.-- + 2 \ > _i,x) , p j 

Zw 7l 2 

n= 1 

which is absolutely and uniformly convergent, by the lemma. 
The sum of the series (2), say f(x), is therefore a continuous 
function. 

We next observe that the series (1) is the Fourier series of 
f{x). For since (2) is uniformly convergent, we may multiply it 
by cos rax or sinma; and integrate term by term. The integral 
of each term is zero, except that of the one containing the term 
a m cosma;; and from this we obtain 


Z7 r 

J f{x) cos 


mx dx — 7 ra„ 
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27 r 

= — J* /(x)sin nx dx= — — ; 

o 

27 r 

and 5 n = - F(x)sinnx dx 

w J 

o 

27T 

= - \ — F(x)-° &nX 1 +— f {f(x) — ia 0 )cOR7?X (ix 

1* L n J o U7T J 

0 

2rr 

= -!- J f(x ) cos nx dx^~~, 
o 

the integrated terms vanishing since F(2tt) ™ F{ 0) = 0. Hence 


w=m 0 +2~ 


gl, sin rax — cos rax 


Putting a: — 0, we obtain 


w»=y-“. 

^ n 


and, adding, 


f<x)=2 


a r , sin + 6J1— cos nx) 


This proves the theorem. 

13.51. An interesting particular case is that the series 

i- 

71 = 1 

is convergent. This remark enables us to write down convergent 
trigonometrical series which are not Fourier series. A simple 
example is «, 


This is convergent for all values of x, but it cannot be the 
Fourier series of its sum, since the series 


V— L_ 

t-4 n log n 


is divergent. Actually the sum of this trigonometrical series is 
not integrable in the sense of Lebesgue, and it is easy to prove 
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directly that the sum of the integrated series ^oo^nxjnlogn 
tends to infinity as x -> 0. 


13.52. The following alternative proof of the above integra- 
tion theorem is also interesting. We know that the series 


sin(#— t) 

I 


sin 2 {x—t) , 
2 




is boundedly convergent. Hence we may multiply by f(t)/rr and 
integrate term by term over (0, 2tt). On the left we obtain 


00 i 00 ■ » 

V 1 I • / a„^mnx — b n co&nx 

2 - J ™ ”(*-')/«) * " 2 - — .r 2 

n= 1 Jj n=- l 

the integrated series. On the right we get 


In x x 

1 J (/<==! J I* i (n-X+t)f(t) dt 

0 ' x- Zn x— In 

X 277 

= ~ J W) dt=F(x)~ ~ j F(t) dt, 

X—27T 0 

since F(x— 2n) — F(x). The result now follows as before. 


13.53. A similar method leads to the following more general 
integration theorem. 

A Fourier series may be multiplied by any function of bounded 
variation and integrated term by term between any finite limits. 

QO 

Let g(x) = itf 0 + Z («»cosna; + /3 n smnx) 

?i i 

be a function of bounded variation. The series being boundedly 
convergent (§ 13.232), we may multiply by any integrable func- 
tion f(x) and integrate term by term over (0, 2tt). We obtain 


277 

- f f{x)g{x) dx= la 0 a 0 + £ (®, »“»+&»£,.)> (!) 

TT J n - 1 

0 

where a n , b n , are the Fourier coefficients of f(x). This is the 
same result as we should have obtained by multiplying the 
Fourier series for/(x) by g(x) and integrating term by term ever 
(0, 2tt). 
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A similar result may be obtained for other ranges of integra- 
tion by replacing g(x) by 0 outside the required range. 

13.54. Parseval’s theorem. If f(x) is of bounded varia- 
tion, we may put g(x) =f(x) in 13.53 (1), and obtain 

2 ir 

- f {/(*)}» d*=*aj+ f (al+bl). 

IT J n=l 

0 

This is known as Parseval’s theorem. We shall show in § 13.63 
that it is true under much more general conditions than those 
we have so far assumed. 


13.6. Functions of the class L 2 : Bessel’s inequality. Let 
f(x) be a function of the class L 2 ( 0, 2i r), with Fourier coefficients 
o, n ,b n . Then 

n 

</>(x) = f(x) — \a Q — 2 ( a m cos mx + b m sin mx) 

m = 1 

also belongs to L 2 ; and 

2w 27 r 

- f {#*)}• dx = ! [ {f(x)fdx +K+ i (al+bl)- 
T* J IT j m = i 

0 0 


2t r n 2tt 

-5//W da; — - 2/ (a m cos mx + 6 m sin mx)f(x) dx 

0 W=1 0 

27 r 

= - f I «+*&)> 

77 J m=l 

0 

by the Euler-Fourier formulae. Since the left-hand side is not 
negative, it follows that 


k+ i < - f {/(*»’ 

m~\ 77 J 


2 da; 


(i) 


for all values of n. This result is known as Bessel’s inequality. 

Since the right-hand side of (1) is independent of n, it follows 
that the series « 

K+ 2 «+b 2 J (2) 

m= 1 

w convergent. Also 

k+ i < - f mvdx. 

1 77 J 

0 


(3) 
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13.61. Parseval’s theorem for continuous functions. 

We have seen that, for functions of bounded variation, the 
above inequality becomes an equality, viz. Parseval’s theorem. 
The same result for continuous functions may be proved as 
follows. If f(x) is continuous, <j n (x) tends uniformly to f(x ), 
and hence 27T 

lim - f {f( x )-o n ( x )}f( x ) dx=0. 

n-+cc 77 J 
0 

Now cr n (x) = ^ ( a m cos mx + b nl smmx) 

m= l 

and, evaluating the integral as in the })revious section, we obtain 



1 

77 r 


2tt 

J {K x )Y dx 


0 


tn — 1 ' 1 


-» 0 . 


Parseval’s formula therefore holds if the series is summed (C, 1). 
Since by § 13.6 the series is convergent, it follows from § 13.3 
that it holds in the ordinary sense.* 

There is no difficulty in extending this proof to functions 
which have simple discontinuities. Actually Parseval’s theorem 
holds for all functions of the class L 2 . We shall prove this as 
a corollary of the theorem of the next section. 


13.62. The Riesz-Fischer theorem. Let 

00 

i a o+ 2 ( a n cos nx + b n sin nx) (1) 

71=1 

be any trigonometrical series with coefficients such that the 
series 13.6 (2) is convergent. Nothing that we have proved so 
far in this chapter enables us to decide whether such a series 
is a Fourier series. The problem is solved by means of the 
theory of mean convergence (§ 12.5). This theory was in fact 
originally constructed to deal with this very problem. 

The following theorem was proved almost simultaneously by 
F. Riesz and Fischer. t 

If the numbers a n , b n are such that the series 13.6 (2) is con- 
vergent , then the series (1) is the Fourier series of' a function f(X) 


* A number of difforont proofs under various conditions are given by Julia, 
Exercices d' analyse, 180-6. 

| F. Riesz (1), Fischer (1). 

EE 
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of the class L 2 . The partial sums of the series converge in mean 
tof(x). 

Denoting the nth partial sum of (1) by s n (x ), we have 

2 n 2tt 

( {s n (x)—s m (x)} 2 dx = j* f 2 (a^cosva; + 6„8inva;)} 2 da: 
o o tv=m+1 ' 

= * 2 ( a l+K)> 

v=m - f 1 

all the product terms disappearing on integration. The right- 
hand side tends to zero when m and n tend independently to 
infinity. Hence s n (x) converges in mean to a function, f(%) say, 
of the class L 2 . 

Also, by § 12.53, 

277 277 

lim J s n (x) cos vxdx= f f(x) cos vx dx. 

»-► 00 J X 

0 0 

But the integral on the left is equal to 7 ra v , if n > v. Hence 


<£77 

a v — - J f(x ) cos vx dx , 


i.e. a,, is the vth Fourier cosine coefficient of f(x). Similarly b v 
is the vth sine coefficient. Hence the given trigonometrical series 
is the Fourier series of the function /(x). 

It is important to observe that it is here that the Lebesgue 
integral first plays an indispensable part in the theory. Most 
of the previous analysis is true for Riemann integrals and 
elementary generalized absolutely convergent integrals. Here 
the result shows that the extension to Lebesgue integrals is 
really necessary. 


13.63. Parseval’s theorem for functions of the class L 2 . 

Let f(x) be any function belonging to L 2 (0 , 27t), and let its 
Fourier series have the usual form. Then the series 13.6 (2) is 
convergent. Hence, by the Riesz-Fischer theorem, the partial 
sums s n (x) converge in mean to a function g(x ), of which the 
given series is the Fourier series. Hence, by § 13.35, g(x) =f(x) 
almost everywhere. Also, by § 12.52, 



»->» 
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and on evaluating the integral on the left-hand side we obtain 
Parseval’s formula. 

The more general formula 13.53 (1) also holds if f(x) and g(x) 
are any two functions of the class L 2 . For Parseval’s formula 
holds for the functions f{x)-\-g{x) and f(x)—g(x) 9 and the result 
stated follows on subtraction. 

13.7. Properties of Fourier coefficients. Originally the 
Fourier coefficients were merely the material out of which the 
Fourier series was constructed. But the coefficients have some 
interesting properties of their own. In fact Bessel's inequality, 
and the theorems of Parseval and Riesz-Fischer call attention 
to the problem of the behaviour of the Fourier coefficients of 
given classes of functions and give some important information 
about it. 

The first theorem of this kind (§13.22) is that the Fourier 
coefficient s of any integrable function tend to zero . On the other 
hand, they do not tend to zero in any definite order; that is, 
any theorem such as i a n = 0(l/logn) for all integrable func- 
tions’ is certainly false. For consider the series 



n- 1 


where k n denotes a sequence of positive integers which tends to 
infinity rapidly as n oo. The series is uniformly convergent, 
and so is the Fourier series of its sum; and 


1 



which falsifies any theorem of the kind suggested, if lc n tends 
to infinity rapidly enough. 

13.71. Suppose next that f(x) belongs to the class L 2 . This 
does not enable us to prove any more about the order of the 
coefficients; in fact the function defined by the above series is 
clearly continuous, and so belongs to L 2 . But we do obtain 
a definite result about the average order, viz. that 

I K+K) 

is convergent (§ 13.6). 

This result has been generalized so as to apply to other 
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Lebesgue classes; if f(x) belongs to L p , where 1 < p < 2, then the 
senes 2 (|a„|^-«+ 16„|^-») 

is convergent. 

The proof of this theorem is, however, too long to be given 
here.* 

There is also a corresponding extension of the Riesz-Fischer 
theorem: if the series ^ ( \a \ p + \b |*), 

where 1 < p < 2, is convergent , then the numbers a ni b n are the 
Fourier coefficients of a function of the class L v ^ p ~ l \ 

Both these theorems cease to be true if p > 2, so that they 
are not converses of each other unless p = 2. 

13.72. If we make still more special assumptions about the 
function, we obtain new results about the coefficients. Suppose 
thatf(x) satisfies a Lipschitz condition of order oc , i.e. ash-> 0 

f(z+h)-f(x) = 0(\h\«) (0<ot^l) 

uniformly with respect to x. Then 

a n = 0(n-“), b n = 0(n-«). 

FOT 2 tt 27 T— 7r/n 

a TI = - j f(x) cos nx dx = — - j /^- + 1 j cos nt dt 

0 —it In 

277 

= — “ J /^- + ^jcosw< eft, 

0 

277 

^ J |/(*) — /^ + cos nx dx 


and hence also 




and similarly for b n . 

13.73. The next result of this kind is that if f(x) is of bounded 
variation, then a n= 0{l/n), b n = 0( 1/n) . 


W. H. Young (2), (3), (5), (6), Hausdorff (1), F. Riesz (4). 
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For f(x) =fi(x)—f 2 (x), where f^x) and/ 2 (a:) are positive and 
non-decreasing. Hence, by the second mean-value theorem, 

2 7T 

(x)cobtix dx=f 1 (2n) J coanxdx (0<£<2n) 
f 

n \n) 

and a similar result holds for the other integral. 

An alternative proof of Jordan's theorem (§ 13.232) can be 
deduced from this result. If f(x) is of bounded variation, its 
Fourier series is summable (C, 1) to the sum — °))» 

by § 13.32. Since a n = 0(\jn ), b„ = 0(l/n), the series actually 
converges to this sum (§ 13.3, ex. (viii)). 

If f(x) is an integral , and has the period then 

a n = o(l/n), b n = o(l/n). 

X 

For if f(x) =/(0)+ J 4>{t) dt ( x > 0), 

0 

27T 

then tt a n = j f(x) S * 1 "— | — ^ J <f>(x)sinnx dx y 

o 

2t r 

2w j r 

(f>(x)coanx dx. 

o n J 

0 

• The integrated terms are zero, since /(27r) =/(0) and the in- 
tegrals on the right tend to zero, by the Riemann-Lebesgue 
theorem. This proves the theorem. 

If f'(x) satisfies special conditions, such as a Lipschitz con- 
dition, still further results of the same kind can, of course, be 
obtained. 

13.8. Uniqueness of trigonometrical series. At the be- 
ginning of the chapter we associated with an integrable function 
a particular trigonometrical series, viz. the Fourier series of the 
function; and we have shown that the Fourier series does, in 
various ways, represent the function. The reader might, how- 
ever, still contend that we had attached undue importance to 
Fourier series, and that there might be other types of trigono- 
metrical series in which a given function could be expanded. 


. r ^ \ c ° s nx ~ 

-/(*)— — 
n 
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It is difficult to give a complete solution of this problem. If, 
however, we assume enough about th^ set of points where the 
series converge, we can show that, if a trigonometrical series 
converges to a given function, it is the only such series which 
does so; and therefore that, if the function can be expanded in 
a convergent Fourier series, it cannot be expanded in a con- 
vergent trigonometrical series of any other form. 

The theory is due to Riemann, du Bois-Reymond, and Cantor. 
The theorem which we shall prove is as follows. 

If two trigonometrical series converge to the same sum in the 
interval (0, r), with the possible exception of a finite number of 
points y then corresponding coefficients in the two series are equal , 
i.e. the series are identical. 

This is not all that is known, and more general theorems will 
be found, e.g., in Hobson’s Theory of Functions , §§ 420-50. But 
some extensions which might naturally be suggested are not 
true; if we say ‘are summable (C, 1)’ instead of ‘converge’, the 
theorem becomes false, as is shown by § 13.3, ex. (iii). 

The question whether a given trigonometrical series is a 
Fourier series is really a problem of integral equations. We are 
given numbers a 0 , a v b v ..., and it is required to determine 
whether there is an integrable function f(x) such that the Euler- 
Fourier formulae § 13.1 (2), (3), are true. The question is not 
settled by mere convergence, since a trigonometrical series may 
be everywhere convergent without being a Fourier series 
(§ 13.51). But if it converges uniformly, or boundedly, or in 
mean with index p (p > 1), then it is a Fourier series; and the 
theorems of §§ 13.62-13.71 enable us to state conditions for 
mean convergence, with p > 2. 

Another theorem which would naturally suggest itself is that 
if a trigonometrical series converges almost everywhere to an 
integrable function, then it is the Fourier series of the function; 
but this is not necessarily true, and the state of affairs is rather 
complicated. 

The proof of the theorem stated above depends Qn a number 
of lemmas. 

13.81. Cantor’s lemma. If a n cos nx + 6 n simw; tends to 0 
for all values of x in an interval , then a n and b n tend to 0. 

Suppose that a n cosnx + b n sinnx -+ 0 in the interval (a,0). 
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If the lemma is false, there is a constant A and a sequence of 
values of n for which a!^-\-b\ >-4. Hence, as tt->oo through 
this sequence, the function 

/ f„\ __ ( a n cos nx + nx Y 

Jn\ x ) ~o ~ » o 

< + K 

converges boundedly to 0 in (a,£). Hence, by the theorem of 
bounded convergence, 

P 

/ /»(*) dz -> 0. 

a 

But, evaluating the integral, we find that 

f fn( x ) d x — + 

a ' ' 

and this gives a contradiction. This proves the lemma. 


13.82. Suppose now that the series 

oo 

i«o+ 2 ( a » 008 nx + b n sin nx) (1 ) 

71 = 1 


converges to the sum f(x) in (0, 2 tt-), except possibly at a finite 
number of points. Let 


F(x) = Y *n_™ nx + b n smnx 

n 2 


( 2 ) 


Since by Cantor’s lemma a n and b n tend to zero, this series is 
uniformly convergent, and F(x) is continuous, for all values of 
x. If we could differentiate twice term by term, we should have 
F”(x)=f(x). We cannot necessarily do this, and instead have 
to proceed as follows. 


fciemann’s First Theorem. If 

^_F(x+2h)+F(x-2h)-2F(x) 
0(x,h) , 


( 3 ) 


then G(x, h ) -> f(x) as h 0, for all values of x for which the series 
( 1 ) converges to f(x ) . 

We have 


cos n(x -f 2 h) + cos n{x—2h)—2 cos nx = — 4 cos nx sin hnh, 
sin n(x+ 2 h) + sin n{x— 2h ) — 2 sin nx = — 4 sin nx sin 2 ^, 
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and hence 

G(x,h) = \a a -\- ^ (a n cosnx + b n s,mnx) & ^~. (4) 

n = l 

The nth term of (4) tends to the nth term of (1) as h -> 0. Hence 
it is sufficient to prove that the series (4) converges uniformly 
with respect to h. Let r n denote the remainder of the series (1) 
after the term in sinnx. Then r n -> 0, say \r n \ < € for n^N. 
Hence 


2 , , , . x sin 2 nh v . . /si nnh\ 2 

(a n cos nx + b n sin nx) - 2 ^ r >-r n+1 ) — 1 

n-A T n=iV V 1 

/ &inNh \ 2 v [VsinnAA 2 fsin(n4- 1)^1 2 1 

~ fA \ m ) ”2 r 4\nr) — ((7i+TjA ) ]’ 


/sin Nh\ 2 v [VsinnAA 2 (s 

v r^ ) _ 2 r 4r^) r 

and the modulus of this does not exceed 


r 

d /sin 2 A , [ 

' d 

/sin H\ 

J 


dt 

(-H 


nh 0 

the last integral being convergent. Hence (4) is uniformly con- 
vergent, and the result follows. 


13.83. Riemann’s Second Theorem. If a n and b n tend to 


zero , then 


F(x+2h)+F(x-2h)-2F(x) 
lim " 7 — 0. 


h-+0 

for all values of x. 

We have to prove that 


2h 


a 0 h + 2 ^ K. cos nx + b n sin nx) — 2 ~ 

n-\ 

tends to zero. Given e, we have 

|a n cosn# + b n sin no; | < e (n > N). 

Since sin 2 nh^n 2 h 2 for'.n< l/h, the modulus of the sum does 
not exceed 



<AN\h\ + 2 e + 2 ^ j - u d “~- 2 <AN\h\ +Ae, 

1 lh 
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and the result follows by choosing first 6 and then h sufficiently 
small. 

13.84. Schwarz’s theorem. If F(x) is continuous in an 
interval (a, 6), and 

lim F ( x + h ) + F ( x ~ h )~- 2F ( x ) = 0 
h->o h 2 

for all values of x in the interval , then F(x) is a linear function. 

The expression on the left is called the generalized second 
derivative of F(x). If F(x) has an ordinary second derivative, 
the generalized second derivative is equal to it, and the result 
follows at once. 

To prove the theorem, consider the function 

We have <£(a) = 0 and tf>(b) = 0. If <£(x) = 0 for all values of x , 
the result follows. Otherwise it takes values different from zero, 
say, for example, positive values. Suppose that <£(c) > 0. Let 

i/j(x) = <j>(x)—\e{x—a)(b—x), 

where € is positive and so small that ip(c) > 0. Then ^(x) has 
a positive upper bound, say at x = f , which it attains, since it 
is continuous. Hence 

*(*+*)+*(*-*)- WKO. 

But 

20(f) _ F(€+h)+F(€-h)-2F(e)^ 
h* ‘ A 2 + ’ 

and the right-hand side tends to € as h -> 0. This gives a con- 
tradiction. Similarly the supposition that </>(a;) takes negative 
values leads to a contradiction. Hence <j>(x) = 0 for all values 
of sc, which is the desired result. 

13.85. The proof of the main theorem now follows from 
Schwarz’s theorem. It is sufficient to prove that, if a trigono- 
metrical series converges to zero except at a finite number of 
points, then it must vanish identically. If the series 13.82 (1) 
has this property, the function F(x) is continuous, and its 
generalized second derivative is zero except at a finite number 
of points. Hence F(x) is linear in the interval between any two 
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exceptional points, and the straight lines which form the graph 
join at the exceptional points. Now, taking x in Riemann’s 
second theorem to be an exceptional point, it follows from the 
lemma that the slopes of the lines on the two sides of the 
exceptional point must be the same. Hence F(x) is linear 
throughout the whole interval (0, 2i r), say 

F(x) = ax+b. 

Hence 

n 2 

n= l 

Since the sum of the series is periodic, a 0 and a must be zero. 
Then, the series being uniformly convergent, we may multiply 
by cos mx or sin mx and integrate term by term; and we obtain 


7i a t 

m 2 


2ir 

! =- 6 jc 


cos mx dx = 0, 


7rb„ 


m c 


/ 8i 


b sin mx dx = 0, 


for m > 0. This completes the proof. 


13.9. Fourier series for any range. All our series so far 
have represented functions with the period 2tt. A series of the 
form 

fix) = £a 0 + 

represents a function with the period 2ttX. Formulae for the 
coefficients may be calculated as before; we obtain 

nX 7T X 

a n = -1 J fit) cos- dt, b n = ~ I* f(t ) sin ~ dt. 

~ttA —nX 

Naturally the whole theory can be applied to series of this kind. 


00 / 

2 (“« 

<n — 1 ' 


nx , , . nx\ 

COS — + 6^8111 — I 


13.91. Fourier’s integral formula. The above expansion 
may be written 

m ~ 2Va S mdt + 1 a I 

— 7 tX U 1 —TtA 

Suppose now that A -> oo. Then the series on the right behaves 
very much like one of the sums by which a Riemann integral 
is defined. In fact, if we write u n — n/X , it is 

ao 

n«=i 
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where 


7 tA 



f(t)co&u(x—t) dt. 


If, therefore, we make A oo, and ignore such difficulties as the 
fact that <f>(u ) depends on A, and that the approximating sum 
is an infinite series, we obtain 


CO oo 

du J cos u(x—t)f(t)dt. 

0 —oo 

This is Fourier’s integral formula. It represents a function 
defined over (— 00 , 00 ) in the same way that a Fourier series 
represents a function with a finite period. 

The difficulty of justifying a proof on these lines would be 
considerable. A direct consideration of the formula suggested 
is comparatively easy. 

13.92. Suppose that f(x) is integrable in the Lebesgue sense 
over (— 00 , 00 ). Then the integral 

00 

J cos u(x— t)f(t) dt 



converges uniformly with respect to u over any finite range. 
We may therefore integrate with respect to u over (0, U), and 
invert the order of integration. Thus 

J du J cosu(x—t)f(t)dt= J Sin -~-^/(0 dt. 

0 — oo — oo 

Given e, we can choose T so large that 

— y co 

j\f(t)\dt<€, j\f(t)\dt<€, 

-oo T 

and we may suppose that T > 1*1 + 1, a: being supposed fixed. 
Then ' 


j T BinV 


U(x-t) 


/( 0 dt 


<€, 


|* sin V \x — t) 


fit) dt 


< f. 


for all values of TJ. Having fixed T, the integrals 

X fsjnUix-t) f(t)dtt r smU(x-t) mdt 
J x-t J x-t 


-T 


a :+8 


X — t 
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tend to zero as U -> oo, by the Riemann-Lebesgue lemma. 
Hence 

U w x+8 

- r du r cos u(x—t)f(t)dt=- r — -/(o^+°( i) 

77 J J 77 J X — t 

0 — *> X-h 

S 

= \ J a —~{f(x+t)+f(x-l)} dt +o(l). 

0 

The value of the limit, as U -> oo, therefore depends only on 
the behaviour of f(t) in the immediate neighbourhood of t = x; 
and the problem has been reduced to the discussion of an 
integral similar to Dirichlet’s. Any of the convergence criteria 
of §§ 13.231-3 apply equally well to this problem. In particular 

U oo 

lim - f du f cos u(x— t)f(t) dt = h{f(x+0)+f(x—0)} 

[/—►oo TT J J 

0 —oo 

if f(t) is integrable over (— 00 , 00 ), and of bounded variation in an 
interval including t = x. 


13.93. Fourier transforms. If f(x) is an even function, 
Fourier’s integral becomes 


00 


00 



cos XU 


du J cos ut f(t) dt , 


( 1 ) 


0 0 

the term involving sin ut vanishing identically. This is Fourier’s 
cosine formula. Similarly for an odd function we obtain 
Fourier’s sine formula 


00 00 



f(x) — — xu d u j 0 i n vt f(t) dt. 

0 0 

(2) 

If we write 

00 

g{x) J COB xtf(t) dt, 

0 

(3) 

then (1) gives 

00 

f\x) — J J cos xtg(t) dt. 

(4) 

u 

There is therefore a reciprocal relation between the functions 
f(x) and g(x)\ a pair of functions connected in one sense or 
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another by these formulae are known as Fourier cosine trans- 
forms of one another. Thus, for example, if f(x) belongs to 
L( 0, oo), and is of bounded variation in any finite interval, then 
(3) is absolutely convergent, and (4) holds in the sense that the 
integral converges (not necessarily absolutely) to 


i {f( x + 0) +/(#— 0)}- 


Similarly from (2) we obtain the reciprocal formulae 


h(x) = mi sin xtf(t) dt, 
o 


/(*)= m sin xt h{t) dt, 
o 


(5) 


and f(x) and h(x) are Fourier sine transforms. 


13.94. Integration of Fourier integrals. It is convenient 
to notice at this point a theorem similar to that of § 13.5: the 
formula obtained by integrating 13.93 (1), 

£ oo oo 

J* f(x) dx — - J 8 * 11 ^ du j cos utf(t) dt, 

0 0 0 
holds for any function f(t) integrable over (0, oo). 

For 

!*&*.j„*m*-im*l±&*** 

0 0 0 0 
by uniform convergence; and the inner integral on the right is 
bounded for all U and t\ for it is equal to 




1 f sin(f— t)u 


du 


u 


u\£-t\ 


= i f *™dv±l f & ™dv, 

2 J v 2 J v 


the sign being that of (—t, and 


V 

C sinv 

J 


dv 


is a bounded function of V. Hence, by Lebesgue’s convergence 
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theorem, we may make U -> oo under the integral sign. Since 

J«n t^ du = i , («*,, _o (of), 

0 

the result now follows. 

A similar result may be obtained from Fourier’s sine formula. 


13.95. Fourier transforms of the class L 2 . The analysis 
of § 13.93 gives conditions under which the reciprocal formulae 
connecting Fourier transforms hold; but they suffer from the 
defect that, while the formulae are symmetrical in /(a;) and g(x), 
the conditions which these functions satisfy are quite different. 
An alternative set of conditions, which has perfect symmetry, 
can be obtained by considering functions of the class L 2 , and 
using the theory of mean convergence.* 

Let f(x) belong to the class L 2 ( 0, oo). Then the formulae for 
cosine transforms hold in the sense that , as a -> oo, the integral 

a 

9a( x ) = yg)J cos xtf(t) dt ( 1 ) 

0 

converges in mean to a function g(x) of the class L 2 ( 0, oo); and 




cos xtg(t) dt 


(2) 


converges in mean to f(x). 

We prove this by a method suggested by the formal process 
of § 13.92. Let 

3 (n+i)/A 

a n = / f( x ) dx ( n = 2,...). 


n/A 


Then, as A -> oo, the sum 

n 

^ 'sr vx 

n= 2, °^ COS J 

v-m+1 

tends to the integral b 

J cos uxf(u) du , 


if 0 < a < 6, and m = [A a], n = [A6] — 1 ; for the difference is 
* Plancherel (1), (2), (8); Titchmarsh (1), (3); Hardy (12); Pollard (1). 
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(v+i)/A 


/ I ( COS UX — cos -r-\f(u) du + 

v=m + 1 ' * / 

(m+i)/A b 

+ J cos uxf(u) du + J cos ux f(u) du , 


<n + l)/A 


and 


vx 

cos ux — cos 

A 



so that the sum is 0(1 /A), while the last two integrals plainly 
tend to zero. Further, the convergence is clearly uniform with 
respect to x for 0 < x < X. 

Now we can apply to O m n an argument similar to that used 
in proving the Riesz -Fischer theorem. We have 

(n-f-i)/A (nf 1)/A (n+i)/A 

J {/(*)} 2 dx J dx = l J {f(x)} 2 dx; 

nlA nlA nlA 

and hence 


ttA 


(n+l)/A 


\<S> 2 m<n dx=\r,\ 2 f {f(x)}*dx^ln ( {f(x)}*dx, 

0 V=m+1 (mil )/ A a 

X b 

and a fortiori J n dx 5 C fa / {/(*)} 2 dx 


if 7 tA > X. Keeping X fixed and making A -> oo, we obtain 


j {9b( x )-9a( x )} 2 dx ^ j {f(x)} 2 dx, 


and then, making X -> co, 


oo b 

f {ffbM-SrJ*)} 2 dxs^J (f(x)P dx. (3) 

o a 

Since the right-hand side tends to zero as a oo, b -> oo, so does 
the left-hand side; that is, g a {x) converges in mean to a function, 
g(pc) say, of the class L 2 (0, oo). 

The same argument now shows that the integral (2) converges 
in mean, to a function <f>(x), say. We have to prove that 
< f > (x)=f(x) almost everywhere, and for this it is sufficient to 
show that £ £ 

J <f>(x) dx — j f(x) dx 
o o 


( 4 ) 
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for all values of f . Now 
i i 


j </>(x) dx = lim J f a (x) dx = lim J dx J cos xtg(t) dt 


= lim 

a— >oo ^ \7T 


sin££ 


g(t)dt= / - 


sin££ 


g(t) dt . 


On the other hand, for 0 < £ < a, 

J f(x) dx — - J du J cos utf{t) dt— J j J g a (u) du> 

ooo o 

by § 13.94, f(x) being integrable over (0, a). Making a -> oo, and 

observing that sin £uju belongs to i 2 , we obtain, by § 12.53, 

/ m <te =J(£) | ~ 9(«) **. 

0 0 

This proves (4), and completes the proof of the theorem. 

There is, of course, a similar theorem for Fourier sine trans- 
forms. 


13 . 96 . We can also obtain a formula corresponding to Par- 
seval’s theorem. Putting a — 0 in 13.95 (3), we have 

OO b OO 

/ {9bi x )f dx < J {f(x)} 2 dx < J {fix)} 2 dx, 

0 0 0 
and making b -> oo, by § 12.51 

00 oo 

1 {q{ x )} 2 dx < J {fix)} 2 dx. 

0 0 

But since the relation between f(x) and g(x) is reciprocal, the 
opposite inequality also holds. Hence in fact 

00 , oo 

1 {gix)f dx — ^ {fix)} 2 dx. (1) 

0 0 

Finally, if <f>(x) also belongs to L 2 , and $(%) is its transform, 
then g(x)+if*(x) is the transform of f(x)+<f>(x). Hence 

oo oo 

J {?(*) +<l>i x )} 2 dx= J {f{x)+<f>i x)} 2 dx, 
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and, subtracting (1) and the corresponding formula for (f> and 
0, we obtain „ «, 

J g{x)\fj(x) dx = j f(x)<f>(x) dx . (2) 

o o 


MISCELLANEOUS EXAMPLES 

I. If /(x) is first defined in (0, 77), then in (— 7 r, 0) by the equation 
/( — x) — /(x), and elsewhere by periodicity, show that f(x) has the 
Fourier cosine series 00 

2 ^ n c os nx, 
n = 1 


where 


7 T 

°"^J 


f(t) cos nt dt. 


Similarly, if /(— x) = — /(x), then f(x) has the Fourier sine series 

ao 

2 & n sinnx. 


where 

2. Show that 


7 T 

is 


f(t ) sin nt dt. 


(0 < x < 2tt ■), 


c 27TO — 1 f 1 ^ acosnx — nsinnxl 

77 )2a Z* o 2 -fn 2 J 

v n-i 

+ - V {( - 1 )»c“— (0 < x < n). 

77 


c flT — 1 , 2 


(0 < x < n). 

77 ^ a n ~ 


Find the sums of the series when x — 0. 


3. Sum the series 


2 


acosnx 
a l ~\-ri z ' 


2 


nsinnx 

a 2 +n- 


(0 < x < 277). 


n = 1 n = 1 

4. Expand in Fourier series valid over (0, 277 ), and also in Fourier 
cosine and sine series valid over (0, 77), the functions 

l 9 SCt x 2 , x 3 , cos ax, sin ax, cosh ax, sinhax, 

e“cosfcx, e"sinfcx, [x/t t], [2x/t7]. 


Consider the values of x for which the series converge to a value different 
from the value of the function expanded. 


FF 
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5. Prove that, if — 1 < r < 1, 

1 r 2 00 

— 1+2 V r n cosn9 

1 — 2r cos 0H-r 2 

for all values of 6 . 

6. If a n , b n denote the Fourier coefficients of f(x) t then for — 1 < r < I 


Ja 0 + 2 ( a n cos nx + sin nx)r H = 


_L f I 

277 J 1 — 2rcos(x— t)-t-r’ 


f(t) dt. 


7. Prove that 


27 r 

lim-L [ _ 
r->i 2 tt J 1- 


-2rcos(a: — i) + r 


,/W = i{/(*+0)+/(*-0)} 


for all valuos of a; for which the right-hand side exists. 
[The discussion is similar to that of Fej&r’s integral.] 

8. Show that, if f(x) is bounded, then 

“■ O(logn). 

9. Show that, if m <- J(x) < M, then 

m < G n (x) < M 

for all values of n and x. 

10. Show that, if m < f{x) < M, and 

l 6 -l < 


m — A 1 — A 2 < s n < M+A x +A t . 


Use the formula 


n -j 

s n = , j ^ i/(a* cos y.r -f- sin vx). 

n- J- 1 Zw 


1 1. Show that 


77 — x sin# , sin 2a; , sin 3x , ^ ^ ^ 


and deduce that 


sin x , sin 2x . , sin na; , , , 

— +— + -"+— < *’ +i 


for all values of n and x. 

[Compare § 1.76. The actual upper bound of the partial sums is 

t r 

J sin a : ^ __ j ^5 . see Qronwall (1).] 

0 

12. Use Parse val’s thoorom to sum the series 


2 i- 2 (tr'+n 2 ) 2 ’ 2 (O 2 - 
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13. A necessary and sufficient condition that 

a n = b n = 0{e~ (k ~ f)n ) y 

where k > 0, for all positive values of c, is that f(x) should be almost 
everywhere equal to the value on the real axis of an analytic function 
f(z), which is regular for — k <y < k , and has the period 2n. 

14. Construct a Fourier series for which 

logn 

*«(°) > | ~~ 
loglogn 

for arbitrarily largo values of n. 

15. Show that if, in the Fourier series of § 13.42, we substitute v\x 
for x in the terms corresponding to the group of numbers G Ar , wo obtain 
a series which is also the Fourier series of a continuous function, and 
which diverges for all values of x such that x/tt is a rational number. 

16. Show that, if the series 


2 «„cos(2“.r) 

731 — 0 

is a Fourier series, it- is convergent for. almost all values of x. 
[In this case the formula used in example 10 becomes 


Ook — S ,* — 


K — l 

i 2 2 ’“'*». COK (2’"*), 


and since — > 0 the right-hand side tends to 0 for all values of x. 
Hence s 2 k tends to a limit wherever <r 2 * does, i.e. almost everywhere. 
See Kolmogoroff (1).] 

17. If f(x) == x~ a f where 0 < a < 1, for 0 < x < 2n y show that, as 


2r(ajcos £7ra’ 


2F(a)sin ^vac 


Show that f{x) belongs to L p if p < 1/a, and that 2 + |&»| ff ) * s 

divergent if q < 

[See Bromwich, Infinite Series (2nd ed.), § 174, Ex. 5, and Haslam- 
Jones (1). The result should be compared with the extended Riesz- 
Fischer theorem referred to in § 13.71. It shows that the exponent of 
convergence of the series of coefficients is the ‘best possible ’.J 

18. A function f(x) is equal to cos(v 2 .r) in the intervals 


il 71 , n 

(v+l>8 V = 

where 0 < a < ft < 1, and is defined in ( — 7 r, 0) by the relation 

f(-x) - -f(x). 


Show that f(x) is integrable in the Lebesgue sense, and that its Fourier 
sine coefficients satisfy ^ = 0 (n‘«-*logn). 


By taking a small enough and jS/a near enough to 1, show that the 
convergence of 2 |6j f , where q > 2, is not sufficient to ensure that J(x) 
shall belong to L p , where p = p(q) > 1. 
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[The point of the example is that if q = 2 the convergence of 2 
does imply that f(x) belongs to L 2 , and there is an abrupt change in the 
state of affairs when q becomes greater than 2. 

We have , 0 


2- J 

v=l „ „ 


(sin (n-\-v 2 )x + sin(n— v 2 )#} dx. 


nliv+l? 

The terms for which Vn — 2 < v < Vn-f-2 are 

0(v*-P- 1) = 0(nU a -P-»); 

the terms for which v < Vn— 2 are 

( Vn-i 

o / 

( l-n ' 1 

J = O(n*““*logn), 

o ’ 

and a similar result holds for the remaining terms. See also Titch- 
marsh (2).] 

19. Show that the function 


x 

f[x) — — x+ lim f (1 -4-cos 0(1 + cos 4^)...(l-f cos 4 m_1 0 dt 

m-+cc J 
0 

is continuous and of bounded variation, and has the period 2tt; but 
that, if b n is its nth Fourier sine coefficient, nb n does not tend to zero 
so that f(x) is not an integral 

[This example is due to F. Riesz (3). Let r m (x) denote the integrand. 
It is a cosine polynomial of order 

1-+4+... + 4"*" 1 - J(4 m — 1). 

On multiplying by 1+cos 4 m x, the first new term involves 
cos{4 w — J(4 WI — l)}x = cos £(2.4 m +l):r, 

which is of higher order than any of the terms in r m (x). Hence r mil (x) 
is obtained by adding new terms to r m (x) without altering the existing 
ones. Also it is easily seen ^hat all the coefficients lie between 0 and 1. 

Let a m be the number of non -vanishing terms in r m . The recurrence 
relation = 3a m — 1 is easily verified. Hence o^+i— a m = 3(a m — j), 
0 ,,^—a^ = 3 m . Hence, if 0 < x < 2tt, 

< 2 - f(2 T^+T)' 

0 

X 

Hence J r m (t) dt tends uniformly to a limit, i.e. f(x) is continuous. Also 
o 
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r m (x) is non -decreasing, and so is its limit. Hence f(x) is of bounded 
variation. Finally ft 4 m — 1 / 4 m .] 

20. Show that, if a n cosnx -}- 6 B sinn#-> 0 in a set of positive measure, 
then a n — > 0 and b n — > 0. 

21. Show that the reciprocal formulae 

00 00 

F(x) = J e ta, /(<) dt, f(x) = ± J c~<*‘F(t) dt, 

— OO —00 


hold under the same conditions as Fourier’s integral. 

22. Show that Mellin’s inversion formulae 


4>(o) 


CO 


c+ioo 


ip(x) dx, *l*(x) — 


2iri J 


<f>(8)x~ t ds. 


0 C—i 00 

may, with suitable conditions, be deduced from the formulae of the 
previous example. 

23. Show that the functions 


a: - *, e - ** 2 , sech x<J( far) 

are their own Fourier cosine transforms, and that 

x-i, xe-K 

are their own sine transforms. 

24. Express e ~ a \ z \ , where a > 0, as a Fourier integral. Verify the 
formula 13.96 (2) in the case where f{x) — e~“, <j>(x) — 

25. Evaluate the integral 


f sin ax sin bx 

J S— 

o 

by means of the formula 13.96 (2). 

26. Let f(x) belong to L( 0, oo), and be continuous and steadily de- 
creasing to zero as x-^co (or be the difference between two functions 
of this type). Let a > 0, ajS = 277, and let g(x) be the Fourier cosine 
transform oif(x). Then 

V a (i/(0)+ | /<««)) = V0{&(O)+ ff(nj8)). 

[This is known as Poisson’s formula. It is easily verified that 


Vi 


<0)+ i 

m = l 


(2m+l)7r 


“ m=1 (2 w-1)7T 


sm 
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This differs from the left-hand side of Poisson’s formula by 


Va 

277 


+ s| / 


sm(n+j)t dt 
sin^f 


(2wi+1)7T 


3M 


2m7r\\sin(n-f , 

"jT/j siiTir ' 


171=1 (2m-l)7T 

The given conditions ensure that this series converges uniformly with 
respect to n; in fact, it is easily seen from the second mean-value 
theorem that the general term is 0[f{(2m— l)7r//?}] independently of n; 
and each term tends to zero as n -> oo (as in the proof of Jordan’s test), 
and the result follows. 

For other conditions for the formula see Linfoot (1), Mordell (2).] 

27. Verify Poisson’s formula for the function f(x) = lJ(\-{-x 2 ). [The 
result is equivalent to that of § 3.22, ex. (iii).] 

28. Deduce from Poisson’s formula that if x > 0 


«-r» 2 * 2 — 


\77 


oo 

2 


e'" 2 * 2 /* 2 . 


29. Sum the series n~ v J v (njS), where > 0, v > $, by means of 

71 = 1 

Poisson's formula and the first result of Ch. 1, ex. 5. 
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